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Abstract

The huge amount of literature about the divergence equation in bounded Lipschitz domains of Rn

(n ≥ 2) is fairly disconnected and even apparently simple problems remain unsolved. We go several
steps further in the knowledge of this equation and of some related inequalities. We prove that
among its infinitely many solutions there exists a special one obeying elliptic regularity theory. This
solution simplifies the definition of the Bogovskii constant CB and allows us to prove its attainment
in smooth domains. We then obtain a universal lower bound for CB in any Lipschitz domain as well
as a non-minimality criterion. As expected, balls are minimisers as the domain varies, although no
symmetrisation technique is used. We also analyse ellipsoids and annuli: for the first we improve the
(so far) best asymptotic inequality for thinning domains. Finally, we introduce higher-order Bogovskii
constants, which lead to a polyharmonic Stokes problem. Not only regularity theory applies without
smoothness of the domain when the source has some vanishing traces, but we also prove that balls
are again minimisers among Lipschitz domains with the very same Bogovskii constant. Three main
challenging open problems are suggested.
Mathematics Subject Classification: 35F05, 35J58, 47A75, 76D07.
Keywords and phrases: Bogovskii constant, Schur complement, Cosserat eigenvalues, Nečas in-
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1 Introduction

Which is the simplest boundary-value problem for a linear ODE on a bounded interval (a, b) ⊂ R? We
believe it is u′(x) = f(x) with u(a) = u(b) = 0. This problem is solvable if and only if f has zero mean
over (a, b) and, in this case, the solution is unique and explicitly given by u(x) =

∫ x
a f(s)ds.

Moving to higher space dimensions n ≥ 2, with Ω ⊂ Rn being a bounded domain, this becomes a
celebrated problem in Fluid Mechanics, namely to find a vector field u ∈ H1

0 (Ω,Rn) such that

∇ · u = f in Ω , u = 0 on ∂Ω (1.1)

for a given f ∈ L2
0(Ω,R) (zero mean): the existence of a solution to (1.1) is by far nontrivial, see e.g.

[24, Theorem III.3.1]. If u solves (1.1), then taking

φ ∈ C2
c (Ω,R) , Φ = (φx2 ,−φx1 , 0, . . . , 0)

T ∈ C1
c (Ω,Rn) , (1.2)

one has that ∇·Φ = 0 and u+Φ also solves (1.1). Clearly, one can “play” with other partial derivatives
of φ or, in dimension n = 3, simply take Φ =curl(ψ) for any ψ ∈ C1

c (Ω,R3). By using this trick, one
can construct a sequence {uk} ⊂ H1

0 (Ω,Rn) of solutions to (1.1) such that ∥∇uk∥L2(Ω) → ∞ as k → ∞,
whatever f ∈ L2

0(Ω,R) is (including f ≡ 0!). Therefore, uniqueness and a priori bounds for solutions
to (1.1) are a delicate matter. In view of the twisty story retraced at the end of this section, we will
refer to (1.1) as the divergence equation. Moreover, following [15, (2.3)] (see also [21]), the “optimal
constant” for a priori bounds of solutions to (1.1) is characterised by

CB(Ω)
.
= sup

f∈L2
0(Ω,R)

∥f∥
L2(Ω)

=1

inf
{
∥∇v∥2L2(Ω) ; v ∈ H1

0 (Ω,Rn) , ∇ · v = f in Ω
}
, (1.3)

with CB(Ω) <∞ for every bounded Lipschitz domain Ω ⊂ Rn, see again [24, Theorem III.3.1]. In spite
of earlier contributions in different fields, following the Fluid Mechanics community, we will refer to (1.3)
as the Bogovskii constant.

When we got interested in (1.1) we were surprised, on the one hand of the huge number of different
mathematical groups working on it and, on the other hand, on the lack of interactions between some
of them. The bibliographies of the related papers are not exhaustive and often relevant previous works
are not mentioned. Below we try to reconstruct the history of this mysterious working parallel to each
other. It is our main purpose to connect all together these contributions, to complement them with new
results, to analyse in depth (1.1) and (1.3), and to suggest a unified approach to their analysis.

Unless otherwise stated, throughout the paper Ω ⊂ Rn (n ≥ 2) is a bounded Lipschitz domain. As
customary for PDEs, the first step is to set up the problem in some functional-analytic framework and
to analyse possible invariances of the equation: this is done in Section 2.1. In Theorem 2.4 we prove the
existence of a “privileged” solution to (1.1): not only it achieves the (inner) infimum in (1.3) and is then
subject to a priori bounds, but it also benefits of elliptic regularity theory, although (1.1) is not elliptic.
In fact, this privileged solution is a weak solution to a generalised Stokes system in Ω, see (2.7).

For general Ω ⊂ Rn, to find the exact value of CB(Ω) appears to be a challenging task. In Theorem
2.5 we prove the sharp universal lower bound CB(Ω) ≥ n and we provide a criterion for Ω not to reach
this value: this criterion is applied in Section 2.3.

In Section 2.4, we set the analysis in different functional settings such as the Velte-Crouzeix spaces:
the lack of connections between different communities somehow forces us to link together several results
related to the Schur complement of the Stokes operator, to the Cosserat eigenvalue problem, and to the
Nečas inequality. We summarise these connections in Propositions 2.11 and 2.13. These results are
complemented with Theorem 2.15, where we prove that also the (outer) supremum in (1.3) is attained
in smooth domains Ω; for general Lipschitz domains, see Open Problem 1.

Section 3.1 is devoted to the analysis of (1.1) in balls: by combining Theorem 2.5 with earlier
contributions leading to (3.1), we prove that balls minimise the Bogovskii constant among bounded
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Lipschitz domains; we also report the proof of (3.1) by describing the whole spectrum of the Cosserat
eigenvalue problem. The natural question is then whether balls are the only minimisers of the Bogovskii
constant, see Open Problem 2. In the Appendix (Section A) we complement the results in balls by
showing that the privileged solution can be obtained from any solution by applying a projection operator.
Its nonlocal and symmetry breaking behaviour is illustrated by two explicit examples.

We then analyse in detail the cases of ellipsoids (Section 3.2) and annuli (Section 3.3). In ellipsoids,
we determine explicitly the privileged solution to (1.1) when f belongs to a suitable n-dimensional space
and we find upper/lower bounds for CB (depending on the axes) more precise than those available in
literature, see (3.6) and Open Problem 3: as expected, we show that no proper ellipsoid attains CB = n.
Also in annuli we are able to prove such result which, perhaps, is less expected, see Theorem 3.6 where
we also show that thinning annulli have a diverging Bogovskii constant in any dimension n ≥ 2 (this
was known only for n = 2 with a fairly complicated proof [10]). Our proof also reveals connections with
the (planar) Zhukovsky transform [1, Chapter 4] and with the Friedrichs inequality [22].

In Section 4 we introduce a higher-order version of the Bogovskii constant, see C
(m)
B (Ω) in (4.2). In

Theorem 4.2 we prove that, also within this framework, among infinitely many solutions to (1.1) there
exists a privileged one, different from that for (1.3), which achieves the (inner) infimum in (4.2), is subject
to a priori bounds, and benefits of elliptic regularity theory, as it solves a higher-order generalised Stokes
system in Ω, see (4.5) and previous work in [3]. In Theorem 4.3 we prove the sharp universal lower bound

C
(m)
B (Ω) ≥ n (the same as in Theorem 2.5!) and a criterion for Ω not to reach this value. In Proposition

4.4 we prove the higher-order version of the Nečas inequality and, after introducing the higher-order
Schur complement of the Stokes operator, in Theorem 4.5 we show that the (outer) supremum in (4.2)
is attained on smooth domains Ω. Theorem 4.6 states that, in any ball, also the higher-order Bogovskii

constant C
(m)
B in (4.2) equals the lower bound n. While the proof of (3.1) is obtained by exploiting the

knowledge of the Cosserat spectrum, our proof of Theorem 4.6 is obtained after determining explicitly
the Schur complement of the polyharmonic Stokes problem.

Historical facts and bibliographical notes.
In a seminal paper, Friedrichs [22] proved an inequality between the L2-norm of conjugate harmonic

functions (with zero mean) in planar bounded domains. Ten years later [23], he connected his result
with the Korn inequality [32] in elasticity, see also [31]. The Friedrichs inequality has natural extensions
to higher space dimensions. In 3D, pairs of conjugate harmonic functions were replaced by Velte [48, (1)]
with pairs of vector fields satisfying the so-called Moisil-Teodorescu equations. In any space dimension
n ≥ 2, a generalised Friedrichs inequality was obtained by Costabel [14, (1.10)] who introduced suitable
differential forms.

The first a priori bound for (1.1) is due to Cattabriga [9] in 3D and for f ∈ Lp
0(Ω,R) (1 < p < ∞),

assuming that u also solves a generalised Stokes problem. Several years later, Babuška & Aziz [4]
found a priori bounds for (1.1) in planar domains for numerical purposes, see also subsequent results by
Ladyzhenskaya & Solonnikov [33]. Related to a result by Pileckas [38] is the work by Bogovskii [6, 7]:
based on the explicit representation formula in star-shaped domains due to Sobolev [44, Formula (7.9)],
he proved existence and a priori bounds for a solution to (1.1) in the scale of Sobolev spaces of positive
order. Without giving references, a priori bounds for (1.1) are named after Ladyzhenskaya-Babuška-
Brezzi (LBB) in (e.g.) [5, 10].

In a celebrated paper, Horgan & Payne [30] were able to prove the following simple formula connecting
the optimal Friedrichs (or Korn) constant Γ(Ω) with CB(Ω)

CB(Ω) = Γ(Ω) + 1 ; (1.4)

they name CB(Ω) the Babuška-Aziz constant because they only consider 2D simply connected domains
Ω as in [4]. By using the contributions in [14, 48], (1.4) has been discussed in higher space dimensions
and for more general domains in [2, 15, 16, 19, 28, 29, 33, 37, 50, 52, 53].

The functional setting that we use in Section 2.4 is an extension, to any dimension n ≥ 2, of the one
employed by Velte [47], although the author himself writes that our considerations rest upon results which
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are known (or nearly known), see [47, p.159]. Our Proposition 2.11 follows the lines of [47, Proposition
1”] (written only for n = 3) and the variational characterisation (2.30) is related to the general Nečas
inequality [36], see also [35, Lemme 3.7.1], [24, Exercise III.3.4] and earlier results by Cattabriga [9,
pp.312-313]. In fact, (2.30) may be seen as a “dual characterisation” of CB, in the spirit of Fichera [20].
Proposition 2.11 also contains the proof of [47, Theorem 1] which, as mentioned there, was probably
already known, although no written proof seems to exist in literature. It was orally exposed by Velte
during an Obwerwolfach meeting in 1998 and Sohr commented that he was already aware of it, see [47,
Remark, p.162].

