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1 Mathematical objects, sets, functions

1.1 Preliminaries

Mathematical Objects

Numbers (integers, rationals,reals, complex); points or vectors; sets; functions
or mappings; ...

Sets

A set is just a collection of objects. If x is a mathematical object and M is a
set, then either z € M or =z ¢ M.

Special (important) sets:

N = { 1,2,3,... } (set of positive integers)
7 = {0, +1,42,43, ... } (set of integers)

R = set of real numbers (real line)

intervals: [a,b], Ja,bl, J[a,b, Ja,b] (fora,b€eR,a<b)
also: [a,o0[, Ja,o0[, ]—o00,b], ]—o00,Dd

C = set of complex numbers (complex plane)

R? = {X = (z1,22) : x1,22 € R} Euclidean plane

R? = {x: (x1,29,23) @ 1,T2,23 € ]R}
The n-dimensional Euclidean space

R" = {x:(xl,xg,...,xn) s x; R, i:1,2,...,n}

The elements x = (z1,z2,...,2,) of R™ are called points or vectors (in n
dimensions).

x; (areal number) is the i-th coordinate or the i-th component of x = (z1, z2, ..., zy).
Functions

f:M—N (f is a function from M to N)

(where M and N are two nonempty sets)

’ To every x € M the function f gives a unique value f(x) € N.

M is the domain of f; N is the set of possible values of f.



Popular case: A real-valued function of one real variable:
MCRand N=R (or NCR),ie. 2 M CR and f(z)eR.

Graphing a function

For a real-valued function of one real variable: Graphical representation is very

useful. Here is the graph of the function f(z) = (e” — e~ %)
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1.2 Special real-valued functions of one real variable
Polynomials

f(x) = ap+arr+ax®+ ... +a,a”
(where ag, a1, ...,a, are given real numbers)

Polynomials are very important functions since many functions can be “ap-
proximated”, at least locally, by polynomials. The following two facts are very
useful:

1. Given a polynomial f(z) = ag + a1z + ...+ apz™ and a real number z,
then there are real numbers b; such that

f(x) =bo+ b1(x — xg) + bo(x — x0)2 + .ot bz —x0)".

2. Given n+ 1 pairs (z;,y;), ¢ = 1,...,n+ 1, with different first coordinates
(that is, @; # x; if i # j) there is precisely one polynomial
f(x) =ag+ a1 +asx® + ... +apz" with f(z;) =y; fori=1,...,n+1.

Trigonometric functions

sin(z) , cos(z), tan(z)= z;r;((z; , cot(z) = Z?S((;))



(i)

Sine
: T : __ length of the leg opposite to angle
Given an angle « € [0, 5], we define sina = lemgih of the Typotemse -

If a € [§,n], then we define sina = sin(r — ). If a € [r,27], we put
sina = —sin(a — 7).

If z € R, then x = 2mm + o with m € Z, o € [0,27), and we put
sinz = sina. Then the sine is defined for all x € R. The function is
periodic with period 27, i.e. sin(x + 27) = sin(z). The set of all values
(range) is {y e R: -1 <y <1} =[-1,1].

Cosine

: T __ length of the leg adjacent to angle
Given « € [0, 7], we define cosa = Jengih of the hypotenuse - I o €
[5, 7], then cosa = —cos(m —a). If a € [, 27], then cosa = — cos(a—).

For x € R, we write x = 2mnm + « with m € Z, a € [0,27), and put
COS T = COS (.

Again, the cosine is periodic with period 2. The set of all values (range)
is [-1,1].
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f(z) =sin(z) (blue), f(x) = cos(x) (red)

Some properties of trigonometric functions



0 w/6 w/4 w/3 7w/2
sin |0 A
cos 1 ? § % 0
tan 0 % 1 V3 ——=
cot | ——— V3 1 ? 0

2. periodicity:
sin(z + 27) = sinz , cos(z + 27) = cosx

3. symmetry:
sin(—z) = —sinz, cos(—x) = cosx

4. Pythagorean Theorem: sin®z + cos®z = 1.
5. addition theorems

sin(x +y) = sinz-cosy+ cosx -siny
cos(x +y) = cosx-cosy—sinz-siny

7. shifts about 7/2 und 7

sin(x 4+ §) = cos(x)
cos(z — %) sin(x)
sin(z + ) —sin(x)
cos(z + ) —cos(x)
tan(z + ) tan(z)
tan(z + %) — cot(x)
cot(x+F) = —tan(z)
cot(z+7m) = cot(x)
tan(z) = Cotl(m) )

Note:

Domain of sin(z) , cos(z) is R.

Domain of tan(z) is R\ {(k+ )7 : k€ Z}.
Domain of cot(z) is R\ {km : k € Z}.

Some examples

On the following pages, we show the graphs of several functions (polynomials
and trigonometric functions):



f(z) =22+ 1 (blue),

1

/

f(z) = —2+1 (red)
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f(z) = sin(z) (blue),

f(x) = cos(z) (red)



f(z) = tan(z) (blue), f(x) = cot(x) (red)
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,rz v o { é %
flx) = a* — 223 — 222 + 42 + 2
Exponential function exp(z) =¢e*, z€R

(e the Euler number, ¢ ~ 2.71828)

Logarithm: In(z), 2z €]0, oo, the inverse function of the exponential func-
tion; i.e. In(exp(z)) = « for all € R and exp(In(z)) = z for all x €]0, oo.

Remark: Other basis a > 0, a # 1:

a®* = exp(zIn(a)), reR
log,(z) = 122‘37 x €10, oo

Here are the graphs of the exponential function e” and In(z):
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f(z) =€ (blue), f(x)=In(x) (red)

If f(z) is a function, the inverse g(z) of f(x) is a function such that g(f(z)) =«
for all z that are allowed for f anf f(g(x)) = « for all = that are allowed for g.
Not all functions have an inverse, for instance there is no inverse for f(z) = x2.
We obtain the equation for g(x) by solving f(z) = y for z, then we get an
expression ¢g(y) = x, and then we simply replace « by y. This means that the
graph of the inverse fuinction g(z) can be obtained from the graph of f(z) by
reflecting it about the line with equation y = x.

This can be seen in the following picture for the exponential and logarithmic

function:

Inverse trigonometric functions (with suitable domains)

arcsin(z) , =€ [-1,1], has its values in [—%, %]



arccos(z) , z€ [-1,1], has its values in [0, =]

[

arctan(z) , z€R, has its values in ]—g ,

(NI}

arccot(z) , z€R, has its values in 0, 7]

f(z) = arcsin(x) (blue), f(z) = arccos(z) (red)

f(z) = arctan(z) (blue), f(x) = arccot(z) (red)

1.3 The n-dimensional Euclidean space

Note that functions f : M — N have been defined for arbitrary sets M and N.
In most applications, M and N are not just real numbers but elements from
the Euclidean space.

Vectors: Addition, multiplication by scalars



For two vectors a = (a1, asg,...,a,) und b = (by,bs,...,b,), the vector a+ b
(the sum of a and b) is given by

a+b = (a1+b1,a2—|—b2,...,an+bn) .

For a vector a = (a1,as,...,a,) and a scalar (real number) A, the vector Aa
or a\is given by

da = ad = (Aay, Aag, ..., Aay,) .

Remark:
-b = (-1)b = (=by,—ba, ... ,—by)
a—b = a+ (-b) = (a1 —b, a2 —ba, ..., an, —by) (subtraction)
2 = Lla (fa#£0)
o

Obvious properties

For vectors a, b, ¢ in R™ and scalars \,u € R :
(a+b)+c=a+(b+c), a+b=>b+a,
A(a+b) =da+ Ab, (A +p)a = )da+ pa,

Aua) = (\p)a
a+0=a, a—a =0, nullvector 0=(0,0,...,0).

Sum and linear combinations of k vectors vy, va, ..., vi of R™ :
k
E V, = Vi + Vo+ ... + Vi
i=1

k
ZAM = Mvi+ davo+ ...+ A\vie  (for scalars Ap, ..., \g).
=1

A simple fact:

Every vector a = (a1, as,...,a,) of R™is alinear combination of the elementary
unit vectors ep,es,...,e, , where

e = (0,...,0, 1 ,0,...,0) (i=1,2,...,n),

since (obviously) :
a = aje; +azeqs + ... + an€ey,

Scalar product or inner product



For a = (a1,...,a,) and b = (by,...,b,) :
a-b = Zaibi = aiby + asbs + ... + a,b,
i=1

is called the scalar product or the inner product of the two vectors a und b.
Note: The result a-b is a scalar (real number), but not a vector.

Obvious properties:
a-b=b-a, (a+b)-c=a-c+b-c,
(Aa)-b = A(a-b) (where A € R),
a-a>0, and a-a=0 onlyif a=0 (the null-vector)

Length or norm of a vector

For a = (aj,a2,...,a,) :

laj = Va-a = \/Jai+a3+...+a2

Note:  For two points (=vectors) of R™ |
b = (by,b2,...,b,) and c = (c1,ca,...,¢p) ,
the distance of b and c is given by
Ib—c|=+/(b1 —c1)2+ (b2 —c2)2+ ... + (bn — cn)?
Properties:
laj>0; |a]=0onlyifa=0;
[Aa| = |A\|-|a], (where A € R);
bief <

[b| + |c] (“triangle inequality”);
[b-c|] < |b|-|c| (“Cauchy-Schwarz inequality”)

The angle included by two vectors

For two vectors a = (a1,as,...,a,) and b= (b1, ba,...,b,)
(both not the null-vector) the angle included by a and b is given by

-b
¢ = Z(a,b) :arccos(L) . Note: 0 < p <.
|l - [b|
Equivalent formulation: a-b = |a]-|b|- cos(y) .

