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Proof approach for our lower bounds

We carefully choose a subset T ✓ [0, 1)2 and a function f : T ! [0,1):
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f (x1, x2) =

(
D · (x1 + x2)2 + x2

1 if 0  x1 < 1/2
D · (x1 + x2)2 + (x1 � 1/2)2 if 1/2  x1 < 1

Then for any x , y , z 2 T ✓ [0, 1)2 with x + z ⌘ 2y (mod 1) we have

f (x) + f (z) � 2f (y) + (x1 � z1)
2 + (x2 � z2)

2.

T has area µ(T ) ⇡ 7/24.

We take S ✓ T
n/2 ✓ [0, 1)n to be a subset of T n/2 where

f (x1, x2) + f (x3, x4) + · · ·+ f (xn�1, xn) is approximately constant.
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