Finally, let us try to retrace the history of (3.1). It is proved, e.g., in [30, Section 6] for n = 2 and in
[47, Theorem 2] for n = 3. Moreover, there are indications in the literature that the general statement
had been known for some time. In a talk given in Budapest in March 2016, Zsuppán [51, p.4] attempts
to reconstruct the history of (1.1) overlooking, however, part of the vast literature; in particular, on [51,
p.14] he attributes to Cosserat & Cosserat [13] the first proof of (3.1) but we were not able to find the
explicit proof therein. In the notes on her web page, Dauge [18, p.2] claims that it was Crouzeix [17]
who first proved (3.1). This paper is also mentioned on [51, p.4] but is not easy to find on the web:
Crouzeix himself calls it “an article introuvable” (an unobtainable paper), which is downloadable from
his webpage. It is indeed true that (3.1) is proved in [17], but... it is very hidden. The paper by Crouzeix
[17] starts by clarifying that the considered domains are only 2D and 3D, which is repeated in the titles
of Sections 3 and 4. However, at the bottom of p.5, Crouzeix manages to prove (3.1) without writing
this explicitly. His proof is obtained as a consequence of results in ellipsoids which, in turn, are related
to much earlier results by the Cosserat brothers [12, 13] and Mihlin [34] in elasticity. We are then back
to the staring point! Having these results in mind (see also [43]) one may deduce (3.1) directly from [47,
Theorem 2], which is again formulated only for n = 3. Moreover, in view of Proposition 2.11, a proof
of (3.1) is also given in [26, Corollary 6] (using the Schur complement) where the authors do not cite
previous works, neither [13] nor [47], although in parts their reasoning is pretty much along those lines.

2 The Bogovskii constant

2.1 Preliminaries

We collect here some results and remarks which will prove to be useful in what follows.
We begin with a simple observation that has several connections with Section 2.4. A refinement of

the celebrated Helmholtz-Weyl decomposition (see, e.g., [45, Theorem I.1.5] or [24, Theorem III.1.1])
states that the spaces

G1
.
= {w ∈ L2(Ω,Rn); ∇ · w = 0, γνw = 0} ,

G2
.
= {w ∈ L2(Ω,Rn); ∇ · w = 0, ∃g ∈ H1(Ω,R), w = ∇g} , (2.1)

G3
.
= {w ∈ L2(Ω,Rn); ∃g ∈ H1

0 (Ω,R), w = ∇g} ,

are mutually orthogonal in L2(Ω,Rn) and L2(Ω,Rn) = G1 ⊕ G2 ⊕ G3; in (2.1) γν is the normal trace
operator. This means that every vector field w ∈ L2(Ω,Rn) can be uniquely written as the sum of
three vectors wi ∈ Gi for i = 1, 2, 3. As mentioned in the introduction, the problem (1.1) admits
infinitely many solutions for any f ∈ L2

0(Ω,R). For any such solution u ∈ H1
0 (Ω,Rn) ⊂ L2(Ω,Rn), let

u = u1 + u2 + u3 be its orthogonal decomposition in the spaces appearing in (2.1). Then

f = ∇ · u = ∇ · u3 .

Since u3 ∈ G3, there exists g ∈ H1
0 (Ω,R) such that u3 = ∇g. Inserted into the previous equation, this

shows that g weakly solves the problem ∆g = f in Ω. Then, g is uniquely determined and so is u3 = ∇g.
Therefore,

although (1.1) admits infinitely many solutions, all of them have the same projection over G3.
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The next statement says that the inner infimum in (1.3) is always bounded from below by 1. On
the contrary, the Bogovskii constant can be arbitrarily large in “thin” domains, see Theorem 3.3 and
Remark 3.5 below.

Lemma 2.1. For any u ∈ H1
0 (Ω,Rn) we have

∥∇ · u∥L2(Ω) ≤ ∥∇u∥L2(Ω). (2.2)

Proof. By density, it suffices to consider u ∈ C∞
c (Ω,Rn). Integrating twice by parts and applying the

Cauchy-Schwarz inequality yields:

∥∇ · u∥2L2(Ω) =

∫
Ω

(
n∑

i=1

∂iui

)2

dx =
n∑

i,j=1

∫
Ω
(∂iui) (∂juj) dx =

n∑
i,j=1

∫
Ω
(∂iuj) (∂jui) dx

≤
∫
Ω

 n∑
i,j=1

(∂iuj)
2

1/2  n∑
i,j=1

(∂jui)
2

1/2

dx =

∫
Ω
|∇u|2 dx = ∥∇u∥2L2(Ω),

and (2.2) follows. 2

Next, we observe that the Bogovskii constant (1.3) is invariant under translation, dilation and rotation
of domains; therefore, there is no monotonicity of CB with respect to domain inclusions. Otherwise
CB(Ω) would be the same for all Ω ⊂ Rn; in Section 3 we shall show that this is not the case.

Lemma 2.2. For any h ∈ Rn, any k > 0, and any A ∈ O(n), we have that

CB(A(Ω)) = CB(kΩ) = CB(Ω + h) = CB(Ω) .

Proof. We only prove the invariance under rotation. Let A ∈ O(n). For any f ∈ L2
0(A(Ω),R) and

u ∈ H1
0 (A(Ω),Rn) solving (1.1) in A(Ω), we define

fA ∈ L2
0(Ω,R), fA(x)

.
= f(Ax), uA ∈ H1

0 (Ω,Rn), uA(x)
.
= AT · u(Ax).

Then, obviously ∥fA∥L2(Ω) = ∥f∥L2(A(Ω)), and further

∇uA(x) =AT · (∇u)(Ax) · A,

|∇uA(x)|2 =tr
((

AT · (∇u)(Ax) · A
)T ·

(
AT · (∇u)(Ax) · A

))
=tr

(
AT · (∇u)T (Ax) · (∇u)(Ax) · A

)
= tr

(
AT · A · (∇u)T (Ax) · (∇u)(Ax)

)
=tr

(
(∇u)T (Ax) · (∇u)(Ax)

)
= |(∇u)(Ax)|2,

∥∇uA∥L2(Ω) =∥∇u∥L2(A(Ω)).

Finally, we have a.e. in Ω:

∇ · uA(x) = tr (∇uA(x)) = tr
(
AT · (∇u)(Ax) · A

)
= tr

(
AT · A · (∇u)(Ax)

)
=tr ((∇u)(Ax)) = (∇ · u)(Ax) = f(Ax) = fA(x),

so that fA, uA solve (1.1) in Ω. We conclude that CB(A(Ω)) ≥ CB(Ω). The same argument with A(Ω)
instead of Ω and AT instead of A gives CB(Ω) = CB(AT (A(Ω))) ≥ CB(A(Ω)), which is the reverse
inequality. Equality then follows. 2

We conclude this section with a simple observation on divergence-free vector fields.
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Lemma 2.3. For any vector field

v ∈ H1
0,σ(Ω,Rn)

.
= {w ∈ H1

0 (Ω,Rn); ∇ · w = 0 in Ω}, (2.3)

any j ∈ {1, . . . , n} and any g ∈ C1(R,R), one has∫
Ω
g′(xj)vj(x) dx = 0. (2.4)

Proof. Let Ω, v, and g be as in the lemma. Then for arbitrary φ ∈ C1(Ω,R), integration by parts yields:

0 =

∫
Ω
φ(x)(∇ · v)(x) dx = −

∫
Ω
∇φ(x) · v(x) dx.

Choosing j ∈ {1, . . . , n} and φ(x) = g(xj), we find (2.4). 2

2.2 A variational characterisation and a sharp lower bound

Our first result states that the (inner) infimum in (1.3) is, in fact, a minimum and that it is achieved
by a unique vector field; cf. [14, 15, 30, 33, 48, 53]. This means that, among all solutions of (1.1) in
H1

0 (Ω,Rn), there is a privileged one.

Theorem 2.4. For any f ∈ L2
0(Ω,R) there exists a unique solution uf ∈ H1

0 (Ω,Rn) to (1.1) such that

∥∇uf∥2L2(Ω) = inf
{
∥∇v∥2L2(Ω) ; v ∈ H1

0 (Ω,Rn) , ∇ · v = f in Ω
}
. (2.5)

Moreover, with H1
0,σ(Ω,Rn) as in (2.3), satisfying the following Euler-Lagrange equation∫

Ω
∇u : ∇v dx = 0 ∀v ∈ H1

0,σ(Ω,Rn) (2.6)

is necessary and sufficient for a solution u ∈ H1
0 (Ω,Rn) of (1.1) to minimise (2.5) so that u ≡ uf .

Equivalently, there exists a unique pf ∈ L2
0(Ω,R) such that the pair (uf , pf ) weakly solves the generalised

Stokes system {
−∆uf +∇pf = 0 , ∇ · uf = f in Ω ,

uf = 0 on ∂Ω .
(2.7)

Moreover, if Ω has a boundary of class Cm+1,1 and f ∈ Hm(Ω,R) ∩ L2
0(Ω,R), for some m ∈ N, then

uf ∈ Hm+1(Ω,Rn) ∩H1
0 (Ω,Rn).

Proof. If f = 0 the result is trivial and uf = 0.
If f ̸= 0, by linearity of (1.1) we may assume that ∥f∥L2(Ω) = 1. Fixed any such f , consider a

minimising sequence, that is, a sequence of solutions {uk} ⊂ H1
0 (Ω,Rn) to (1.1) whose norms ∥∇uk∥2L2(Ω)

tend to the infimum in (2.5). Then {uk} ⊂ H1
0 (Ω,Rn) is bounded and, up to a subsequence, it converges

weakly to some uf ∈ H1
0 (Ω,Rn). In turn, ∇·uk ⇀ ∇·uf in L2(Ω,R) so that

∫
Ω φ∇·uk dx→

∫
Ω φ∇·uf dx

as k → ∞ for all φ ∈ L2(Ω,R), which shows that uf solves (1.1). Moreover, by lower semicontinuity of
the norm with respect to weak convergence, we have

∥∇uf∥2L2(Ω) ≤ lim inf
k→∞

∥∇uk∥2L2(Ω) = inf
{
∥∇v∥2L2(Ω) ; v ∈ H1

0 (Ω,Rn) , ∇ · v = f in Ω
}
=:M

which shows that uf ∈ H1
0 (Ω,Rn) achieves the minimum in (2.5).
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In order to prove uniqueness, assume that two vector fields u, v ∈ H1
0 (Ω,Rn) solve (1.1) with

∥∇u∥2L2(Ω) = ∥∇v∥2L2(Ω) = M . Then, by linearity, any convex combination wα = αu + (1 − α)v also

solves (1.1). Moreover, by the Hölder inequality,

∥∇wα∥2L2(Ω) = ∥α∇u+ (1− α)∇v∥2L2(Ω)

= α2∥∇u∥2L2(Ω) + (1− α)2∥∇v∥2L2(Ω) + 2α(1− α)

∫
Ω
∇u : ∇v dx

≤ α2M + (1− α)2M + 2α(1− α)∥∇u∥L2(Ω)∥∇v∥L2(Ω) =M .