Orthogonality of two vectors
Two vectors a and b in R™ are said to be orthogonal (or perpendicular)

[abbreviation: a L bl if a-b =0.
Note: alb <= Z(a,b) =7 (ifa,b#0).
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2 Vectors and matrices

2.1 Definitions

Let p and n be positive integers: p,n € N=1{1,2,3,...} . A (real) pxn matrix
is an arrangement of p - n real numbers in p rows and n columns. Each real
number is identified by the pair (¢, j) representing the numbers of the row (i)
and column (j) in which it occurs, and is called the (7, j)-th entry of the matrix.

aiq ai2 N AT
a1 Qa22 ... Q2n
Gp1  Ap2 ... Qpn

Here the (4,j)-th entryis a;; € R, (i=1,...,p, j=1,...,n).

Examples

Special 2 x 3 matrix: A = (

1 -3
2 0 .
1 1

For a p x n matrix A = (aij) i=1,...» and a g X m matrix

1 -3 5

9 0 4 ) ; special 3 x 2 matrix: B =

A=B <<= p=gq, n=m, a;; =b; foralli,j

Ounly one row: A 1 X n matrix is called a row vector (of dimension n),
A= (a11 aig ... aln) ,or a = (ay,as,...,a,) .

Only one column: A p x 1 matrix is called a column vector (of dimension p),

a1 a1

a21 a2
A = . ,or a =

apl ap

We distinguish between row vectors and column vectors. So, e.g., the vectors

( 3 ) and (3,5) are different.

5
We write R” instead of R™*! (the set of all column vectors of dimension n).
aiil aiz - QA1n
a1 a2 . Qa2n
Let A =
ap1  QAp2 ... Qpn
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The row vectors of the matrix A are
a' = (ail,aig,...,am) , (the i-th row of A),fori=1,...,p,

The column vectors of the matrix A are

aij
az;j ) )
a; = ) , (the j-th column of A), for j=1,...,n.
Qpj
al
a2
So one may write: A = . = (al, as, ..., an)
ap
Transposition
For a row vector (of matrix size 1xn, or of dimensionn), a = (al, as,..., an),
its transpose is:
ax
az
at = ) (which is a column vector of size n X 1, i.e. of dimension n).
an bl
b2
For a column vector (of matrix size p X 1, or of dimension p), b = . , its
bp
transpose is:
b = (bl, bay. ., bp) (which is a row vector of matrix size 1 X p, i.e. of dimen-
sion p) .
For a p x n matrix A with rows a',a?,...,a? :
The transpose A* has the columns (a')t, (a?)t,..., (a?)";

so A is an n x p matrix.

In other words: The (i, j)-th entry of A® equals the (j,4)-th entry of A, for all
i=1,...,n,5=1,...,p.

Examples: Some square matrices

{0 -1 e (0
B_<3 1>’ B_<—1 1
7
4
1

9 8 9 6 3
C:( 5 >,Ct:<8 2).
2 7 1

w
N—

(@)
ot

w
S~

~ 0 ©
= Ot 00
— R~
v
I
St



Symmetric matrices

A matrix A is called symmetric, if A'= A.

In particular: A symmetric matrix must be a square matriz, i.e.,
of size n x n (for some n € N).

2.2 Matrix algebra

Addition, multiplication by scalars

If A= (ay) -1, and B = (bjj) =1,

i=
j=1,...,n j=1,...,n

A+ B = (ai+bij) i

j=1,...,n

3. AJa = (1/a)A  (if a #0)
4. (A+B)= A"+ B, (AA)'= )\A"
Multiplication of matrices
The product A B of two matrices is defined only if they are compatible w.r.t. their

sizes, i.e. AB requires: AisgXxp, B ispxn (# of columns of A = # of rows
of B):

If Ais g x pand B is p x n then then AB is g x n defined by:

where a® (i =1,...,q) are the rows of A,

b; (j=1,...,n) are the columns of B,

a'-b; is the scalar product of the two p-dimensional row- and column vectors,
resp.

_ P
More explicitly: a’-b; = > aix by, -
k=1

Matrix product motivated by linear functions

Let B be pxn and * € R"™, then Bz is a vector in RP. Consider x as a variable
in R, while B is fixed. Then the matrix B defines a mapping R"” — RP?:
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Lp : R" —>Rp, LB(CL') = Bazx.
Easy to see: Lp is a linear function, i.e.,

LB(/\.’Bl + umg) = )\LB(:L'l) + [I,LB(:IZQ).

For the composition of Lg and L 4, we have

La(Lg(z)) = (AB)=,

i.e., the composition is just Lap.

Examples

9 8 7
1 -2 3 6 4 2
A:<_4 56>,B=<§gi>.ThenAB:<125_2).

Here BA is not defined.

Even if two matrices A and B are such that both products AB and BA are
defined, one has in general: AB # BA:

Both products are defined if and only if: Ais pxnand Bis n xp . Then
ABis pxp, BAis nxmn. So,in case p # n always AB # BA . But also
in case p = n, the two products are different, in general.

3 2 1 -1
E.g.,A:(1 _1>, B:(0 2), then:
3
1

1 2 3
AB:( _3> and BA:<2_2>.

Further properties

A mxq,B gxp,C pxn: (AB)C = A(BC) (associativity)
A qgxp,B pxn: (AB)' = B'A"

AB gxp,C pxn: (A+B)C = AC + BC

A gxp, B,C pxn: AB+C) = AB+ AC

A gxp,B pxn,AeR: (M)B=A(AB)=\AB)

By rule of associativity: ABC' is defined, as well as products A;As... Ay
for any number k of matrices (provided the matrices are compatible for multi-
plication). In particular: For a square matrix A (nxn): A¥ = A... A

———

k—times
k-th power of A, again n xn.
2.3 Regular matrix, inverse matrix
Notation: I, the nxn unit matriz (identity matriz) which has all its diagonal

entries equal to 1 and all its off-diagonal entries equal 0. E.g. Iy = ( (1) (1) ) 5
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10 0 010 0
I,=(0 10|, I.=
00 1 0 0 1 0
0 0 0 1
ey
e
Clearly: I, = . = (el,ez,...,en)
e,
ej,es,...,e, €R™ the elementary unit-(column-)vectors

Easy tosee: BI, =B forall B pxn; I1,C=C forallC nxm,in
particular:
I,x = x for all x € R",

i.e., the linear function Ly, (x) = I,x is the identity function (on R™).

Regular (square) matrix and its inverse matrix

An n x n matrix A is called regular (or nonsingular or invertible) if there exists
an n x n matrix A~ such that AA™ = I, or, equivalently, A~™'A =1, .
In case that A is regular, a matrix A~" as above is unique and is called the
inverse of A.

In terms of the associated linear function L4 (x) = Az from R” to R™:

A is regular if and only if the function L o4 has an inverse function L;‘l, in
which case L' (y) = A™ 'y, (y € R™).

We have A, B n x n regular —> AB regular, and (AB)"' =B~ 'A™".

Simplest case: n = 2

. a a
For a 2 x 2 matrix A = 2. A regular <= ajia22 —
a1 a2

aizaz1 # 0.

a11a22—a120a21 —a921 aill

In case that A is regular, A™' = ——L < aze  —a12 )

Another simple case: diagonal matrix

D = diag(A1, A2, ..., \n) , where A, Ag, ..., A, €R

N L ifi=j

0 ,ifi#£y

D regular <= \; # 0 for all i = 1,2,...,n, in which case D! =
diag( A", A", A1)

n

which means that the (4, j)-th entry of D is {

15



2.4 Linear equation systems

A linear equation system (LES) (p equations and n real unknowns)

anxi + a2 + ... F o, = b
ag1x1 —+ a22X2 + ...+ A2n Ly = b2
Ap1T1 + ap2Zo + ... +appTn = by

can be written in matrix notation as Ax = b, where A is the p xn matrix with
entries a;; (the coefficients of (LES)), b € R? the vector with coordinates b; (the
r.hs. of (LES)), € R™ the vector of the unknown reals x;, (i = 1,2,...,n).
Sometimes: p =n and A regular; then: @ = A~'b is the unique solution.

Solution of (LES) / computation of A~" — numerical algorithms (computer)

Example: An LES with p=n=4

31‘1 - 4.172 + 4I3 + 21‘4 = 15

—2x1 + 43 — x4 = -8

—b5x1 + 4x9 — Bx3z + 314 = 0

3.%1 + X9 - 21’4 = -3

In matrix notation:

3 —4 4 2 T 15
2 0 4 -1 o || -8
-5 4 -5 3 T3 o 0
3 1 0 -2 Ty -3

A x = b

The system of linear equations Ax = b is called homogeneous if b = 0, other-
wise inhomogeneous. If v is a solution of

A-x=Db,
Lp={x:A-x=0} and L,={x:A -x=Db},

where Lp +v={x+v:x€ Lp}.

then

Solution of the homogeneous system

Try to transform the system A -x = 0 into an easier one using the following
transformations, which are called elementary row operations:
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e Interchange two rows.

e Add A times row i to row j.

e Multiply a row with A # 0.

If B can be obtained from A via a sequence of elementary row operations, then
we call A and B row equivalent. Easy to see: A is row equivalent to a matrix

of the following shape:

A/

!
ary

0

0

/ !
aip Qi3
/ Vi
Qg Qg3

0

!
A1p

!
QAop

If the ith row is nonzero, let a; j, be its leftmost nonzero entry. We can assume
that 71 < j2 < ... < j,, hence:

a1, *

»
I

a2,

a3, js

Qrj, *

We call such a matrix row reduced. Moreover, we can reach that the columns
J1,J2, - -+, Jr are vectors which contain just one nonzero entry 1. Hence we obtain
the following form, which is called a row reduced normal form:

—_ O

o

o

The solutions of A - x = 0 are the same as the solutions of A’ - x = 0 if A’ is

row equivalent to A.




If A’ is row reduced and has r nonzero rows, we call r the rank of the matrix
A’ (and also of A ).

We are going to describe a method how to transform a given matrix A into row
reduced form:

1. Find the first nonzero column of A, say column j (in most cases j = 1).
2. By interchanging appropriate rows, we get a; ; # 0.
3. Subtract the first row a; ;/a1 ; times from row ¢ (i = 2,...,m).

