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Abstract: It is well known that the set Pn of n× n positive definite matrices
is closed under addition, inverse, and taking square root: for any A ∈ Pn, there
is a unique B ∈ Pn such that A = B2. This implies that the binary operations
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are well-defined in Pn. For positive elements A,B, A#B is called the Kubo-Ando
geometric mean, and 1

4(A◦B) is the Wasserstein mean. These midpoint opera-
tions are closely related to the Riemannian and Wasserstein metrics on positive
definite matrices. While the formulas look ugly, they have natural motivation
in differential geometry and optimal transport. Also, they have a straightfor-
ward generalization to the set of positive elements of a C∗-algebra. In this talk,
we present our efforts to understand the algebraic structure of these operati-
ons. We generalize a recent result of L. Molnár for C∗-algebras to the class of
split C∗-by-nilpotent algebras by using the method of analytic local expansion
of binary operations. Eventually, we prove that in any C∗-algebra, the identity
[x, [y, z]] = 0 implies commutativity.
This is a joint work with Mario Galici, Gianmarco La Rosa and Manuel Mancini.