Since M is the minimum, the above inequality is an equality, that is,∫
Ω
∇u : ∇v dx = ∥∇u∥L2(Ω)∥∇v∥L2(Ω) .

But the Hölder inequality becomes an equality if and only if the two involved functions are proportional,
namely ∇v ≡ γ∇u for some γ > 0. Since ∥∇u∥2L2(Ω) = ∥∇v∥2L2(Ω) = M , we necessarily have γ = 1 so

that ∇v ≡ ∇u and v ≡ u. This also proves that (2.6) is satisfied for any v ∈ H1
0,σ(Ω,Rn).

Conversely, the linearity of the subspace of H1
0 (Ω,Rn) of solutions of (1.1) and the strict convexity

of the functional v 7→ ∥∇v∥2L2(Ω) on this subspace prove also the sufficiency of (2.6).

Making now use of the decomposition (2.1) of L2(Ω,Rn), we see that (2.6) is the weak formulation
of (2.7). We obtain a unique pressure pf ∈ L2

0(Ω,R) corresponding to the privileged solution uf of the
divergence equation (1.1) such that

(∆uf )j = ∂xjpf ∀j ∈ {1, ..., n} .

This yields system (2.7).
Finally, the higher-order regularity statement follows directly from [8, Theorem IV.5.8]. 2

Theorem 2.4 deserves several comments. First, it enables us to slightly modify the variational char-
acterisation of CB(Ω) in (1.3):

CB(Ω)
.
= sup

f∈L2
0(Ω,R)\{0}

∥∇uf∥2L2(Ω)

∥f∥2
L2(Ω)

, (2.8)

with uf ∈ H1
0 (Ω,Rn) being the unique vector field in H1

0 (Ω,Rn) satisfying (2.6).
Second, the regularity statement in Theorem 2.4 only refers to the special solution uf . A simple

counter-example is as follows: let B ⊂ R2 be the unit disc and let

f ≡ 0 in B , u(x) =

(
x2(1− |x|2)

|x|2/3
,
x1(|x|2 − 1)

|x|2/3

)
,

so that ∇·u = f ∈ C∞(B,R) and u ∈ H1
0 \H2(B,R2), while uf ≡ 0. The (obvious) reason of this failure

is that elliptic regularity does not apply to (1.1) while the special solution uf also solves the elliptic
problem (2.7). We come back to this issue in Section 4.

Third, and most important, by using Theorem 2.4, we also provide a sharp lower bound for the
Bogovskii constant in bounded Lipschitz domains Ω ⊂ Rn and a non-minimality criterion that will be
applied in Section 2.3. Given any index i ∈ {1, ..., n}, let

Ki(Ω,R)
.
= {g : Ω → R ; g(x) = g(xi) ∀x ∈ Ω } (2.9)

denote the vector space of scalar functions on Ω that depend, at most, on the i-th variable (in particular,
Ki(Ω,R) contains constant functions). In the next result we show that the Bogovskii constant is bounded
from below by n, thereby improving (2.2); moreover, this lower bound is sharp. Indeed, in Section 3.1
below we shall see that it is attained on any ball of Rn.
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Theorem 2.5. For any bounded Lipschitz domain Ω ⊂ Rn one has

CB(Ω) ≥ n .

Moreover, CB(Ω) > n whenever one of the following two facts occurs:
• there exist i ∈ {1, ..., n} and g ∈ Ki(Ω,R) ∩ L2(Ω,R) such that the unique solution w ∈ H1

0 (Ω,R) of

−∆w = g in Ω , w = 0 on ∂Ω , (2.10)

satisfies ∫
Ω

∣∣∣∣ ∂w∂xi
∣∣∣∣2 dx < 1

n

∫
Ω
|∇w|2 dx , (2.11)

• there exists h ∈ C(R,R) such that the unique solution to

−∆w = h

(
n∑

i=1

xi

)
in Ω , w = 0 on ∂Ω , (2.12)

satisfies
n∑

1=i<j

∫
Ω
∂xiw ∂xjw dx < 0 . (2.13)

Proof. We start by noticing the elementary inequality for scalar functions∫
Ω
|∇w|2 dx =

n∑
i=1

(∫
Ω

∣∣∣∣ ∂w∂xi
∣∣∣∣2 dx

)
≥ n min

k∈{1,...,n}

∫
Ω

∣∣∣∣ ∂w∂xk
∣∣∣∣2 dx ∀w ∈ H1

0 (Ω,R) . (2.14)

We apply (2.14) to the weak solution w ∈ H1
0 (Ω,R) of the torsion problem

−∆w = 1 in Ω , w = 0 on ∂Ω , (2.15)

that is, ∫
Ω
∇w · ∇φdx =

∫
Ω
φdx ∀φ ∈ H1

0 (Ω,R) . (2.16)

Let k ∈ {1, ..., n} denote the index of the partial derivative of w attaining the minimum in the right hand
side of (2.14); clearly, there may be more than one such index, e.g. in domains with some symmetry
property. Then, (2.14) becomes ∫

Ω
|∇w|2 dx ≥ n

∫
Ω

∣∣∣∣ ∂w∂xk
∣∣∣∣2 dx . (2.17)

Take the vector field u = (u1, ..., un) ∈ H1
0 (Ω,Rn) such that uk = w and ui ≡ 0 for i ̸= k, and define

f ∈ L2
0(Ω,R) by

f
.
= ∇ · u =

∂w

∂xk
in Ω .

We claim that u = uf as in Theorem 2.4; given any v = (v1, ..., vn) ∈ H1
0,σ(Ω,Rn), notice that∫

Ω
∇u : ∇v dx =

∫
Ω
∇w · ∇vk dx =

∫
Ω
vk dx = 0 ,

owing to Lemma 2.3 and (2.16), so that the Euler-Lagrange equation (2.6) is fulfilled. From Theorem
2.4 and (2.8)+(2.17) we then deduce

CB(Ω) = sup
h∈L2

0(Ω)\{0}

∥∇uh∥2L2(Ω)

∥h∥2
L2(Ω)

≥
∥∇uf∥2L2(Ω)

∥f∥2
L2(Ω)

=
∥∇w∥2L2(Ω)

∥∂xk
w∥2

L2(Ω)

≥ n ,
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thus providing the stated lower bound for CB(Ω).
In order to prove the first non-minimality criterion, consider i ∈ {1, ..., n}, g ∈ Ki(Ω,R) ∩ L2(Ω,R)

and w ∈ H1
0 (Ω,R) satisfying (2.10)-(2.11), meaning that∫

Ω
∇w · ∇φdx =

∫
Ω
g φ dx ∀φ ∈ H1

0 (Ω,R) . (2.18)

Take the vector field u = (u1, ..., un) ∈ H1
0 (Ω,Rn) such that ui = w and uj ≡ 0 for j ̸= i, and define

h ∈ L2
0(Ω,R) by

h
.
= ∇ · u =

∂w

∂xi
in Ω .

As before, we claim that u = uh; given any vector field v = (v1, ..., vn) ∈ H1
0,σ(Ω,Rn), notice that∫

Ω
∇u : ∇v dx =

∫
Ω
∇w · ∇vi dx =

∫
Ω
g vi dx = 0 ,

owing to Lemma 2.3 and (2.18), so that the Euler-Lagrange equation (2.6) is fulfilled. Then, by using
(2.8) and (2.11), we find

CB(Ω) ≥
∥∇uh∥2L2(Ω)

∥h∥2
L2(Ω)

=
∥∇w∥2L2(Ω)

∥∂xiw∥2L2(Ω)

> n ,

which completes the proof of the first criterion.
For the second criterion, let w ∈ H1

0 (Ω,R) satisfy both (2.12) and (2.13). Take the vector field
u = (ui, ..., un) = (w, ..., w) ∈ H1

0 (Ω,Rn). Then (2.6) is satisfied and

|∇u|2 = n|∇w|2 , |∇ · u|2 = |∇w|2 + 2
n∑

1=i<j

∂xiw ∂xjw .

Therefore, in view of (2.13), we have∫
Ω
|∇u|2 dx = n

∫
Ω
|∇ · u|2 dx− 2n

n∑
1=i<j

∫
Ω
∂xiw ∂xjw dx > n

∫
Ω
|∇ · u|2 dx ,

which proves again that CB(Ω) > n. We point out that this second criterion is equivalent to the first
one after a careful (and lengthy) change of variables. We provided here a direct proof. 2

2.3 Applications of the non-minimality criterion in 2D symmetric domains

The non-minimality criterion in Theorem 2.5 appears to be useful in symmetric domains where the
torsion problem (2.15) may give equal L2-norms for all the partial derivatives of the solution. As a first
application, we show that a square in R2 does not minimise CB.

Example 2.6. The unique solution to

−∆w = sin(x1) in (0, π)2 , w = 0 on ∂(0, π)2 ,

is explicitly given by

w(x1, x2) = sin(x1)

(
1− sinh(x2) + sinh(π − x2)

sinh(π)

)
.

Then we compute

∂x1w = cos(x1)

(
1− sinh(x2) + sinh(π − x2)

sinh(π)

)
, ∂x2w = sin(x1)

cosh(π − x2)− cosh(x2)

sinh(π)
,
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and notice that∫
(0,π)2

|∂x1w|2 dx =
π

2 sinh2(π)

∫ π

0
[sinh(π)− sinh(x2)− sinh(π − x2)]

2 dx2

=
π(cosh(π)− 1)

2 sinh2(π)
(π cosh(π) + 2π − 3 sinh(π))

(∗)
<
π(cosh(π)− 1)

2 sinh2(π)
(sinh(π)− π)

=
π

2 sinh2(π)

∫ π

0
[cosh(π − x2)− cosh(x2)]

2 dx2 =

∫
(0,π)2

|∂x2w|2 dx (2.19)

so that (2.11) is satisfied and

CB

(
(0, π)2

)
≥ 1 +

∫
(0,π)2 |∂x2w|2 dx∫
(0,π)2 |∂x1w|2 dx

=
π cosh(π) + π − 2 sinh(π)

π cosh(π) + 2π − 3 sinh(π)
> 2. (2.20)

In order to see that the inequality (∗) –and hence (2.20)– is correct, one has to discuss the function

f : [0,∞] → R, f(s)
.
= 4 sinh(s)− 3s− s cosh(s)

and to prove that f(π) > 0. In fact, f(0) = f ′(0) = f ′′(0) = 0, f is strictly convex close to s = 0, has a
unique flex point, is eventually strictly concave and lims→∞ f(s) = −∞: hence f has a unique zero in
(0,∞). Since f(3.2) > 0.05 we have that f |(0,3.2] > 0 and, in particular, that f(π) > 0.