Call the matrix that we obtain by such a Pivot step as A’. Now apply the
same procedure to the matrix that you obtain by deleting row 1 (or actually
by ignoring row 1) of A’. We continue like this until we cannot find a nonzero
entry any more.

Example Solve the homogeneous LES

3I1 + 2562 — I3 = 0
T2 + x3 = 0
Put z3 = a. Then x5 = —a. Using this in the first row, we obtain

3xr1—2a—a=0,
hence 1 = a. The solution set L is

a
L= —al:aeR

a

We say that the solution space has one degree of freedom, since we can choose
the value of one variable freely.

This example was easy, since the matrix of coefficients
3 2 -1
01 1

was row reduced.

Example Solve A - x = 0 where

2 -1 6
A=|1 1 =2
1 -2 8

Divide the first row by 2 and subtract row 1 from the second and third row. We
obtain

1 —1/2 3
0 3/2 -5
0 -3/2 5

18



Now add row 2 to row 3, and multiply row 2 by 2/3:

1 -1/2 3
0 1 -—10/3
0 0 0

Now we add the second row 1/2-times to the first one:

This matrix is row reduced, and its solutions are

_ _10 __4
I3 = a, T = 30,, Tr, = SCL
—(4/3)a —4b
L= (10/3)a | :a€R p = 100 | :beR
a 3b

As before, we have one degree of freedom. (If there is no degree of freedom, the
only solution is 0.)

To summarize:

A - x = 0 with m equations and n variables has at least the solution 0. If r is
the rank of A, then the system has n — r degrees of freedom. In particular: if
m < n, then the system has more than just the solution 0, since r < m < n.

We solve the system by transforming A into row reduced form (Gaussian elim-
ination).

The inhomogeneous case

A -x=Db

and
A" x=Db

have the same solutions if the extended matrix
(A’[b)
can be obtained from

(Alb)

19



via elementary row operations.

Example

with

A 10 10O

The extended matrix is

—
© M~ ™ © I~ 10
R N O S
o < © =Y N
— NN — N o
O 10 ™o o
/|\ (

el

=

g

2

wn

=}

&

—

+~

o

z

o

=]

&

|

1,3
-0,8
0,25

0
0,5 0
1

0,5
0

L0
10 O

S = &

o O

o - O

— O O

The unique solution is

1 =0,b, x2=1,6, x3=0,25; Ii.e., L{(

Example

~/
\)\'}
—
S« © 10 <t © 5,1
—
(]
SCRRIC 0
648 ™o e
2\
o\ 2\
— _, Uln/_ﬂ AT N
, | | — =™
R
(o R |
— =
— O O
(
(
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1 -1/2 3 5

0 1 -10/3 | —2/3
0 0 0 0
10 4/3 |14/3
0 1 -10/31|-2/3
0 0 0 0
We can choose z3 = a, then
Lo 2.1
> 7 73773
g oo W4
! 33
r3 = a
In other words:
u 4
3 3
L; = 2 4+ a-|10 aeR
3 3
0 1
We see that
—4
3
Ly=Ra-| 10 [:qeR
3
1

is the solution set of the homogeneous equation
A-x=0

and
14

3
2
3
0
is one solution of the inhomogeneous system. If the righthand side had been

10
41,
5

the system would have had no solution, since it would have implied an equation
of the form Oz, + Oxo + 0z3 # 0.
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The LES A - x = b has a solution, if and only if rank(A) = rank(A|b)

If A -x = b with m equations and n variables has a solution, then it has n —r
degrees of freedom, where r is the rank of A.

Example

3 5) 2 =212

2 -1 -2 1 |-=2

We start our row operations:

DN W
I
o oo
| o )
[\ w
—
NGRS
—_
b 5

o O =
Lmo
u;’:c[e
©5HL
é}cmw

10 -3 —4]2
01 -4 —-9/6
05 11 10 |6
10 -3 —4] 2
01 -4 —9| 6
0 0 31 55|-24

10 -3 -4 2

01 -4 -9 6

0 0 1 55/31|—24/31

10 -3 -4 2

0 1 0 =59/31| 90/31

0 0 1 55/31 |—24/31

1 0 0 41/31 | —10/31

0 1 0 —59/31| 90/31

0 0 1 55/31 | —24/31
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One solution of the inhomogeneous system is
—10/31
90/31
—24/31
0
The solutions of the homogeneous system are
—41/31
59/31
—55/31
1

hence L;, the solution set of the inhomogeneous system, is

—10 41
31 31
90 59
L; = 31 +a-| 31 |:a€eR
—24 55
31 31
0 1
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3 Further matrix theory

3.1 Permutations

A permutation of the numbers 1,2,...,n is a function o : {1,2,...,n} —
{1,2,...,n} such that: the values o(1),0(2),...,0(n) cover all the numbers
1,2,...,n. So the vector & = (o(1),0(2),...,0(n)) has as coordinates the
numbers 1,2,...,n in permuted order.

The set of all permutations of the numbers 1,2, ..., n is called the permutation
group of order n , for which the symbol S, is used.

Note: #S,=nl=1-2.----.n.

Example: S; and S3 in vector notation:

n=2: & = {(1,2), (2,1)}

n=3: S3 = {(1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), (3,2,1)}

Sign of a permutation

Given o € S, , consider the vector o = (o (1),0(2),...,0(n)) .

Obviously: By successive interchanges of two coordinates at a time the vector
o can be transformed to the identity permutation vector (1,2,...,n) .
Example:

n=7,0 € Sy such that ¢ = (3,2,5,4,1,7,6) .

Perform successive interchanges of two coordinates:

(3,2,5,4,1,7,6) — (1,2,5,4,3,7,6) — (1,2,3,4,5,7,6) — (1,2,3,4,5,6,7)

We needed 3 interchanges. We can do it in a different way:

(3,2,5,4,1,7,6) —> (2,3,5,4,1,7,6) —> (2,3,4,5,1,7,6) —> (2,3,4,1,5,7,6)—>
(2,3,1,4,5,7,6) — (2,1,3,4,5,7,6) — (1,2,3,4,5,7,6)— (1,2,3,4,5,6,7)

which required 7 interchanges.

Note: 3 and 7 are clearly different, but they are both odd. Irrespectively which
sequence of interchanges is used to achieve transformation to (1,2,...,n), the
number of interchanges performed is either always even or it is always odd.

+1 in the ‘even’ case
One defines: sgn(o) = { —1 in the ‘odd’ case

: _ o || (12| (21
Example: n=2 san(0) H | ‘ =~}
"3 o [ (1L,2,3) | (2,31 ] 3,1,2) | 3,2,1) | (1,3,2) | (2,1,3) |
sgn(o) H +1 ‘ +1 ‘ +1 -1 ‘ -1 ‘ -1

3.2 Determinants

For an n x n matrix A = (aij) i=1,...n the determinant of A is defined by

j=1,...,n
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det A = Z sgn(0) a14(1) @20(2) *** * Uno(n)
og€S,

Example n = 2:

det A = a11a22 — 12021

" o | (1,23) | 231 | (31,2 | 3,21 | (1,32) | (2,1,3) |
sen(0) || +1 | +1 | +#1 | -1 | -1 | -1 |
det A = aq1a92a33 + a12a23a31 + a13a21a32

—@13022031 — 11023032 — 12021033
Multilinearity (w.r.t. rows) of determinants:

Given an n x n-matrix A with rows a',a?,...,a", and given a (row number)
ke{l,2,...,n}. If a*=Ab+ pc, where b,c € RY™ and A\, € R, then:

a a a'
k1 k1 k-1

det | Ab+ e = A det b + p det c
ak+l ak+l ak+l

a” a” a"

Alternation property (w.r.t. rows) of determinants:
If Ais an n x n-matrix, and one interchanges two rows (say i1 and ia, where
i1 # i3) of A to obtain another matrix A, say, then:

det A = —det A.

Further properties of determinants

Let A be an n x n matrix: (i) det A® = det A . (So, as a consequence:

multilinearity and alternation property do also hold w.r.t. columns.)
(ii) A is regular if and only if det A #0 .

(iii) If B'is n x n as well, then: det AB = det A det B .

(iv) If A is a diagonal matrix, then the determinant is the product of the di-
agonal entries!

Consequences for elementary row- or column operations:

e If the i-th row of A is replaced by a' = a’ + Aa" (where a’ and a” are
the i-th and h-th row of A, resp., i # h, and X is a scalar), then for the
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new matrix A obtained one has: det A = det A. In other words: If we
add a multiple of the A’th row to the i’th row of A, we do not change the
determinant (if ¢ # h).

e If the i-th and h-th rows (i # h) of A are interchanged, then for the new
matrix A obtained one has: det A = —det A.

e If one row of A is multiplied with a scalar A, then for the new matrix A
obtained one has: det A = Adet A.

Analogous statements hold for columns instead of rows.
Expansion of a determinant along a row or a column

Notation: If A is an n X n-matrix, k,£ € {1,2,...,n} are the chosen row-
and column numbers, resp., then we denote:

Asg the (n — 1) x (n — 1) matrix obtained from A by deleting
the k-th row and the ¢-th column.

Example
2 0 1 -1
2 0 -1
_ 3 1 2 0 . \2 _
A = O A\3_<012>.
2 -2 0 1 22
det(A) = Z(—l)kHaM det(Asif) (expansion along k-th row).
=1
det(A) = Z(—l)k+eakgdet(A§§) (expansion along ¢-th column).
k=1
Example:
2 0 1 -1
B 3 1 2 0
A = 0 1 1 2
2 =2 0 1

We expand its determinant along the first row:
det(A) = 2(—1)'*1det(A\}) + 0(—1)'*2 det(A),)

+1(=1)1*3det(AY;) + (—1) (1)} det(A);)

1 2 0 3 1 0 3 1 2
2 det 1 1 2 + det| O 1 2 + det| O 1 1
-2 0 1 2 =2 1 2 -2 0

= 2(-9)+19+4 = 5.
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Note: If the ¢-th column of A has only one nonzero entry ags, say, (while
a;g = 0 for all ¢ # k) then, by the column expansion formula: det A =
(—1)k+eakg det(Asj) .

Particular case: ¢=1and k=1

ail ‘ a2 ... Qin
0 \u
A = : AS , detA = an det(A\l)
0
Example:
2 0 1 -1
3 1 2 0
A = 0 1 1 2
2 =2 0 1
: ~2 _ 2 3.1 ~4_ _4 1
By row operations a”=a”—-3a , a" =a"—a
2 0 1 -1 L s
0 1 1 3 2 2
det A = det 0 1 21 22 = 2 det 1 1 2
0 -2 -1 2 2ot 2
To the latter 3 x 3 matrix row operations 7> =72 —r! | # =3 + 2! give:
N 1§ 4 -
_ _ 2 2 _ 5
det 1 1 2| =det| 0 3 3 —det<%;)—2
-2 -1 2 0 0 5

So the result is: det A = 2 g =5.

3.3 Eigenvalues

For an n X n square matrix A, a (real) eigenvalue of A is a real number A such
that there is a nonzero vector & € R™*! satisfying the equation

Az =X x (xz#0), (eigenvalue/eigenvector equation).
If XA is an eigenvalue of A, then every vector & # 0 satisfying the eigen-
value/eigenvector equation is called an eigenvector of A to the eigenvalue .

A result on eigenvalues

A real number A is an eigenvalue of A if and only if
det(A — XI,,) = 0.

Note: This can be utilized for calculating eigenvalues

(see next: characteristic polynomial).
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Characteristic polynomial

For an n X n-matrix A, the polynomial of degree n (in a real variable x),
Pa(z) = det(A - xIn) , rER,

is called the characteristic polynomial of A .

The zeros of Pa(z) are the (real) eigenvalues of A .

So there are at most n eigenvalues of A ; it may happen that there are less than

n eigenvalues and even that there is no (real) eigenvalue of A .

In fact: Pa(z) is polynomial of degree n, since

ail — a12 aiz ... A1n
a21 a22 — Q23 ... a2n
det(A - xIn) = det
an1 an?2 an3 e ann — X

= Z Sgn(a) (al o(1) — 61 a(l)m) (a2(r(2) - 520(2)1‘) I (ano(n) - 6no(n)x) )

€S,
here 6, =4~ E1=J (1 so-called Kronecker delta)
where d; =1 if i £ e so-calle onecker delta).
More precisely, Pa(x) = cpz™ +cp12™ 1+ ... +c1x+co, where

cn=(=1)", o1 =" a;, co=det(A);
=1

the remaining coefficients ¢; (j = 1,...,n — 2) are determined by the entries of
A in a complicated way.

a1 az2

Special case: n =2, A = ( i a2 >, Pa(z) = 2®—(a11+ag)z + det(A).

Abbreviate: A = (a11+a22)174 det(4) — (a11+4a22)2 —det(A).
Zeros of Pa(x), i.e., (real) eigenvalues of A:

Case 1. If A >0, two zeros A2 = %(au + age) VA .
Case 2. If A=0, onezero A = %(an + as) .

Case 3. If A <0, no zero.

Special case: n =3

aii a2 ai3 ail — a2 ais
A= a21 @22 Q23 , A—xl3 = a1 22 — T as3

asi as2 ass asi as2 asz — &
Pa(z) = (a1 — ) (a22 — ) (az3 — =) + a12a23a31 + 13021032

- a13(022 - iU) azy — ((111 - ac) (23032 — 012021(6133 - CU)

= —2% + (a11 + ag +azz) 2% + c1xv + det(A),

where c¢; = —agea33 — a11a33 — a11a22 + a13az1 + azzass + aizao; -

Note: A 3rd degree polynomial has at least one zero.
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Special case: Diagonal matrix, D = diag (dl, da,. .. 7dn) ,
Pp(z) = (di —x)(d2—z) -+ (dp, — )
= (-)"(x—dy)(x—dg) -+ (x—dp).
So the eigenvalues of D are the diagonal entries dy,ds, ..., d, .

e; (the jth elementary unit vector) is an eigenvector of D to the eigenvalue d; :
Dej = djej (j = 1,2,...,71).

16 0 12
Example: A:<O 5 0 )

12 0 9
16 —z 0 12
PA(m)—det< 0 5—x 0 )—(5x)det<161;x 91—2x>
12 0 99—z

= (5-2)[(16—2)(9—2)—144] = —(z —5)x (z —25) .
So A has three eigenvalues Ay =0, A =5, and A3 =25 .

Find an eigenvector of A to the eigenvalue Az = 25!
Solve Az =25z ,ie., (A—25I3)x =0 (hom. LES), i.e.,

-9 0 12 T1 0 4
0 -20 0 Z2 = 0 ] ;solutions: x =a| 0 | .
12 0 -—16 3 0 3

Similarly, eigenvectors of A to Ay =5 and to A; = 0 are found:

0 -3
for)\25:ma<1>; for)\10:aca< 0).
0 4

Eigenvectors are obtained for a € R, a # 0.

3.4 Quadratic forms

Quadratic form of a symmetric matrix

For a symmetric n x n matrix A its quadratic form is the following function of
a vector variable € R"*! |

Qa(x) = z*Ax , which is a real valued function.

In fact: The matrix product Az is 1 x 1, i.e., a real number;
it is the scalar product of the vectors  and Ax ;

n
more explicitly: x*Ax = Y a;jzx; .
ig=1
1 0
Example: A = 0 -1

or(2) =i (%) ()=

Here is an illustration:
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Positive definite matrix

A symmetric n x n matrix A is called positive definite if its quadratic form is
positive on R"*1\ {0} , i.e.,

z'Ax > 0 forallxz #0.
A symmetric n x n matrix B is called negative definite if the matrix A = —B
is positive definite (or, equivalently, if x'Bx < 0 for all  # 0).

A symmetric matrix is positive definite if and only if all its eigenvalues are
positive.

For a symmetric n X n matrix A :

A is positive definite if and only if there is a regular n X n matrix W such
that A = WW".

Moreover: If A is positive definite then there exists a unique positive definite
n x n matrix A2 such that A = (AI/Q)2 .

Cholesky factorization

If a symmetric n x n matrix A is positive definite, then there exists a lower

triangular matrix L such that A = LL" .

Note: An n x n matrix L = (&-j)
Ziijforalli<j.

o is said to be lower triangular if
1,j=1,2,....,n

Positive definite <= principal minors are positive

Notation: For an n x n matrix A = (aij) , we denote

"
A},...,k = (aij)i,j=1,2,...,k , where k € {1,2,...,n}.

(This is the upper left k x k submatrix of A .)

ij=1,...,n
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For a symmetric n x n matrix A :
A is positive definite if and only if
det(A; ) > 0 forallk=1,2,...,n.

Remark: These (sub-)determinants are called the principal minors of A.

Special case n =2.

aii ai2

) , the result says:
ai2 a2

For a symmetric 2 x 2 matrix A = (

A is positive definite if and only if a;; >0 and ajjagze — a3y > 0.
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4 Complex numbers

4.1 The first view

C (set of complex numbers) is the same as R? (Euclidean plane), up to different
notation:

(i) Write the real number 1 instead of the first elementary unit vector e;
(1,0), and (consequently) write the real number « instead of ae;
(@, 0);

(ii) write % (the imaginary unit) instead of the second elementary unit vector
es = (0,1), and (consequently) for 8 € R: write (i instead of fes =
(0,8);

(iii) for o, 5 € R: write a+ i instead of ae; + fes = (o, ).

So: C={a+pBi:aBeR}=R?;

for z = a+ PB1 one calls « the real part of z and 8 the imaginary part of z, for
short: a = Re(z) and (8 = Im(z) .

4.2 The field of complex numbers: algebraic structure

Besides the vector space structure

(a1 + B12) + (a2 + B2i) = (a1 + ) + (B2 + B2)i  (addition),
AMa+pi) = (a+8i) A = (Aa)+ (AB)i  (multiplication by a real),

one defines: multiplication in C; reciprocal and division.

(a1 + B11) (a2 + Boi) = (ar1az — B1B2) + (1 fB2 + azfr)i
Comment: We have formally multiplied out and used %= —1.
If z=a+pi #0 (ie., not « =0 =0), then
1 1

Pl el

z=1.

O[*ﬁ’i),

1

z

i.e., with this % one has
So the division of any two complex numbers (but, of course, the denominator must

be nonzero) is given by:

Z1 1
= =z —
22 22

if 2o # 0. Multiplication in C extends the well-known multiplication in R
preserving its properties (associativity, commutativity, distributivity):

(z122)z3 = z1(2223), 2122 = 2221, (21 + 22)23 = 2123 + 2223 .
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Recall: absolute value |z| = \/a?+ %2 for z=a+ fBi.
Properties: |21 + 23| < |z1]| + |22], |z122| = |21]]22] -

4.3 Conjugation
For z = a+ (1, one defines Z = a — (4, and calls Z the conjugated complex of
z.
The function z +— Zz from C to C is an automorphism, i.e.:
21+ 29 =71 + 23 and Ziz3 = Z123 .
Interesting to note: Re(z) = 3(z+2), Im(z) = 5(z—72),

2z = [z and 1= #E.

4.4 Complex exponential function

Continuation of the real exponential function exp(z) = e*, z € R, to a
complez-valued function of a complex variable,
exp(z) =¢* , z€ C, by:

e* = e (cos(B) + sin(B)i)

for all z = a+ i . Using well-known properties of the real exponential function
and of the sine and cosine functions we see: basic property (power law) of exp
is preserved:

zZitz2 21 22

for all z1,29 € C .
The complex exponential function for purely imaginary arguments:

et = cos(p) +sin(p)i, forany p € R,
and these complex numbers (as ¢ varies over R or only over an interval of length
27) constitute the unit circle {z € C: |z| =1}.