Remark 2.7. Horgan-Payne [30, (6.37)] proved that CB

(
(0, π)2

)
≤ 4+2

√
2 ≈ 6.82 and conjectured [30,

(6.39)] that CB

(
(0, π)2

)
= 7/2. Later, Costabel-Dauge [15, (7.3)] proved that CB

(
(0, π)2

)
≥ 2π/(π−2) ≈

5.5. A numerical evaluation of (2.20) only shows that CB

(
(0, π)2

)
≥ 2.0438 . . . But our purpose is just

to show how the non-minimality criterion in Theorem 2.5 applies; see also the comments following
Corollary 3.1.

Let us now apply the non-minimality criterion in Theorem 2.5 to 2D symmetric domains defined by
epigraphs, with obvious but heavy extensions to n ≥ 3.

Corollary 2.8. Assume that

φ ∈ H2 ∩H1
0 ((−1, 1),R) satisfies φ(x1) > 0 in (−1, 1), φ(−x1) = φ(x1) ∀|x1| ≤ 1 , (2.21)

so that φ is positive and even, vanishing at the endpoints; assume moreover that

3

∫ 1

0
x21φ(x1)

3φ′(x1)
2 dx1 <

∫ 1

0
x21φ(x1)

3 dx1 . (2.22)

Then the open bounded symmetric planar domain

Ωφ =
{
(x1, x2) ∈ R2; −1 < x1 < 1, −φ(x1) < x2 < φ(x1)

}
satisfies CB(Ωφ) > 2.

Proof. Take the function w(x1, x2) = x1
(
x22 − φ(x1)

2
)
that satisfies w ∈ H2 ∩H1

0 (Ωφ,R) and

∂x1w(x1, x2) = x22 − φ(x1)
2 − 2x1φ(x1)φ

′(x1) , ∂x2w(x1, x2) = 2x1x2 ,

−∆w = 2
(
2φ(x1)φ

′(x1) + x1φ
′(x1)

2 + x1φ(x1)φ
′′(x1)− x1

)
.
= g(x1) a.e. ,
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so that (2.10) is fulfilled. Exploiting the double symmetry of Ωφ, we find

∫
Ωφ

|∂x1
w|2 = 4

1∫
0

φ(x1)∫
0

[
x42+φ(x1)

4+4x21φ(x1)
2φ′(x1)

2−2φ(x1)
2x22−4x1φ(x1)φ

′(x1)x
2
2+4x1φ(x1)

3φ′(x1)
]
dx2dx1

= 4

∫ 1

0

[φ(x1)5
5

+φ(x1)
5+4x21φ(x1)

3φ′(x1)
2− 2φ(x1)

5

3
− 4x1φ(x1)

4φ′(x1)

3
+4x1φ(x1)

4φ′(x1)
]
dx1

(by parts) = 16

∫ 1

0

x21φ(x1)
3φ′(x1)

2 dx1 ,

∫
Ωφ

|∂x2w|2 = 16

∫ 1

0
x21

∫ φ(x1)

0
x22 dx2dx1 =

16

3

∫ 1

0
x21φ(x1)

3 dx1 ,

so that (2.11) is fulfilled since (2.22) holds. Hence CB(Ωφ) > 2 by Theorem 2.5. 2

It is clear that (2.22) is satisfied whenever ∥φ′∥∞ is sufficiently small.

Example 2.9. The function φ(x1) = (1 − x21)/2
√
3 satisfies (2.21) and |φ′(x1)| < 1/

√
3 for x1 ∈ [0, 1).

Hence, (2.22) is fulfilled.
Therefore, by Corollary 2.8, the domain

Ωφ =
{
(x1, x2) ∈ R2; −1 < x1 < 1,

x2
1−1

2
√
3
< x2 <

1−x2
1

2
√
3

}
(see the picture on the right) satisfies CB(Ωφ) > 2.

In fact, the non-minimality criterion also applies to nonconvex domains.

Example 2.10. The function φ(x1) = (x41+0.1)(1−x21) satisfies (2.21) and fulfills (2.22), the integrands
being polynomials and computable by hand.

Therefore, by Corollary 2.8, the domain

Ωφ =
{
(x1, x2) ∈ R2; −1 < x1 < 1, −φ(x1) < x2 < φ(x1)

}
(see the picture on the right) satisfies CB(Ωφ) > 2.

2.4 Different functional settings

While (2.1) is obtained through an orthogonal decomposition of L2(Ω,Rn), we consider here an orthog-
onal decomposition in H1

0 (Ω,Rn) with respect to the scalar product

⟨u, v⟩H1
0

.
=

∫
Ω
∇u : ∇v dx . (2.23)

Let H1
0,σ(Ω,Rn) be as in (2.3) and consider the extended (for n ̸= 3) Velte-Crouzeix spaces

W
.
= {u ∈ H1

0 (Ω,Rn) : ∇u ≡ (∇u)T }, H
.
= (H1

0,σ(Ω,Rn)⊕W )⊥ = H1
0,σ(Ω,Rn)⊥ ∩W⊥ , (2.24)

with orthogonality intended with respect to the scalar product (2.23). Thanks to the homogeneous
boundary conditions,W consists of suitable gradient fields, irrespective of whether Ω is simply connected
or not: when n = 3 and Ω is simply connected, W is the kernel of the curl operator [46]. In order to
characterise H, we first notice that (2.6) in Theorem 2.4 states that uf ∈ H1

0,σ(Ω,Rn)⊥. Since (2.6) is

the weak formulation of (2.7), for any p ∈ L2
0(Ω,R) there exists a unique u ∈ H1

0,σ(Ω,Rn)⊥ such that

−∆u+∇p = 0 in Ω, u = 0 on ∂Ω, (2.25)
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which, in weak form, reads

∃!u ∈ H1
0,σ(Ω,Rn)⊥ ⊂ H1

0 (Ω,Rn) s.t. ⟨u,w⟩H1
0
= ⟨p,∇ · w⟩L2 ∀w ∈ H1

0 (Ω,Rn). (2.26)

Indeed, existence and uniqueness of u ∈ H1
0 (Ω,Rn) follow from the Riesz Representation Theorem, while

inserting w ∈ H1
0,σ(Ω,Rn) yields u ∈ H1

0,σ(Ω,Rn)⊥. Conversely, as in the proof of Theorem 2.4, one

sees that for any u ∈ H1
0,σ(Ω,Rn)⊥ there exists a unique p ∈ L2

0(Ω,R) such that (2.26) is satisfied. This
establishes a bijective correspondence

H1
0,σ(Ω,Rn)⊥ ∋ u 7→ pu ∈ L2

0(Ω,R)

via (2.26). As in [47, Theorem 1] we claim that

H = {u ∈ H1
0,σ(Ω,Rn)⊥; pu is (weakly) harmonic}. (2.27)

Proof. We first take u ∈ H1
0,σ(Ω,Rn)⊥ ∩W⊥ so that ⟨u,w⟩H1

0
= 0 for all w ∈ H1

0,σ(Ω,Rn) and, then, by

(2.26), pu ∈ L2
0(Ω,R) is such that

⟨u,w⟩H1
0
= ⟨pu,∇ · w⟩L2 ∀w ∈ H1

0 (Ω,Rn). (2.28)

For all φ ∈ C∞
c (Ω,R) we have ∇φ ∈ W and, then, we infer ⟨u,∇φ⟩H1

0
= 0 after recalling that u ∈ W⊥

by (2.24). Therefore, (2.28) implies

⟨pu,∆φ⟩L2 = ⟨u,∇φ⟩H1
0
= 0 ∀φ ∈ C∞

c (Ω,R) (2.29)

and shows that pu is (weakly) harmonic. For the converse inclusion, assume that pu is weakly harmonic,
that is, (2.29) holds. By density we infer that ⟨u,w⟩H1

0
= 0 for all w ∈ W , i.e., u ∈ W⊥. Since

u ∈ H1
0,σ(Ω,Rn)⊥ by assumption, u ∈ H follows. These two-ways inclusions prove (2.27). 2

We may now give alternative variational characterisations of the Bogovskii constant CB in (1.3), in
a different functional setting.

Proposition 2.11. Let CB(Ω) be as in (1.3). Then

CB(Ω) = sup
u∈H1

0,σ(Ω,Rn)⊥\{0}

∥∇u∥2L2(Ω)

∥∇ · u∥2
L2(Ω)

and CB(Ω) = sup
f∈L2

0(Ω,R)\{0}

∥f∥2L2(Ω)

∥∇f∥2
H−1(Ω)

. (2.30)

Proof. By using the spaces in (2.24), we may rephrase (2.6) in Theorem 2.4 as

for all f ∈ L2
0(Ω,R), a solution u ∈ H1

0 (Ω,Rn) to (1.1) coincides with uf if and only if u ∈ H1
0,σ(Ω,Rn)⊥.

From (2.8) and this observation we deduce (2.30)1.
Now, let us define

CN (Ω)
.
= sup

f∈L2
0(Ω,R)\{0}

∥f∥2L2(Ω)

∥∇f∥2
H−1(Ω)

, (2.31)

so that CN (Ω) < +∞, in view the Nečas inequality [36]. For any f ∈ L2
0(Ω,R) \ {0}, employing the

orthogonal decomposition H1
0 (Ω,Rn) = H1

0,σ(Ω,Rn)⊕H1
0,σ(Ω,Rn)⊥, we find that

∥∇f∥H−1(Ω) = sup
u∈H1

0 (Ω,Rn)\{0}

∫
Ω f · (∇ · u) dx
∥∇u∥L2(Ω)

= sup
u∈H1

0,σ(Ω,Rn)⊥\{0}

∫
Ω f · (∇ · u) dx
∥∇u∥L2(Ω)

= sup
u∈H1

0,σ(Ω,Rn)⊥\{0}

∫
Ω(∇ · uf ) · (∇ · u) dx

∥∇u∥L2(Ω)
≥

∥∇ · uf∥2L2(Ω)

∥∇uf∥L2(Ω)
.
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We remark that in the literature here often an equality sign is put, which we think is not justified. From
this we conclude with the help of (2.30)1:

sup
f∈L2

0(Ω,R)\{0}

∥f∥2L2(Ω)

∥∇f∥2
H−1(Ω)

= sup
f∈L2

0(Ω,R)\{0}

∥∇ · uf∥2L2(Ω)

∥∇f∥2
H−1(Ω)

≤ sup
f∈L2

0(Ω,R)\{0}

∥∇ · uf∥2L2(Ω)∥∇uf∥
2
L2(Ω)

∥∇ · uf∥4L2(Ω)

= sup
u∈H1

0,σ(Ω,Rn)⊥\{0}

∥∇u∥2L2(Ω)

∥∇ · u∥2
L2(Ω)

= CB(Ω) ,

i.e., CN (Ω) ≤ CB(Ω). On the other hand, take any f ∈ L2
0(Ω,R) \ {0}. Recalling Theorem 2.4, consider

the unique pair (uf , pf ) ∈ H1
0 (Ω,Rn)× L2

0(Ω,R) satisfying the generalised Stokes system (2.7), so that

∥∇pf∥H−1(Ω) = ∥∆uf∥H−1(Ω) = ∥∇uf∥L2(Ω) . (2.32)

Moreover, by testing (2.7)1 with uf , applying the Hölder inequality and (2.31), we obtain

∥∇uf∥2L2(Ω) =

∫
Ω
pf f ≤ ∥pf∥L2(Ω)∥f∥L2(Ω) ≤

√
CN (Ω) ∥∇pf∥H−1(Ω)∥f∥L2(Ω) ,

which, due to (2.32), simplifies to

∥∇uf∥L2(Ω) ≤
√
CN (Ω) ∥f∥L2(Ω) ∀f ∈ L2

0(Ω,R) \ {0} .