Euler representation of a complex number z =« + 5% :

z = re®’, where r=|z| and ¢ € [0, 27|

(corresponds to polar coordinates of points in the Euclidean plane).
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re?t  (here: r > 1)

1
Sin @ [y e
-1 cos ¢ 1 > Re
-1

Note: A geometric interpretation of complex multiplication

For z1,20 € C, write z; = rie¥'* and z9 = ree¥2* | then
2129 = rire elP1HP2)E

Complex representations of sine and cosine

cosp = Re(em) = %(e“’i —&—e“”i) ,

sing = Im(e?) = 5 (e — 7).

7

Note: e¥i = cos(p) — sin(p)i = cos(—¢p) + sin(—p)i = e ¥* .

Example: Deriving trigonometric formula
cos(a + B) = cos(a) cos(B) — sin(a) sin(B):
Lh.s. = Re(e(@t#)?) = Re(e*e?)
= Re( (cos(a) + sin(a)i) (cos(B) + sin(3)) )
= cos(a) cos(B) — sin(a) sin(B) =r.h.s.
Example: One-dimensional harmonic oscillation

s(t) = a cos(wt +¢g) , tareal variable (time),
(a > 0 amplitude, w > 0 angular frequency, ¢ € [0, 27[ phase shift).
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Complex representation: S(t) = Ae*® | where A = ae¥°® the complex
amplitude.

Note: s(t) = Re(S(t)) ,since acos(wt+gg) = Re(ae@!90)%) = Re( ae?* evt?).
—A

4.5 Complex polynomials

Well-known: A real polynomial of degree n
P(x) = cpa" +cp 2™+ ...+ tc, wER,
(with real coefficients co, c1, ..., cn , where ¢, # 0)
may not have any zero, i.e., there may not exist an o € R with P(zg) =0.

Example: A second degree polynomial P(x) = 2%+ px + ¢ , where p,q € R
are such that A = (g)Q — ¢ < 0, does not have any (real) zeros.

However, for a complex polynomial of degree n ,
P(z) = cp2"+cp12" 1+ ... 42+, 2€C,
(with complex coefficients co, c1, . .., cn , where ¢, # 0)
the situation is completely different.

Fundamental theorem on complex polynomials

If P(z) is a complex polynomial of degree n > 1, then there exists a zero of
P(z), i.e., a zp € C such that P(z) =0;
and, moreover:
There exist 21, 22, . - ., 2z, € C such that P(z) factorizes to
P(z) =cp(z—21)(z—22) - (22— 2n), forall z€C,
(where ¢, # 0 is the highest coefficient of P(z)).

Note: The complex numbers 21, 29, ..., 2, (the zeros of P(z)) need
not be all distinct.

Example: The above 2nd degree polynomial, but now with a complex variable:
P(z) = 22+pz+q, z€C,
where p,q € R such that A = (g)Q —q <0.
Not difficult to check:
P(z) = (z—21) (2 — 22) , where z15= —5 £ /|A|7.
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5 Derivatives of functions of one real variable

5.1 Basics on derivatives

Derivative of f at xg :

lim f(x1) — f(z0) — lim f(zo+h) — f(zo)

T1—T0 T1 — Xo h—0 h

f'(xo) =
Other symbols for the derivative f’(xg) :

df df(z)

—— , etc.
dx (l‘o) or dx T=x0 e

Local linear approximation of f(z):

The tangent as a (linear) function approximates f(z) if x is close to xg :

f@@) =~ [f(zo) + ['(w0) (& — o).

f is called differentiable on its domain (usually an interval I C R), if the deriva-
tive f'(xo) exists for each xg € I'. Then x = xg € I is a variable, and we have
the function f'(x) or shortly f’, the derivative of f. The derivative of f’ at xg
(if it exists) is called the second derivative of f at xo and is denoted by f"(zo) .
If f is differentiable on its domain I then we have the function f”(x) or shortly
f", the second derivative of f.

Local quadratic approximation of f(z) : If z is close to x¢, then

F(@) % (o) + f(eo) (@ = w0) + 31" (o) (& — o)

In particular, when f’(z¢) is nearly zero, then the local quadratic approximation
is considerably better than the local linear approximation.
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function f ‘ derivative f’ ‘ domain [

¢ (constant) 0 R
™, (meN) maz™m 1 R
2™, (meZ, m<-1) maz™ 1 ]0,00[ or ]—o00,0]
z*, (x€R) aze! 10, oof
Inx 1 10, oo
In(|x]) 1 ]0,00[ or ]—o00,0]
e’ e’ R
sinx cos(x) R
cos T —sin(x) R
tan x @ J(k=4m, (k+ )7 [, (keZ)
cot x —m Jkr, (k+ D7 [, (keZ)
arcsin 11_$2 ] —1,1]
arccos - 11_902 ] —1,1]
arctan 27 R

Useful rules for derivatives
For functions f and g on a common domain I :

= [af(@) + Boe)] = af (@) + 5g'(x) , (or a,BER)

S @) g@)] = F'@)gla) + f@)d(@)
4 1@ F@ee) - J@ew
T o) = TEN . (if g(x) # 0 for all z € I).

If = ¢(z) and f = f(y) are two functions such that the composition f(¢(z))
exists, then the chain rule says:

= el@) = FO)¢@) with y=pl)

Examples: %e” = el | (f—z exp(—cmg) = —2cx exp(—cac2)
% coshx = % {%(eere*‘”)} = %(e“’ - e’””) = ginhx ;
4z — cos(z)sin(z)] =1 + sin?(z) — cos?(z) = 2sin®(x) ;
d 22-1 _ 2z(z*41)—(z>—1)2z _ Az .
do 2211 @211)2 = @rnT
d _ 1 1,-1 _ 1
1, arctan/z = A 2% ¢ = smre s -
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5.2 Derivatives of vector-valued functions

Vector-valued functions of one real variable

flz) = (fl(x), falz), ..., fp(x)) , €I CR, ie, f(z) € RP. The f; are
called the component functions. Derivative of f at x¢ € I: the derivative f'(z)

is explained as
f'(z0) = lim —f(xl) —f(xo)‘

T1—To Tr1 — X0

Easy tosee: f'(zo) = (fi(x0), f5(20), ..., f}(x0)). If the derivatives f'(xo)
exist at each xg = x € I, then the derivative f’ of f is the RP-valued function

fi@) = (filx), fs(z), ..., f(2)), zel
If, furthermore, the derivatives of ' exist on I, then we may also define a second
derivative:
f(z) = (fl@), F2), ..., @), zel
Other notations, e.g.: L f(z) = f'(z); % (z) = f'(z) .
Local linear approximation of f(z) :

f(z) = f(zo) + £'(20) (x — z0),

for x close to xg.

Local quadratic approximation of f(z) :

F@) = Fwo) + Flwo) (@ = o) + 38" (w0) (o~ 20",

for z close to xg.
Example

f(t) = r-(cos(wt), sin(wt)) , t € [0, co[. The variable t is interpreted as
time; r >0, w > 0 given constants. f(¢) models uniform circular motion of a
particle.
Velocity: v(t) = f'(t) = rw (—sin(wt), cos(wt)) ;

note: |v(t)]=rw, v(t) L f(t).
Acceleration: a(t) = f"(t) = —rw?(cos(wt), sin(wt)) ;

note: |a(t)| = rw? , a(t) has opposite direction as f(t).

Example: a complex-valued function of one real variable.
f(x) =e®, ze€R, where ¢ € C a complex constant.

c=7+7t, s0 cx =712+ Y2xt, and:
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= €M7 cos(vyax) ,

—~
&
~— —
|

= eN? gin(yqx) ;  so:

f'(@) = fi(@) + fa(x)i = me™” cos(yax) — €77 7z sin(y27)
+ [ sin(yaz) + €71 y5 cos(y2z) | %

cxT

— % (31 +728) (cos(a2) + sin(ra0)i) = ce

Result: % er = ce“’ (same formula for complex c as for real c)

5.3 First order ordinary differential equations

Given a real-valued function of two real variables defined on some domain
MCR?: G(z,y), (z,y) € M CR?; shortly: G : M — R.

Then an ordinary diffential equation (ODE) is given by

y = G(z,y),

which is to mean: find a (real-valued) function f(z) of one real variable z € I,
where I C R is some interval, such that:

and

forallz € I.

Common notation: symbol y = y(x) instead of f(x) , although somewhat
ambiguous: y denotes also a real variable in G = G(z,y) .

Example: ODE y =1+9?, ie., G(z,y) =1+%* and M = R%
Solutions: y.(z) =tan(z —c) ,z € Jc—5,c+ 5[, forceR.
In general: An ODE ¢’ = G(x,y) has many solutions y = y(z). Selection of
one solution by further requirements:

e Initial values prescribed: given a point (xg,yo) € M,

the solution y(x) of the ODE has to satisfy y(zo) = vo,
and of course: xyp must belong to the domain I of y(z).

o Asymptotic behaviour, e.g., y(x) — 0 as x — £oo
(in case that solutions on I = R exist).

Computing approximate solution to: y' = G(z,y) , y(xo) = yo
Choose step size h, choose total number K of steps; starting with (zo, o),
generate points (xg,yk), k=1,2,..., K:

T =%k-1+h, ys=yr_1+h- G((Ek,hykfl) (Euler method).
The points (z,yx) (k= 0,1,...,K) belong to the graph of an approzimate
solution y(x) , (use linear interpolation).
Method based on local linearization y(z) =~ y(zx—1) + ¢ (zr—1) (x — TR—1) ;
here: z=ap_1+h, y(xpg_1)= G(xk_l,y(a:k_1)) )

39



1.2

0.4

0.2

0.8

Q.4

0.2

40



The graphs show (approximate) solutions to the ODE ¢y = —7y + 10 cos(8z),
y(0)=0.
In the first graph, we used Euler approximation with K = 20, h = 0.05, in the
second graph we used an improved Euler method with K = 20, h = 0.05. The
improved Euler works as follows:

I =1+ %, Ok = yp-1+ LG(@e-1,y8-1),

Tp = Th—1+h, Ypr=yr-1 +hG(@k, Ur).

Exact solution:

1st order ODE for vector-valued functions

Yy =Gy, y=y
RP-valued, where G = G(z,y) a given RP-valued function of p + 1 real vari-
ables.

e The numerical solution methods from above carry over “word by word” to the
vector-valued case.

e A higher order ODE (for real-valued functions) can formally be written as a
1st order ODE for vector-valued functions.

Consequence: Numerical solution methods for higher order ODEs (for real-
valued functions) with initial values.

Example: 2nd order ODE 3" = —csin(y) , (¢ > 0 given), can formally be
written as a 1st order ODE for an R?-valued function y(z) = (y1(z),y2(z)) :

Y1 =1y2, Yy = —csin(yr),
and, in vector notation,
Y = G(z,y),

where
G(z,y1,12) = (y27 _CSin(yl))'
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6 Integrals of functions of one real variable

6.1 Basics on integrals

Discretization of the interval [a, b] :
Dk:(xo T1 ... Th-1 xk>
Z1 ... Rk—1 Rk
ro=a <2 < ...<xp1 <xzp=band z; € [mi_1, ;] (i=1,...,k).
k b
SULDR) = 3 f(a0) (@i — i 1) ~ [ f(z)da
=1 a

In the limit, as k — oo and |Dg| — 0, where |[Dg| = max (z; — z-1):

=1

IRRRE}

lim S(f,Dy) = /f(x)dx

k—o0, |Di|—0

(which is a real number).

Properties: linearity, monotonicity, additivity
b

b
o jb'(af(;z:) + Bg(z))dz = of f(z)dz + B [ g(z)dz.

a

o If f(z) < g(z) for all z € [a, b], then fbf(ac) dr < fbg(m) dex.
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b -

o [I(@)de =

a

flz)dz + jlzf(m)dx fora<ec<b.

8 —nq

Extensions to unbounded integration intervals:

}Of(x)dx = bli)m fbf(x)dx, jlz f(z)dz = aEr_noo fbf(x)dx,

_T flz)dzr = _fc f(z)dz + ?f(x)dx.

Examples: [e *dz =1, | exp(—L1a?)dz = V2r.
0 —0o0

Indefinite integral or antiderivative
For a function f(z), x € I, an indefinite integral or an antiderivative of f is a
function F(z), x € I, such that F'(z) = f(x) for all z € I'; then one writes

Flz) = / F@)de .

If F(x) is an indefinite integral of f(x), then so is F(z) + ¢ for any constant c.
Conversely: if F} and F, are indefinite integrals of f, then there is a constant ¢
such that Fy(z) — Fa>(z) = c for all € I. So ‘the indefinite integral’ [ f(z)dz
is not a unique function, but rather a set of functions any two of which differ
only by an additive constant.

Main Theorem. If F(z), x € I, is an indefinite integral of f(z), = € I', then
for any subinterval [a, b C I :
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function f ‘ indefinite integral F’ ‘ domain I

¢ (constant) cx R
™, (meN) gt R
2™, (meZ m<-2) g amtt 10, 00] or ]—o00,0]
¢, (@eR,a#-1) g aet! 10, oo
2 Inx 10, oof
1 In(|x|) 10, 00] or ]—o00,0]
e’ e’ R
sin x —cos(x) R
cosx sin(x) R
- —cotx |km, (k+ )7 [, (ke€Z)
F tanz Jk=3)m, bt p)r [, (keZ)
11_x2 arcsin x ] —1,1]
Tl/ﬁ arctan x R

It is easy to see that the indefinite integral is linear, i.e.,

/(af(x)+5g(z)) do = a/f(sc)do: + 5/g(x) de +c¢ (zel).

Useful rule: integration by parts.

If u(z) and v(z) , z € I, are two differentiable functions, then:
/u’(m)v(az) dz = u(x)v(z) — /u(a:) V(z)dz +c¢ (zel).

Thus, for any subinterval [a, b] C I :

where [u(x)v(m)]b = u(b)v(b) — u(a)v(a).

a

Example: [ze “dz ? We choose u/'(z) = e ® and v(z) = z, and thus
u(r) = —e~® and v'(z) = 1 , which yields:

/e_wxdm = —e "z — /—e_‘”lda: = —¢ %z —e "= —(x+1)e "

Useful rule: substitution formula.
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If p(xz) ,z €1, and f(y),y € J, are two functions such that the composition
f(go(ac)) , x € I, 1is defined and ¢ is differentiable, then

/f(go(m)) ' (z)dr = /f(y)dy +c withy =p(x), =zel.

In other words (where in (2) we assume that ¢ ~1(y) exists):
(1) If F(y) is an indefinite integral of f(y), then the composition F(p()) is an
indefinite integral of the function f(¢(z)) ¢’ ().

(2) If G(z) is an indefinite integral of the function f(p(z)) ¢'(z), then F(y) =
G(¢~'(y)) is an indefinite integral of f(y).

Furthermore: o
b ¥
For [a,b] C1: [ f(e(x))¢ (z)de = (f) fly)dy .
a o(a

d c c
Convention for ¢ >d: [ f(y)dy = — [ f(y)dy; [f(y)dy = 0.
c d c
Example: [e®®dz (where a #0) ?
Use ¢(z) =ax, hence ¢'(z) =a, and f(y) =e€Y; so:
fede = L [aeds =1 [evdy = Le¥ +c, withy=ax.
Result: [e?®da = Le®® +c.

Example: [tan(z)de ,zel =]-%,%].

tanz = S22 Choose p(z) = cosz, hence ¢'(z) = —sinz, and thus:
tanz = _i((;)) = f(p()) ¢'(x) with f(y) = —%. Since F(y) = —In(y) is
an indefinite integral of — , it follows: F/(p(z)) = —In(cosz) is an indefinite
integral of tanz .

Result: [tanzdz = —In(cosz) +c, z € |-%, Z][.

6.2 Approximate calculation of integrals

One approximation procedure is given directly by the definition of the integral :

b
[i()de ~ S(f.Dy) = g F() (@i —zi) |

for Dy = ( TO T e The1 Tk ) , a discretization of [a, b] , where:
21 .. Rk—1 Rk
xo=a < T < ... < Tp-1 < xp=0b, 2z € [xi—1,x],(E=1,...,k).
Another view of this and more general idea: approximate fl@) = fr(z),
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z € [a, b], where fi(z) is a function simple enough that its integral over [a, b]
is easy to calculate; then use:

b b
[t ~ [ f@

The above approximation, implied by definition of the integral, employs step
functions fiy(z) ,x € [a,b]:

fu(x) = ¢ forallx € [x,-1, [, 1 =1,2,...,k), and f(b) = ¢ ,

where ¢; = f(z), (i=1,2,...,k).

;fk(x) dz = S(f,Dx) = Ek: ci(x; —x;-1) (easy to calculate).
a =1

Better approximation by linear interpolation: again, partition of the integration
interval [a, b] is used:

ro=a < 21 < ... < Tp1 <xp=>.

Calculate the function values y; = f(z;) , (i = 1,2,...,k), and use the linear

interpolating function fy(x) , x € [a,b]:

file) = I=E=(x —@im1) + g1 for z € [mi1, 2.

Then

b
k T 1 k
[ferae = T fu@rde == 4 3+ ) (- i),

i=1 ;4 i=1

a

which is easy to calculate.
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7 Particular classes of ODEs

7.1 First order ODE with separated variables
This is the case that the function G has the form

G(z,y) = u(x)v(y), ze€l, yée.l,
with intervals I, J C R. So the ODE is
y'(z) = u(z)v(y(x)).

We will consider the ODE with initial values y(z¢) = yo , where z¢ € I and
Yo € J are given.

Example. Chemical reaction A + B — AB . Interesting: concentrations
a(t) and b(t) of substances A and B, resp., as functions of time ¢ > 0. They
obey the chemical law

o) = o) = —ka()b(e),

where k > 0 is a given constant. If a(0) = ag > 0, b(0) = by > 0, then an ODE
with separated variables results:

d(t) = —ka(t) (a(t) + Ao), a(0) = ag
where Ay = by — ag, since b(t) = a(t) + ¢o for some constant ¢y. The constant

can be determined using a(0) = ag, b(0) = by.

Let u(z), z € I, and v(y), y € J, be continuous functions, and y" = u(z)v(y) ,
y(xg) = yo. Assume v(yg) # 0. The solution y(x) , x € Iy (subinterval of I
containing zo), is obtained by the following steps.

(i) Check v(yo) # 0 and determine the largest subinterval Jy C J such that
yo € Jo and v(y) # 0 on Jy.
[If v(yo) = 0, then the constant function y(z) = yo, © € I, solves the
problem.]

(ii) Find indefinite integrals U(z) = [w(z)dz, z € I, and V(y) = [ ﬁ dy,
yeJy.

(iii) For any = € I consider the equation (with y € Jy as the unknown)
V(y) = U(x) — co, y € Jo,

where ¢g = U(zg) — V(yo). Let Iy be the largest subinterval of I that
contains xg and such that the last equation has a solution y = y(z) € Jy
for all « € Iy. This gives the solution y = y(x), z € Iy.
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Example: v = 1+42%, y(wo) = yo, with some fixed zg,yo € R.
Here: u(z)=1,2x€l=R, and v(y)=1+y?,ycJ=R.

(i) v(yo) >0 and Jy =R.

(i) U(z) = [1dz =z, V(y) = frlyzdy = arctan(y) .

(iii) The equation V(y) = U(x) — co , where ¢g = U(xo) — V (yo), reads as

arctan(y) = x — ¢, with ¢g = xg — arctan(yp).
We get: Ioz]—g—&—cm%—&—co[, and
y(x) = tan(z —cg) , € 1y.
Example: Chemical reaction.
y' = —ky(y+2Ao), y(0) = o,

where k >0, yg=ag, Ao =by —ag , ag >0, bg > 0. Assume Ay > 0.
Here: u(z) =—k on I =0, oo[; v(y) =y(ly+Ao),y€J=R.

(i) v(yo) = apbp >0, and Jy=]0, oof .