Owing to (2.8), the last inequality implies CB(Ω) ≤ CN (Ω), thereby proving (2.30)2. 2

Remark 2.12. The first part of the previous proof gives the interpolation-type inequality

∥∇ · uf∥2L2(Ω) ≤ ∥∇f∥H−1(Ω)∥∇uf∥L2(Ω) ∀f ∈ L2
0(Ω,R),

cf. also Lemma 2.1.

Next, we define the spaces

A(Ω,R) .= {p ∈ L2
0(Ω,R) ; ∃ψ ∈ H2

0 (Ω,R), p = ∆ψ in Ω } ,

so that the following orthogonal decomposition holds:

L2
0(Ω,R) = A(Ω,R)⊕A(Ω,R)⊥ , (2.33)

cf. [17, Section 2]. Notice that A(Ω,R)⊥ is the subspace of L2
0(Ω,R) comprising weakly harmonic

functions. Then, recall that the Schur complement of the Stokes operator in Ω is the bounded linear
operator S : L2

0(Ω,R) −→ L2
0(Ω,R) obeying the formula

S(q) .= ∇ · Vq ∀q ∈ L2
0(Ω,R) , (2.34)

where Vq ∈ H1
0 (Ω,Rn) is the unique vector field such that ∆Vq = ∇q in weak sense, that is:∫

Ω
∇Vq : ∇v dx =

∫
Ω
q(∇ · v) dx ∀v ∈ H1

0 (Ω,Rn) . (2.35)

It can be seen, as in [49, Theorem 11.1], that

S(q) = q ∀q ∈ A(Ω,R) ; S(q) ∈ A(Ω,R)⊥ ∀q ∈ A(Ω,R)⊥ . (2.36)
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As proved in [26, Theorem 1], S is self-adjoint, positive definite, has unit operator norm, and 1/CB(Ω) is
the minimal spectral value of S by employing (2.30)2. More precisely, letting σ(S) denote the spectrum
of S, one has {

1

CB(Ω)
, 1

}
⊂ σ(S) ⊂

[
1

CB(Ω)
, 1

]
. (2.37)

We now use the spaces defined in (2.24) to analyse the so-called Cosserat eigenvalue problem that
consists in finding (u, λ) ∈ [H1

0 (Ω,Rn) \ {0}]× R such that

∆u = λ∇(∇ · u) in Ω, u = 0 on ∂Ω,

whose weak formulation reads

⟨u,w⟩H1
0
= λ⟨∇ · u,∇ · w⟩L2 ∀w ∈ H1

0 (Ω,Rn). (2.38)

One may observe that this is the Euler-Lagrange equation for extremal functions in (2.30)1.
Assuming n = 3, parts of the following result were obtained in [47, Proposition 3]. With the

generalised characterisation of W in (2.24), we extend the proof to any n ≥ 2 and supplement the
original statement by connecting it with the Schur complement.

Proposition 2.13. Consider the spaces defined in (2.24). Then the eigenvalue problem (2.38) has the
following properties:

(a) λ ∈ R is an eigenvalue of (2.38) if and only if λ−1 is an eigenvalue of S with, respectively, associated
eigenvectors Vq ∈ H1

0 (Ω,Rn) and q ∈ L2
0(Ω,R) connected through (2.35);

(b) W is the eigenspace for the eigenvalue λ = 1 of infinite multiplicity;

(c) H1
0,σ(Ω,Rn) is the eigenspace for the eigenvalue λ = ∞ of infinite multiplicity;

(d) any other eigenvalue λ ̸∈ {1,∞} is contained in the interval (1, CB(Ω)] and the corresponding
eigenvectors belong to H.

Proof. (a) Assume that λ−1 is an eigenvalue of S with eigenvector q ∈ L2
0(Ω,R), that is, q = λS(q) =

λ(∇ · Vq) with Vq ∈ H1
0 (Ω,Rn) satisfying (2.35); then∫

Ω
∇Vq : ∇v dx

(2.35)
=

∫
Ω
q(∇ · v) dx = λ

∫
Ω
(∇ · Vq)(∇ · v) dx ∀v ∈ H1

0 (Ω,Rn) ,

proving that Vq ∈ H1
0 (Ω,Rn) is an eigenvector of (2.38) with eigenvalue λ.

Conversely, let λ ∈ R be an eigenvalue of (2.38) with corresponding eigenvector V ∈ H1
0 (Ω,Rn);

then, by restricting (2.38) to special test functions as in (2.6), we obtain

⟨V, v⟩H1
0
= 0 ∀v ∈ H1

0,σ(Ω,Rn).

This means that there exists a unique q ∈ L2
0(Ω,R) (unique because of the zero mean condition) such

that ∆V = ∇q in weak sense in Ω, that is,∫
Ω
∇V : ∇v dx =

∫
Ω
q(∇ · v) dx ∀v ∈ H1

0 (Ω,Rn) .

Hence,∫
Ω
q(∇ · v) dx = ⟨V, v⟩H1

0

(2.38)
= λ⟨∇ · V,∇ · v⟩L2

(2.34)
= λ⟨S(q),∇ · v⟩L2 ∀v ∈ H1

0 (Ω,Rn)
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which implies that

0 =

∫
Ω
(q − λS(q))(∇ · v) dx = ⟨⟨∇(λS(q)− q), v⟩⟩ ∀v ∈ H1

0 (Ω,Rn) ,

where ⟨⟨·, ·⟩⟩ is the duality product between H−1(Ω,Rn) and H1
0 (Ω,Rn). By the Riesz Theorem, this

shows that λS(q)− q = γ ∈ R a.e. in Ω. But q ∈ L2
0(Ω,R) and the Divergence Theorem imply

γ|Ω| =
∫
Ω
(λS(q)− q)dx = λ

∫
Ω
(∇ · V )dx = 0 ,

proving that γ = 0 and, in turn, λS(q) = q a.e. in Ω. So, also the converse implication holds. This
connection between (2.38) and the Schur complement S in (2.34) was not emphasised in [47]. On the
other hand, this statement was obtained in [49, Theorem 1.4] in smooth domains.

(b) Let u ∈W . An integration by parts shows that, for all w ∈ H1
0 (Ω,Rn), we have

⟨u,w⟩H1
0
=

∫
Ω
∇u : ∇v dx =

n∑
i,j=1

∫
Ω
(∂iuj) · (∂iwj) dx

u∈W
=

n∑
i,j=1

∫
Ω
(∂jui) · (∂iwj) dx

=
n∑

i,j=1

∫
Ω
(∂iui) · (∂jwj) dx =

∫
Ω
(∇ · u) · (∇ · w) dx,

i.e., (2.38) is satisfied with λ = 1. Conversely, let u ∈ H1
0 (Ω,Rn) be an eigenfunction for λ = 1. Then,

choosing w = u in (2.38), the computations from the proof of Lemma 2.2 yield:

∥∇u∥2L2(Ω) =⟨u, u⟩H1
0

(2.38)
=

∫
Ω
(∇ · u)2 dx =

n∑
i,j=1

∫
Ω
(∂iui)(∂juj) dx =

n∑
i,j=1

∫
Ω
(∂jui)(∂iuj) dx

≤
∫
Ω

 n∑
i,j=1

|∂iuj |2
1/2  n∑

i,j=1

|∂jui|2
1/2

dx =

∫
Ω
|∇u|2 dx = ∥∇u∥2L2(Ω),

i.e., we have equality when applying the Cauchy-Schwarz inequality. This means that ∇u( . ) and ∇u( . )T
are proportional and, hence, equal. This shows that u ∈W .

(c) This is obvious.
(d) Let u ∈ H1

0 (Ω,Rn) \ {0} be an eigenfunction of (2.38). By combining (2.37) with the just proved
Item (a), we infer that any eigenvalue λ ̸∈ {1,∞} is contained in the interval (1, CB(Ω)], which is strictly
smaller than the interval obtained in [47, Proposition 3] for the sole case n = 3. Next, we choose
arbitrary w ∈W in (2.38) and find after integrating by parts:

⟨u,w⟩H1
0
=λ

∫
Ω
(∇ · u) · (∇ · w) dx = λ

n∑
i,j=1

∫
Ω
(∂iui) · (∂jwj) dx = λ

n∑
i,j=1

∫
Ω
(∂jui) · (∂iwj) dx

w∈W
= λ

n∑
i,j=1

∫
Ω
(∂jui) · (∂jwi) dx = λ⟨u,w⟩H1

0
.

Since λ ̸= 1 by assumption, we conclude that u ∈W⊥; hence, u ∈W⊥ ∩H1
0,σ(Ω,Rn)⊥ = H. 2

Remark 2.14. We point out that even if ∞ is an eigenvalue for (2.38), 0 is not an eigenvalue for
S : L2

0(Ω,R) −→ L2
0(Ω,R), see (2.37) and Proposition 2.13.
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2.5 Attainment of the Bogovskii constant

We show here that, at least in sufficiently smooth domains, the supremum in (2.8) is, in fact, a maximum.
While λ = 1 is an eigenvalue of S of infinite multiplicity (due to (2.36)), it is not clear, whether

1/CB(Ω) is also an eigenvalue of S. To investigate this fact, we notice that Theorem 2.4 and (2.8) define
the bounded linear operator

B : L2
0(Ω,R) −→ H1

0 (Ω,Rn) , B(f) .= uf ∀f ∈ L2
0(Ω,R)

where boundedness (and continuity) follow from (1.3): ∥B∥ =
√
CB(Ω) <∞ . Moreover we have:

Theorem 2.15. Let Ω ⊂ Rn be a bounded Lipschitz domain. Suppose that f∗ ∈ A(Ω,R)⊥ \ {0} is an
eigenfunction of the Schur complement S, associated with the eigenvalue 1/CB(Ω). Then

CB(Ω) =
∥∇B(f∗)∥2L2(Ω)

∥f∗∥2L2(Ω)

. (2.39)

Moreover, if Ω is of class C4 and CB(Ω) > 2, then there exists an eigenfunction f∗ ∈ A(Ω,R)⊥ \ {0}
of the Schur complement S associated to the eigenvalue 1/CB(Ω). In such case, the supremum in both
(2.30)1 and (2.30)2 is attained, respectively, by some u ∈ H1

0,σ(Ω,Rn)⊥ \ {0} and f ∈ L2
0(Ω,R) \ {0}.

Proof. Since f∗ ∈ A(Ω,R)⊥ \ {0} is an eigenfunction of S (and in particular weakly harmonic),
associated with the eigenvalue 1/CB(Ω), by Theorem 2.4 there exists a vector field v∗ ∈ H1

0 (Ω,Rn) \ {0}
and p ∈ L2

0(Ω,R) satisfying the following generalised Stokes system in Ω:{
−∆v∗ +∇p = 0 , ∇ · v∗ = f∗ in Ω ,

v∗ = 0 on ∂Ω .

Since
CB(Ω)S(f∗) = f∗ = ∇ · v∗ = ∇ ·

(
∆−1∇p

)
= S(p) =⇒ S

(
p− CB(Ω)f∗

)
= 0 ,

we conclude by the injectivity of S that CB(Ω)f∗ = p and obtain{
−∆v∗ + CB(Ω)∇f∗ = 0 , ∇ · v∗ = f∗ in Ω ,

v∗ = 0 on ∂Ω .
(2.40)

From (2.40) we deduce that B(f∗) = v∗, as well as∫
Ω
|∇v∗|2 dx = CB(Ω)

∫
Ω
|f∗|2 dx ,

thereby proving (2.39).
If Ω is of class C4 and CB(Ω) > 2, from [41, Theorem 2.1] (see [40, Section 9.2] for a detailed proof)

we know that

S − 1

2
Id : A(Ω,R)⊥ −→ A(Ω,R)⊥ (2.41)

is a compact, self-adjoint and positive operator. This result is based upon [17, Corollary 4], cf. also [49,
p. 90]. Letting Σ denote its spectrum, from (2.37) we infer{

1

CB(Ω)
− 1

2
,
1

2

}
⊂ Σ ⊂

[
1

CB(Ω)
− 1

2
,
1

2

]
.

Since the operator in (2.41) is compact, every non-zero element of its spectrum is an eigenvalue. By
Theorem 2.5 we know that CB(Ω) ≥ n; therefore, if n ≥ 3 or n = 2 and CB(Ω) > 2, there exists
f∗ ∈ A(Ω,R)⊥ \ {0} such that(

S − 1

2
Id

)
(f∗) =

(
1

CB(Ω)
− 1

2

)
f∗ =⇒ S(f∗) =

1

CB(Ω)
f∗ .
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In view of the first part of the statement, this concludes the proof, with Proposition 2.11 showing the
equivalence between the two problems. 2

Remark 2.16. Theorem 2.5 plays a crucial role in this proof. The only case not covered by the second
statement in Theorem 2.15 is for C4-domains Ω ⊂ R2 with CB(Ω) = 2. Nevertheless, if B ⊂ R2 is a
disk, then CB(B) = 2, see (3.1) below, and the supremum in (2.8) is attained, see [26, Theorem 3] or
Proposition 3.2 below.

Theorem 2.15 enables us to improve (2.8) with a more precise variational characterisation of the
Bogovskii constant whenever Ω ⊂ Rn, n ≥ 2, is a bounded domain of class C4 such that CB(Ω) > 2:

CB(Ω)
.
= max

f∈L2
0(Ω,R)\{0}

∥∇uf∥2L2(Ω)

∥f∥2
L2(Ω)

,

where uf ∈ H1
0 (Ω,Rn) is uniquely determined by Theorem 2.4. By linearity, the functions f∗ satisfying

(2.39) form a vector space which may be higher dimensional and may be in the case n = 2 and Ω = B
even infinite dimensional, see Proposition 3.2 below.

Open Problem 1. It appears challenging to extend Theorem 2.15 to any Lipschitz domain, with no
regularity restriction. A good starting point for the interested reader could be a careful reading of [5].

3 Some symmetric domains

3.1 Balls as minimisers of the Bogovskii constant

In general bounded Lipschitz domains it appears difficult to find more refined results than those collected
in Section 2.1. For this reason, we consider here balls, namely, the most symmetric domains where much
more can be shown. Let B ⊂ Rn (n ≥ 2) be the unit ball which, by Lemma 2.2, represents any ball in
Rn. Although it is difficult to say who first proved it, see the Introduction, it is known that

CB(B) = n . (3.1)

For the sake of completeness, below we give a detailed proof of (3.1) by putting together several contri-
butions in the literature. Before doing this, several comments are in order.

Combined with Theorem 2.5, (3.1) has the following fundamental consequence. Recall the definition
(2.9) of Ki.

Corollary 3.1. For any bounded Lipschitz domain Ω ⊂ Rn we have CB(Ω) ≥ CB(B) = n.
Moreover, for any i ∈ {1, ..., n} and g ∈ Ki(B) ∩ L2(B,R), the following implication holds:

−∆w = g in B , w = 0 on ∂B =⇒
∫
B

∣∣∣∣ ∂w∂xi
∣∣∣∣2 dx ≥ 1

n

∫
B
|∇w|2 dx . (3.2)

Furthermore, for any h ∈ C(R,R), the following implication holds:

−∆wh = h

(
n∑

i=1

xi

)
in B , wh = 0 on ∂B =⇒

n∑
1=i<j

∫
B
∂xiwh ∂xjwh dx ≥ 0 . (3.3)

As far as we are aware, (3.2) and (3.3) are new and have their own independent interest. On the one
hand, they appear surprising and unlinked to the main focus of the present paper. On the other hand,
it is quite instructive to build an explicit example in a disc and to compare it with Example 2.6 in the
square (0, π)2. The function

w(x) = x1(|x|2 − 1) x ∈ B ⊂ R2
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satisfies
∆w = 8x1 in B , w = 0 on ∂B ;

some computations then show that∫
B
|∂x1w|2 dx =

π

2
>
π

6
=

∫
B
|∂x2w|2 dx ,

in line with (3.2) and contrary to (2.19).

Open Problem 2. Corollary 3.1 states that balls minimise CB in (2.30) among Lipschitz domains.
A natural question is whether balls are the only minimisers which is in our opinion the most intuitive
conjecture. This is a degenerate shape optimisation problem due to scaling invariance (see Lemma 2.2)
and several tools need to be set up. From [5, Theorem 4.4] we know that the dependence of CB(·) with
respect to Lipschitz convergence of domains is Lipschitzian, which gives some hope to prove that B is a
local minimiser of CB through shape variation.

However, (3.1) may be obtained without using symmetrisation techniques, as we now show.

Proof of (3.1). Let us first summarise the findings of Cosserat-Cosserat [12, 13] (see also [11]) concerning
the eigenvalue problem (2.38) when Ω = B, along the lines of [43]. To this end, we recall some basic
facts about spherical harmonics from [42, Chapter 5, Section 5]. For k ∈ N0 we consider

Mk
.
= {f : Sn−1 → R; f is a spherical harmonic of degree k},

so that f ∈ Mk if and only if x 7→ |x|kf(x/|x|) is harmonic in Rn. We know from [42, Theorem 5.5]
that these spaces are finite dimensional and that their dimensions

N(k, n)
.
= dimMk <∞

are given by the coefficients of the generating analytic function

(−1, 1) ∋ t 7→ 1 + t

(1− t)n−1
=

∞∑
k=0

N(k, n)tk.

In particular we have N(0, n) = 1 and N(1, n) = n. We introduce the orthonormal bases

{Hk,1, . . . ,Hk,N(k,n)}

of Mk with respect to the canonical scalar product in L2(Sn−1). From [42, Theorem 5.6] we know that

∞⋃
k=0

{Hk,1, . . . ,Hk,N(k,n)}

forms a complete orthonormal system in L2(Sn−1).
Then we consider the space of homogeneous harmonic polynomials of degree k

M̃k
.
= {x 7→ |x|kf(x/|x|); f ∈ Mk}, k ∈ N0 .

Let Hk denote a nontrivial element of M̃k, so that

Hk(x) =

N(k,n)∑
j=1

αk,j |x|kHk,j(x/|x|)

for suitable αk,j ∈ R, where at least one is ̸= 0. For all k ∈ N we then define

Uk ∈ H1
0 (B,Rn), Uk(x)

.
= (|x|2 − 1)∇Hk(x)
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which will turn out to be the generic eigenfunction of (2.38) corresponding to the eigenvalue

λk = 2 +
n− 2

k
(k ∈ N) of multiplicity N(k, n). (3.4)

One may observe that all eigenvalues coincide if n = 2. Using the well-known Euler formula for k-
homogeneous functions x · ∇Hk(x) = kHk(x), we compute:

∇ · Uk(x) = 2kHk(x) , ∇ (∇ · Uk) (x) = 2k∇Hk(x)
∆Uk(x) = 2n∇Hk(x) + 4(x · ∇)∇Hk(x) = 2n∇Hk(x) + 4(k − 1)∇Hk(x) = λk∇ (∇ · Uk) (x) .

In particular, (3.4) follows from these identities and the following result, which generalises [47, Theorem
2] to any dimension.

Proposition 3.2. Taking orthonormal bases (Hk,j)k∈N, j=1,...,N(k,n) of M̃k with respect to the L2-scalar

product, the corresponding system of eigenfunctions (Uk,j)k∈N, j=1,...,N(k,n) is complete in H with respect

to the H1
0 -scalar product (2.23). Hence, CB(B) = λ1 = n and, if n ≥ 3, CB(B) is attained on U1(x) =

(|x|2 − 1)∇H1(x) with H1 and ∇ · U1 being any linear function on Rn. If n = 2, CB(B) is attained on
the whole space H, i.e. on any Ũ(x) = (|x|2 − 1)∇H̃(x) with any harmonic polynomial H̃ ∈ H.

Proof. We first prove orthogonality of the system (Uk,j)k∈N, j=1,...,N(k,n). Let k ̸= ℓ or i ̸= j so that∫
B
Hk,iHℓ,j dx = 0.