(ii) U(z) = [ —kdz = —kx , V(y):fmdy, y>0.
Casel:Aozo;V(y):—i,y>O.
Case 2: AO>O;V(y):—Ai01n(1+%),y>O.

(iii) Eq. V(y)=U(x) —co,y >0, where cg = U(0) — V(yo) = —V(ag).
Case 1: —% =—kr— X y>0;s0 Ip=1[0,00[, ylz) =

ag kz+a51’
rx>0.
Case 2: —Aioln(l—i—%):—kx—%oln(%), y>0;s0: Ip=][0, 0],
y(x) = ﬁ, mZO

ao
The following graph shows the solutions for k& = 1 with a9 = by = 10 (i.e.
Ay = 0, the dotted red graph) and with ag = 10,59 = 15 (the blue graph):
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7.2 First order linear ODE
y (@) + a(@)y(z) = ()]

where a(x) and ¢(x) , v € I CR, are given (continuous) functions.

Note. Equivalently: 3/(z) = G(z,y(z)), where G(z,y) = ¥(z)—a(x)y (for
x €I and y € R).

Structure of the solution set

Consider the above ODE y' + a(x)y = (x), which is an inhomogeneous ODE
with corresponding homogeneous ODE y’ + a(xz)y = 0. Denote by Fj, and
by Fu the sets of all functions y = y(x) on I which solve the inhomogeneous
ODE and the homogeneous ODE, respectively. If y* = y*(z) is one particular
solution of the inhomogeneous ODE, then we have:

Fin = {y*+y : yE}—h} = y" + Fn

Note that JFy, is a linear space of functions, i.e.; the constant 0 is in Jy, and if
y1 = y1(z) and yo = yo(x) are in Fy, then so is c1y1 + coyo for any cq,co € R.
The solution set Fy, of the homogeneous ODE 3’ + a(z)y = 0 consists of the
functions

ylx) = ce @ zel,

where A(z) = [a(z)dz , x € I, and ¢ € R is any constant.

One particular solution y*(x) , € I, of the inhomogeneous linear first order
ODE ¢/ +a(w)y = 1(v):

Often by guessing, if a(z) = ag is a constant function. Guessing a solution
works as follows: If the right-hand side ¥ (x) is a polynomial of degree n, we
guess that a particular solution is a polynomial of degree n. And if the right-
hand side is a linear combination asin(wx) + bcos(wz), we try an expression
Asin(wz)+ B cos(wz). Similarly, if the right-hand side is an exponential function
ae®, we try an exponential function Ae’®.

A systematic way (for general a(x)) is as follows. Choose A(z) = [a(z)dz ,
z € I, as above. Find W(z) = [¢(x)e*® dz , 2 € I. Then

y*(z) = W(x)e ™ @ zel,
is a solution of the inhomogeneous ODE.

Example. a(z) = ap constant, ag # 0, (z) = po constant.

Consider the inhomogeneous ODE ' +agy = po. Guess a constant y*(x) = ¢o;

in fact this works with ¢y = Z—g . Here A(z) = [agdz = apz , and we get:

y(x) = Po 4 ce ™ gel,

ao

where ¢ € R is any constant.
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Example: a(x) = ag as above, 1(x) = by cos(wz), (by >0, w > 0),
y' + apy = bo cos(wz).

Again, the solution of the homogeneous ODE is ce™%°*. For a particular solution
y*(z) of the inhomogeneous ODE, we try

y*(z) = A cos(wz) + B - sin(wz).
Plug this into the inhomogeneous ODE:
—w A sin(wz) + w B cos(wz) + ag A cos(wz) + ag B sin(wz) = by cos(wz).

Comparing coefficients of sin and cos, we get

—wA + aoB = 0,
aoA +wB = bo.
We obtain the two solutions
o aobo - bow
w2+ a3’ w2+ a’

hence

. bo ag w .
Yy (r) = cos(wx) + —————=ssimn(wx) | .
() ¢w2+aa<¢w2+ag (2) + iy i ))

Using the addition formulae for the trigonometric functions, one obtains
cos(wzx — ) = cos(B) cos(wz) + sin(B) sin(wz),

which gives

_ ao . - w _w
COS(B) - \/mv Sln(ﬁ) - \/m (tan(ﬁ) - a0> .

An example with initial values: solve y' + 7y = 10cos(8z) , y(0) =0.
(@) 10
€T =
Y v 113

B = arctan(%) , ¢ such that y(0) =0, i.e.: \/% cos(=f) +c=0, c= —% .

cos(8z — B) + ce” ",

7.3 Second order linear ODE with constant coefficients

Here we consider ODE’s

y'(x) + ay'(z) + by(x) = ¢(2),
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where a,b € R and ¢(z) , z € I CR, a (continuous) function are given.
Structure of the solution set

Consider the above ODE 4" + ay’ + by = (), with the corresponding ho-
mogeneous ODE  y” + ay’ + by = 0. Denote by Fi, and by Fy, the sets of all
functions y = y(z) on I which solve the inhomogeneous and the homogeneous
ODE, respectively. If y* = y*(x) is one particular solution of the inhomogeneous
ODE, then we have:

Fin = {y*+y : ye]—'h} = y" + Fn.

As before, Fy, is a linear space of functions.
Solutions of the homogeneous 2nd order linear ODE

The solution set F, of 4" + ay’ + by = 0 consists of the linear combinations
c1y1(z) + caya(z) , (c1,c2 € R), of two basic solutions y1(z) and yo(x) , (z € I),
which are as follows:

i) I (2)? > b, then 3, (x) = eM® | yo(x) = e**® |, where
2
A= —35 £/ (%)2 — b are the roots of A2 + a\ + b.

A7 where A = -5 -

)2 = b, then y; () = e’ | ya(x) = e
) Ax

?< b, then y;(z) = cos(wz) e , ya(x) = sin(wzx) e | where

2
A= g wm ()
In case (iii) the solution set Fy, may also be represented as

y(z) = ¢ cos(wz — B) e

with any constants c € R and 8 € [0, 27 ] .
One particular solution of the inhomogeneous ODE

We consider

y'(z) +ay'(z) + by(z) = ¥(z),

where © € I (and suppose that we can’t guess a solution). We use the basic
solutions y; (z) and y2(x) of the homogeneous ODE. We define:

wle) = det ( B0 B0 ) —pu(elile) - s @hnlo),
Find indefinite integrals:

Wl(x)Z/—de, WQ(x):/de.



Then a particular solution of the inhomogeneous ODE is

y (x) = Wi(z)yi(z) + Wa(@)y2(z).
More explicitly, the Wronski determinant w(z) reads as:

(A2 — Ap) ePatr2)ein case (i): (%)% > b,

w(z) = e in case (ii): (%) =0,
w e in case (iii): (4)* <b.

Example: y”(z)+ay (x)+by(x) = ¢ cos(wz) with constants ¢ > 0 and w > 0.
Find one particular solution !
We introduce complez-valued functions Y (x) and ¥(z) = ce** | and consider

Y"(x) + aY'(x) + bY (z) = cet”

This is a complex inhomogeneous ODE. Obviously: If Y*(z), z € I,
solution of the complex inhomogeneous ODE, then y*(z) = Re(Y/( ) is a
solution of the real inhomogeneous ODE. Guess:

Y(2) = K e

with some constant K € C.
Calculation:

Y (z) = Kiwe™®

)(@) = —Kules,
so:

(V*)"(2) +a(Y") (2) +0Y*(2) = K (~w’ +daw +b) 7.
Equating this to ¥(z) = ce¥® gives:
c c
K = 0 = — b — 2 — 2
b—w?+iaw  d? (b—w” —daw)

where

d=/(b—w?)?+ a?w?.

Euler representation of K is

2 .
¢ b—w”—aw _ € i
d d d
with 8 € [0, 2x] , since the absolute value of
b— w? _
d d

is 1.
Result: y*(z) = Re(£ef@s=A)) = £ cos(wz — B) ,
(under the assumption b # w? or a #0).
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8 Derivatives of functions of several real vari-
ables

8.1 Definitions and examples
Here we consider a real-valued function of n real variables:
f:D—1R, where D CR" (D: the domain of f).

We write:  f(z1,22,...,2,) , where (21,29,...,2,) € D; or shorter: f(x),
zeD.

Example: n =2, f(z1,22) = 27? with domain D = {(1'17.752) eR? : xq >
0}, which is the the right half plane.

We often prefer the notation (z,y) instead of (z1,22), hence in the above ex-
ample f(x,y) = a¥ , (z,y) € D, ie, 2 >0,y €R.

Example: n = 3, f(x1,22,23) = 2} + 323 — 23 + 27123 with domain
D =R3. Using notation (z,y, z) instead of (z1, 22, 73):

flx,y,2) = 2* +3y% — 22 + 222, (x,y,2) € R

Example: n arbitrary,
1 n
f(w)Zmy xz €R"\ {0}.
. . _ 1
In coordinates: f(x1,22,...,2,) = N

Example. Graph of a function of two variables (n = 2)

The following is the graph of f(x,y) = 22 — y*:
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Here is the graph of f(x,y) = sin(z) - cos(y):

8.2 Partial derivatives and gradient: the case n = 2

Given a function of two variables: f : D — R, D C R?; for (x9,90) € D,
we define

gi(x07y0) _ lim f(xlayo) B f(x())yo)’

€ T1—Zo 1 — Xo

?(fcoyyo) —  lim f(@o,y1) — f(o,90)
Y y1—yo Y1 — Yo

Note: %(mo, Yo) equals the derivative of the function of one variable, where
y = yo is fixed and x — f(x,yo) is the function in one variable, and we consider
its derivative at the point xg; similarly for the case %<x0’ Yo)-

The gradient of f at (zg,yo):

of 9

V f(wo,y0) = (a*x(xoayo% 3*5(3307?40)) eR’.