It follows that

⟨Uk,i, Uℓ,j⟩H1
0 (B) =−

∫
B
Uk,i(∆Uℓ,j) dx = −2ℓλℓ

∫
B
Uk,i(∇Hℓ,j) dx

=− 2ℓλℓ

∫
B
(|x|2 − 1)(∇Hk,i) · (∇Hℓ,j) dx = 4ℓλℓ

∫
B
(x · ∇Hk,i) ·Hℓ,j dx

=4kℓλℓ

∫
B
Hk,i ·Hℓ,j dx = 0.

Next, we show that, for all k ∈ N and j = 1, . . . , N(k, n), we have Uk,j ∈ H. To this end, we first
observe that Uk,j ∈ H1

0,σ(B,Rn)⊥ by (2.38). Then we recall that ∆Uk,j = 2kλk∇Hk,j and (2.27) yields
Uk,j ∈ H because ∆Hk,j = 0 in B.

We now turn to proving the completeness. Take any v ∈ H such that

∀k ∈ N, ∀j = 1, . . . , N(k, n) : ⟨Uk,j , v⟩H1
0 (B) = 0.

We need to prove that v = 0. Indeed, let pv ∈ L2
0(B,R) correspond to v according to (2.25). Then (2.27)

shows that ∆pv = 0 in B. It follows that

∀k ∈ N, ∀j = 1, . . . , N(k, n) : 0 = ⟨Uk,j , v⟩H1
0 (B) = ⟨∇ · Uk,j , pv⟩L2(B) = 2k⟨Hk,j , pv⟩L2(B) .

Since pv is harmonic, it follows that pv = 0; see [42, Theorem 5.5.III and Proposition 5.5.7]. This finally
yields that v = 0.

Combining the previous reasoning with Proposition 2.13 and (2.30), we see in the case n > 2 that
CB(B) is the largest eigenvalue λ1 = n of (2.38) on H1

0,σ(B,Rn)⊥ =W ⊕H of multiplicity N(1, n) = n
and that CB(B) is attained precisely on any U1. If n = 2, CB(B) is attained on the whole infinite
dimensional space H, since all Cosserat eigenvalues are there equal to 2. 2
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3.2 Ellipsoids

From Pólya & Szegö [39, Section 1.29], we learn that a method due to Lord Rayleigh and Ritz consists in
modifying an original variational problem by restricting the space of admissible functions. One possibility
is to decide a priori the shape of their level surfaces. The disadvantage of this approach is that it only
gives an upper bound of the defined variational constant. We focus our attention on similar surfaces
[39, Section 3.5] that, when Ω is a ball, restricts the problem to radial functions.

Theorem 3.3. Let aj > 0 for j = 1, ..., n and consider the ellipsoid

E
.
=

(x1, ..., xn) ∈ Rn;

n∑
j=1

a2jx
2
j < 1

 .

The problem (1.1) admits a solution u ∈ H1
0 (E,Rn) of the form

u(x) = u

√√√√ n∑
j=1

a2jx
2
j


if and only if f ∈ L2

0(E,R) has the form

f(x) =

n∑
i=1

fi

√√√√ n∑
j=1

a2jx
2
j

xi for a.e. x ∈ E. (3.5)

In such case, the solution u of (1.1) is unique in this class and its components are given by

ui

√√√√ n∑
j=1

a2jx
2
j

 = −
∫ 1√∑n

j=1 a
2
jx

2
j

sfi(s) ds ∀x ∈ E, i ∈ {1, ..., n} .

Moreover, this solution of (1.1) coincides with uf , given by Theorem 2.4, provided that f ̸= 0, f(x) =∑n
i=1 γixi, γi ∈ R.
Concerning the Bogovskii constant, we have(

maxi ai
mini ai

)2

<
1

mini a2i

n∑
j=1

a2j ≤ CB(E) ≤ n

(
maxi ai
mini ai

)2

. (3.6)

Proof. For x ∈ E, let

r = r(x) =

√√√√ n∑
j=1

a2jx
2
j .

Assume that u = u(r) =
(
u1(r), ..., un(r)

)
∈ H1

0 (E,Rn), then

∇ · u =
n∑

i=1

u′i(r)

r
a2ixi in E .

This shows that if u = u(r) solves (1.1) for some f ∈ L2
0(E,R), then f has the form (3.5) with

fi(r) =
a2iu

′
i(r)

r
=⇒ ui(r) = − 1

a2i

∫ 1

r
sfi(s) ds ∀r ∈ (0, 1], i ∈ {1, ..., n}, (3.7)
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since ui(1) = 0. Conversely, if f ∈ L2
0(E,R) has the form (3.5) for some f1, ..., fn, then the vector field

u(r)
.
=

(
− 1

a21

∫ 1

r
sf1(s) ds, ...,−

1

a2n

∫ 1

r
sfn(s) ds

)T

∀r ∈ (0, 1],

belongs to H1
0 (E,Rn) and solves (1.1). In particular, (3.7) proves the uniqueness part of the statement.

If f(x) = xi for some i (that is, fi(r) ≡ 1 and fj(r) ≡ 0 for j ̸= i), then (3.7) gives

ui(r) =

∑n
j=1 a

2
jx

2
j − 1

2a2i
, uj(r) ≡ 0 for j ̸= i , ∀r ∈ (0, 1] , (3.8)

which imply that all ∆ui are constants and, hence, ∂xj∆ui = 0 for any i, j and u = uf . By linearity of
(1.1) and (2.6) the same holds for any f ̸= 0 of the form f(x) =

∑n
i=1 γixi, γi ∈ R.

In order to prove the bounds for CB(E), we begin with showing the lower bound. This is obtained
by taking f(x) = xi for some i ∈ {1, . . . , n} and the resulting solution (3.8). The change of variables
yj = ajxj for all j, gives the Jacobian J(E) =

∏
j aj and we obtain∫

E
f(x)2 dx =

∫
E
x2i dx =

∫
E

a2ix
2
i

a2i
dx =

1

a2i J(E)

∫
B
y2i dy =

1

na2i J(E)

∫
B
|y|2 dy

=
ωn

na2i J(E)

∫ 1

0
ρn+1 dρ =

ωn

n(n+ 2)a2i J(E)
,

where

ωn
.
=

2πn/2

Γ
(n
2

)
is the (n − 1)-dimensional measure of the unit sphere Sn−1 = ∂B ⊂ Rn. On the other hand, for the
corresponding solution u in (3.8), we have

∂xjui(x) =
a2j xj

a2i
for j = 1, . . . , n =⇒ |∇u(x)|2 = 1

a4i

n∑
j=1

a4jx
2
j .

Hence, through the same change of variables as before,∫
E
|∇u(x)|2 dx =

1

a4i

n∑
j=1

a2j

∫
E
a2jx

2
j dx =

ωn

n(n+ 2)J(E) a4i

n∑
j=1

a2j .

Therefore, ∫
E |∇u|2 dx∫
E f

2 dx
=

1

a2i

n∑
j=1

a2j ∀i ∈ {1, ..., n} . (3.9)

By choosing as index i the one corresponding to the minimum ai, we obtain

CB(E) ≥ 1

mini a2i

n∑
j=1

a2j , (3.10)

that is, the stated lower bound.
For the upper bound, we make use of CB(B) = n and the homothetic change of variables as before.

This (and only this) will permit to directly transform also problem (1.1). Take any f ∈ L2
0(E,R) and

transform it to the unit ball:

f̃ ∈ L2
0(B,R), f̃(x)

.
= f

(
x1
a1
, . . . ,

xn
an

)
.
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We then consider the privileged solution u
f̃
∈ H1

0 (B,Rn) of (1.1), see Theorem 2.4, and (3.1) shows that

∥∇u
f̃
∥2L2(B) ≤ n∥f̃∥2L2(B). (3.11)

We pull u
f̃
back to the ellipsoid by defining

u ∈ H1
0 (E,Rn), u(x)

.
=

1/a1 . . . 0
...

. . .
...

0 . . . 1/an

 · u
f̃
(a1x1, . . . , anxn)

which solves
∇ · u = f in E, u = 0 on ∂E.

We observe for j = 1, . . . , n that

∇uj(x) =

(
a1
aj

∂u
f̃ ,j

∂x1
(a1x1, . . . , anxn), . . . ,

an
aj

∂u
f̃ ,j

∂xn
(a1x1, . . . , anxn)

)
.

By the usual change of variables we obtain from (3.11), using J(E) =
∏n

j=1 aj as above

∥∇u∥2L2(E) ≤
(

max
i,j=1,...,n

ai
aj

)2 ∫
E
|∇u

f̃
(a1x1, . . . , anxn)|2 dx

=
1

J(E)

(
max

i,j=1,...,n

ai
aj

)2

∥∇u
f̃
∥2L2(B) ≤ n · 1

J(E)

(
max

i,j=1,...,n

ai
aj

)2

∥f̃∥2L2(B)

=n

(
maxi=1,...,n ai
mini=1,...,n ai

)2

∥f∥2L2(E).

Passing to the respective privileged uf (observe that this will in general be different from u) according
to Theorem 2.4 yields

∥∇uf∥2L2(E) ≤ n

(
maxi=1,...,n ai
mini=1,...,n ai

)2

∥f∥2L2(E).

Since this holds for any f ∈ L2
0(E,R) we end up with

CB(E) ≤ n

(
maxi=1,...,n ai
mini=1,...,n ai

)2

.

Together with (3.10), the claim (3.6) follows. 2

Open Problem 3. In order to obtain an upper bound for CB(E), one could use [24, (III.3.4)] and
would end up with

CB(E) ≤ c(n)

(
maxi ai
mini ai

)n+1

,

for some c(n) > 0 depending only on the dimension n, see also [24, Theorem III.3.1] for more general
domains. However, we would not obtain the right power of maxi ai

mini ai
, due to the generality of this bound.

In our opinion, the main strength of (3.6) is that the power is independent of the dimension n. We then
wonder whether the same holds, at least for some special domains (e.g., domains starshaped with respect
to a ball or the more restricted class of convex domains).

For n = 2, it is known [15, Section 5.1.1] that

CB(E) =
a21 + a22

min{a21, a22}
.

This suggests not only that the inequality in (3.10) may in fact be an equality in any dimension n ≥ 2,
but also yields the following result, related to Theorem 2.15.
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Corollary 3.4. Let 0 < a1 ≤ a2 and consider the (planar) ellipse

E
.
=
{
(x1, x2) ∈ R2; a21x

2
1 + a22x

2
2 < 1

}
.

Then the supremum in (2.8) is a maximum and it is attained by real multiples of the function

f(x) = x1.

Remark 3.5. The lower bound in (3.6) shows that a sequence Em of ellipsoids with axes ami satisfying
maxi a

m
i /mini a

m
i → ∞, is such that CB(Em) → ∞. This suggests that “thin domains” Ω ⊂ Rn (with

small inradius and large outradius) might have a large Bogovskii constant CB(Ω). However, in “thin
ellipses” (3.9) also shows (by choosing ai maximal) that for suitable pairs (f, uf ) one may still have
“Bogovskii ratios” close to 1.