We may use the gradient for a local linear approximation of f(x,y) at (zo, yo):
of of
f(-'E,y) ~ f(x07y0) + %@O,yo)'(x—xo) + aiy(x()ayo)'(y_yoh

or shortly: f(z) ~ f(xo) + V f(x0)(x—x0) , where x = (2,y) , o = (z0,%0)-
Example. We consider f(x,y) = 22y + xy? + 2y, then

0
afi(xvy) = 2zy’ +y°,
%<x7y) = 3z2%y% + 2zy + 2.
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The gradient is

Vi(z,y) = (2zy + v?, 32%y* + 22y + 2).
The local approximation of f at the point (0,1) is

flzyy) =2+ (1,2)-(x — 0,y — 1) = 2 + 2y.

If partial derivatives g—i(xo, yo) and g—i(mo, Yo) exist for all (xg,yo) € D, then
we call f (partially) differentiable. Then we write (x,y) instead of (zo,yo)
and the partial derivatives of f are functions

of of

95 = *ax(x,y),
o _ of,
ay 8:[/ ’y7

each of which is a real-valued function of two real variables, and the gradient is
an R%-valued function of two real variables:

Vi =View = (G, grwn). @) eD,
Example: f(x,y) = z¥ = exp(yln(x)) , x=>0,yeR.

of f

We calculate: S(x,y) = yav™t, g—y(z,y) = In(z) 2Y.

8.3 Partial derivatives and gradient; general case: n > 2

Given a function of n real variables: f : D — R, D C R™ and a point

xo = (zo1, To2, - - -, Ton) € D, we define for each 1 =1,2,...,n:
of (zo) = lim F(xo1, ..., Z0i—1, Ti, Zoit1s- - - ZTon) — [(T0)
81‘,‘ 0 T;—>Toi T; — T0; '

Note: %(mg) equals the derivative of a function of one variable x;, where the

other variables are considered to be fixed. The function is

£ f(xoh"'?xoi—laxiax0i+17"'ax0n)7

and we compute the derivative at zg; , which is the i-th coordinate of xg. The
gradient of f at x:

o of of of .
V@) = (@), gi-(@o), . 5-(m0)) €R"

Local linear approximation of f(x) at g, when x is close to g :

fl@) ~ flxo) + g;: (o) - (zi — z0:)

i=1
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for € = (x1,x2,...,2,), or, shorter
f(®) = f(®o) + V[f(x0) (@ —x0)

Let us consider

of
xy) = lim
again. Here e; is the i-th elementary unit vector in R™ , ¢ =1,2,...,n. This

gives rise to the more general concept of directional derivatives:

For any vector v = (v, v, ...,v,) € R” with |v| = 1, we define

D, f(xo) = lim {@othv) —J(@o)

h—0

which is the directional derivative of f at g in the direction v. The direc-
tional derivative is closely related to the gradient:

va(wO) = Z:l ggi

(o) v; = Vf(x)-v.

The Cauchy-Schwarz inequality shows, that

[V f (o)
maximizes Dy, f(zo) among all v € R™ with |v| = 1, hence it is the direction of
steepest ascent, and

v = - =7

|V f(20)]
minimizes D, f(x(), hence it is the direction of steepest descent.

If the partial derivatives %(:co) , 1=1,2,...,n, exist for all xyg € D, then

f is called (partially) differentiable. Then we write « instead of 2y and the
partial derivatives of f are functions:

of _ of

8xi o 8901»
is for each ¢ again a real-valued function of n real variables. The gradient is an
R"™-valued function of n real variables:

(x), zeD,

_ _ (91 of of

Example. n =3, f(z) = 27 +32% — 23 + 22123, x = (71,72,73) € R3.
7]
873{1 = 21’1 +2£L’3,
af
(971:2 = 6o,
87f = —2.133—1—2.’1)1.
8%3
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Example. Often one uses notation (x,y, z) instead of (z1, 22, x3):
flwy,2) = o +3y* = 2% + 20z, (z,y,2) €R,

and the partial derivatives are

of

of

ay - 6ya
of

Example: n > 2 arbitrary,

1 _
f(:c):m:(x%—&—x%—&—...—i—xi) 1/2, x € R"\ {0}.
We have of 1
— jS
. —g(scf—l—mg—i—...—i—xi) 3/2-2% = _\:c|3
fori=1,2,...,n and
T T2 Tn 1
N U R
=P el el ) T TR

Example: n =4,

1
f(xayvzvt) = exp(—§(:r2 +y2 +Z2) _t>7 ({I?7y,Z,t) € R4'

Then
% = —xf(z,y,21),
% = —yf(z,y 21,
% = —zf(z,y,21),
%{ =~ fz,y, 2 1)

8.4 Second order partial derivatives

Let f(x), x = (x1,29,...,2,) € D C R"™, be a differentiable function with
partial derivatives ngi () ,i=1,2,...,n. If each of these partial derivatives is
again differentiable, we say that f is twice differentiable; then, for the partial
derivatives of the partial derivatives of f one uses notations

0 f

T
8xj 8;1:7 ’

o7



which is the partial derivative w.r.t. z; of %, i,j=1,2,...,n. Incase i = j

one writes g%g(a:) instead of a;’ﬁjafmi (z) .

There are n? second order partial derivatives of f, that may be arranged in an
n X n matrix, which is called the Hessian matrix of f at x:

o%f
Hy(x) (83@8@ () )i,j:l ..... n’ zeD.
One can show that o f o f
a.’tjal'i *) = 8@690] (.’B)

for all 4,7, i.e., Hy(x) is symmetric! In order to prove this, one needs the
condition that the second partial derivatives are continuous, which is the true
in almost all applications.

Example n = 2:
flz,y) = 2¥, z>0,yeR.

We have
0 _
afi(:ay) = ya¥ !,
of
—(x, = In(x)2Y.
aw) = )
The second derivatives are
an y—2
axg (l‘,y) = y(y_ 1)1‘ )
0% f 2
@) = (n@)’,
62f y—1 y—1 y—1
g0 (r,y) = 27" +yln(z)z = (1+yln(z))2¥" ",
2
aaxgy(x,y) = %zy + In(z)yz¥~' = (1+yn(z))z¥ "

The Hessian is

H(x,y) =
r@y) < (1+yIn(z))zv~! (In(z)) " x¥

Example n = 3: f(z,y,2) = 22 +3y> — 22 + 222, (2,y,2) € R3. The partial
derivatives:

yly —1)xv=2 (1+yln(z)) a¥~! >
2

of

%(Jc,y,z) = 2z + 2z,
of

@(xa Y, Z) Gya

of _

g(x, y,z) = —2z4 2.
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One calculates:

2 0 2
Hy(z,y,2) = 06 0
2 0 =2

Local quadratic approximation

If f(x),x e D CR",is twice differentiable, and x¢ € D given, then

f@) ~ flwo) + V(@o)(@—z0) + 5 (@ w0) Hylwo) (@ — w0)

for x close to xy . Here vectors & and xg are written as column vectors; so

(x —x0)"'H f(x0) (x — 20) = Z Fre (®o) (zi — woi) (2 — T0;),
igj=1_~t7
where © = (21, %2, ...,7,)" , To = (To1, %02, - - -, Ton)" -

In particular, in case n = 2:

flo) = F(oosn) + G (an,aw) (o = 0) + 5 (0 0) (v~ 30)

1 92f 1 0%f
5 @(ﬂfoayo) (x —m0)® + 5 TZ/Q(IEOWO) (y — v0)?
2

+ o (@0 ) (@ = 20) = )

for (z,y) close to (xo,yo) -

8.5 Local minimum and maximum points

Recall case n = 1:

e If z* local minimum/maximum point of f, then f/(z*) =0 .
o If f/(x*) =0 and f”(z*) > 0, then z* is a local minimum point of f.
o If f/(2*) =0 and f"(z*) <0, then z* is a local maximum point of f.

The latter statements assume that z* is in the interior of the domain I of f,
i.e., there is a small intervall |a* — ¢, 2* + ¢[ fully contained in the domain of f.

Now we are going to generalize this to the case of arbitrary dimension. We
begin with the notion of a local minimum/local maximum point. In the case
n = 1, a real number z* is said to be a local minimum [mazimum] point of the
function f(x) , z € I C R, if there exists an open subinterval I* =], 3[C I
with z* € I* and such that f(z*) < f(z) [f(z*)> f(z)] forall z € I*.
In the general case: given a real-valued function f(x) , where x € D C R,
a point z* € D is a local minimum [mazimum] point of the function f(x) , if
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there exists an n-dimensional open interval I'* with * € I* C D and such that
fx*) < f(®) [f(xz*) > f(x)] forall & € I*. Here an n-dimensional open
interval I* is a subset of R™ of the form

I = {CI::((E1,$2,...7$»,L)€R" oy <xp < By foralli:1,27...,n},

with real constants o; < §8; (i=1,...,n).
Local minimum/maximum point via partial derivatives

Given a function f(x) , x € D C R™, (twice) differentiable, and given x* € D
(more precisely: * in the interior of D), then the following hold:

e If 2* is a local minimum/maximum point of f, then V f(x*) = 0.

o If Vf(z*) = 0 and H ;(x*) is positive [negative] definite, then z* is a
local minimum [maximum]| point of f.

Example: f(z,y) = 23 — 322 — 92 — y3 — 6y + 100.

of a2

%(m, y) = 3z 6x 9,
of 2

i - 3212
oy V) 3y Y,

hence 2L (z,4) =0 < x= 142 and g—i(x,y)z() < y = —2+2. Hence the

X

stationary points (z*,y*), which are defined by V f(z*,y*) = (0,0), are
(*la 74)7 (*13 0)7 (37 74) and (37 0)

We compute the Hessian matrix

6x — 6 0
w1y = (%00 ) )

The stationary points give the following four matrices:

—-12 0 —-12 0
Hl(o 12>’ H2<0 —12)’

12 0 12 0
Hs = (0 12)’ He= <0 —12>'
Hence (=1, 0) is a local maximum point, since Hy is negative definite, and
(3,—4) is a local minimum point, because Hg is positive definite. The matrices
H, and H, are indefinite (i.e., both have positive as well as negative eigenval-

ues). This tells that (=1, —4) and (3, 0) are neither minimum nor maximum
points, and therefore are called saddle points.
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