The function w(x1, x2) = sin(x1)
(
1− sinh(x2)+sinh(h−x2)

sinh(h)

)
is the unique solution to

−∆w = sin(x1) in (0, π)× (0, h) , w = 0 on ∂
(
(0, π)× (0, h)

)
.

By arguing as for deducing (2.20) in Example 2.6, we find for h ∈ (0, π) that

CB

(
(0, π)× (0, h)

)
≥ h cosh(h) + h− 2 sinh(h)

h cosh(h) + 2h− 3 sinh(h)

h→0
=

10

h2
(1 +O(h2)) → ∞, (3.12)

thereby supporting the conjecture that the Bogovskii constant of “thinning” domains tends to infinity.
Chizhonkov-Olshanskii prove in [10, Section 2, Equation (30)]:

12

h2
≤ CB

(
(0, π)× (0, h)

)
≤ 60π2

h2
.

These bounds were obtained by means of the Schur complement of the Stokes operator (2.34) and the
authors themselves call their approach “rather technical”. Our lower bound (3.12) is derived in a more
elementary way: it is not as precise but it has the same order of magnitude.

3.3 Annuli

Given 0 < r < R, we consider the annular region AR
r = {x ∈ Rn; r < |x| < R}. Due to its multiple

symmetries, we cannot use the torsion problem (2.15) in order to show that CB

(
AR

r

)
> n, namely that

an annulus does not achieve the minimal Bogovskii constant. Also finding functions g or h satisfying
(2.10) or (2.12) appears to be a difficult task. This is why we follow a different procedure. Since the
planar annulus (n = 2) is the only non-simply connected n-dimensional annulus and since in 2D we may
exploit the celebrated Friedrichs inequality [22], we give several variants of the proof. We end up with
the following statement.

Theorem 3.6. Let n ≥ 2 and AR
r = {x ∈ Rn; r < |x| < R}. For all 0 < r < R <∞ we have

CB(AR
r ) > n . (3.13)

Moreover, lim
R↓r

CB(AR
r ) = ∞ with the following lower bound

lim inf
R↓r

(
R

r
− 1

)2

CB(AR
r ) ≥

3

n− 1
. (3.14)

Proof. We give several different proofs, depending on the dimension n and on the tools that we use.
First proof of (3.13) when n = 2. From [22] we know that there exists CF (AR

r ) > 0 such that∫
AR

r

|u|2 ≤ CF (AR
r )

∫
AR

r

|v|2 ,
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for every pair of conjugate harmonic functions u, v ∈ L2
0(AR

r ,R). Moreover, from [15, Theorem 2.1] we
know that

CF (AR
r ) = CB(AR

r )− 1 . (3.15)

Hence, (3.13) follows if we prove that CF (AR
r ) > 1. Since from (3.15) and Theorem 2.5 we know that

CF (AR
r ) ≥ 1, we can argue by contradiction assuming that CF (AR

r ) = 1, namely∫
AR

r

|u|2 ≤
∫
AR

r

|v|2 , (3.16)

for every pair of conjugate harmonic functions u, v ∈ L2
0(AR

r ,R). Considering the holomorphic function

Φ(z)
.
= z +

1

z
∀z = (x1, x2) ∈ AR

r , Φ = f + ig , (3.17)

we deduce that f, g ∈ L2
0(AR

r ,R) defined by

f(x) =

(
1 +

1

|x|2

)
x1 and g(x) =

(
1− 1

|x|2

)
x2 ∀(x1, x2) ∈ AR

r , (3.18)

are conjugate harmonic functions. Then, a straightforward computation yields∫
AR

r

(
|f |2 − |g|2

)
= 2π(R2 − r2) > 0 , (3.19)

which contradicts (3.16) and proves (3.13) when n = 2.
Second proof of (3.13) when n = 2. We give here an alternative proof of (3.13) without using explic-

itly the results by Friedrichs [22]. It has the advantage of introducing the tools to prove (3.14), see
the next item. We consider again the real and imaginary parts (3.18) of (3.17) and the corresponding
privileged solution uf ∈ H1

0,σ(AR
r ,R2)⊥ of

∇ · uf = f in AR
r , uf = 0 on ∂AR

r .

We compute

∥g∥2L2(AR
r ) =

∫
AR

r

(
1− 1

|x|2

)2

x22 dx =
1

2

∫
AR

r

(
1− 1

|x|2

)2

|x|2 dx

=π

∫ R

r

(
ρ3 − 2ρ+

1

ρ

)
dρ =

π

4
(R2 − r2)

(
R2 + r2 − 4 + 4

log(R/r)

R2 − r2

)
(3.20)

and, by making use of the Cauchy-Riemann differential equations for f + ig and the Cauchy-Schwarz
inequality, we estimate

∥f∥2L2(AR
r ) =

∫
AR

r

f · (∇ · uf ) dx = −
∫
AR

r

∇f · uf dx = −
∫
AR

r

(∂2g,−∂1g)T · uf dx

=

∫
AR

r

g(∂2uf,1 − ∂1uf,2) dx ≤ ∥g∥L2(AR
r ) ∥∂2uf,1 − ∂1uf,2∥L2(AR

r ).

For the second factor, we calculate:

∥∂2uf,1 − ∂1uf,2∥2L2(AR
r ) =

∫
AR

r

(
(∂2uf,1)

2 + (∂1uf,2)
2 − 2(∂2uf,1 · ∂1uf,2)

)
dx

=

∫
AR

r

|∇uf |2 dx−
∫
AR

r

(
(∂1uf,1)

2 + (∂2uf,2)
2 + 2(∂1uf,1 · ∂2uf,2)

)
dx

=

∫
AR

r

|∇uf |2 dx−
∫
AR

r

(∇ · uf )2 dx ≤ (CB(AR
r )− 1)∥f∥2L2(AR

r ).
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Combining the previous estimates yields:

∥f∥2L2(AR
r ) ≤

√
(CB(AR

r )− 1) ∥f∥L2(AR
r )∥g∥L2(AR

r ) =⇒ ∥f∥2L2(AR
r ) ≤ (CB(AR

r )− 1)∥g∥2L2(AR
r ).

Taking (3.19) into account we come up with

CB(AR
r ) ≥ 2 +

2π(R2 − r2)

∥g∥2
L2(AR

r )

(3.21)

which proves (again) (3.13) when n = 2.
Proof of (3.14) when n = 2. By combining (3.20) with (3.21) yields

CB(AR
r ) ≥ 2 +

8

R2 + r2 − 4 + 4 log(R/r)
R2−r2

.

While the left hand side is scaling invariant, the right hand side is not. Apparently, any choice of
R > r > 0 seems equivalent, but this is not the case. The only choice being able to emphasise the
singular behaviour of CB(AR

1 ) is fixing r = 1; then, we obtain

CB(AR
1 ) ≥ 2 +

8

R2 − 3 + 4 log(R)
R2−1

.

Making use of the inequality log(1 + x) ≤ x− x2

2 + x3

3 (for all x ≥ 0), we then find

CB(AR
1 ) ≥ 2 +

8

R2 − 3 + 2 log(1+(R2−1))
R2−1

≥ 2 +
12

(R2 − 1)2
.

At this point, we may use scaling invariance (Lemma 2.2) to obtain for any 0 < r < R:

CB(AR
r ) = CB(AR/r

1 ) ≥ 2 +
12(

R2

r2
− 1
)2 = 2 +

12(
R
r + 1

)2 (R
r − 1

)2 .
By letting R ↓ r, this completes the proof of (3.14) when n = 2.

The case n ≥ 3. Let ρ = R/r > 1; by Lemma 2.2, we know that CB(AR
r ) = CB(Aρ

1) and, hence, we
may restrict the attention to this case. Inspired by (3.18), we then consider the harmonic function

f̃ ∈ L2
0(A

ρ
1,R), f̃(x) =

(
n− 1 +

1

|x|n

)
x1,

and u ∈ H1
0 (A

ρ
1,Rn) as the unique solution to ∆u = ∇f̃ , which satisfies u ∈ H ⊂ H1

0,σ(A
ρ
1,Rn)⊥, see

(2.25)-(2.26). After putting f
.
= ∇ · u, we see that u = uf , as in Theorem 2.4. We find (here we need

n ≥ 3):

u1(x)
.
=x21

(
1

2|x|n
− c

|x|n+2
− d

)
+
n− 1

2n
|x|2 + a|x|2−n − b+

c

n|x|n
+
d

n
|x|2

uj(x)
.
=x1xj

(
1

2|x|n
− c

|x|n+2
− d

)
(j = 2, . . . , n)

with

a =
n− 1

2n
· ρ

n − ρn−2

ρn−2 − 1
− 1

2n
, b =

n− 1

2n
· ρn − 1

ρn−2 − 1
, c =

ρn+2 − ρ2

2(ρn+2 − 1)
, d =

ρ2 − 1

2(ρn+2 − 1)
,
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so that the homogeneous boundary conditions are satisfied. We then compute

f(x) =
n− 1

n

(
1− n+ 2

2
· ρ2 − 1

ρn+2 − 1

)
x1 +

n− 1

n

(
1− n− 2

2
· ρ

n − ρn−2

ρn−2 − 1

)
x1
|x|n

=
n− 1

n

(
C +

D

|x|n

)
x1,

where

C = 1− n+ 2

2
· ρ2 − 1

ρn+2 − 1
, D = 1− n− 2

2
· ρ

n − ρn−2

ρn−2 − 1
.

We now determine a lower bound for the Bogovskii constant of the annuli Aρ
1:

CB(AR
r ) =CB(Aρ

1) ≥
∥uf∥2H1

0 (A
ρ
1)

∥f∥2
L2(Aρ

1)

=
⟨f, f̃⟩L2(Aρ

1)

∥f∥2
L2(Aρ

1)

=
n

n− 1
·
n−1
n+2C(ρ

n+2 − 1) + 1
2 (C + (n− 1)D) (ρ2 − 1) + 1

n−2D(1− ρ2−n)
1

n+2C
2(ρn+2 − 1) + C D (ρ2 − 1) + 1

n−2D
2(1− ρ2−n)

=
n

n− 1
· (n− 1)(n− 2)ρn−2(ρn+2 − 1) + (n+ 2)(ρn−2 − 1)

(n− 2)ρn(ρn − 1)− (n+ 1)(n− 2)ρn−2(ρ2 − 1) + (n+ 2)(ρn−2 − 1)
. (3.22)

The last term in (3.22) is strictly greater than n if and only if (n− 1)ρn−nρn−2+1 > 0 which is always
true since ρ > 1. This proves (3.13) when n ≥ 3.

To obtain (3.14) we apply de L’Hôpital’s rule to (3.22) and we recall that ρ = R/r. 2

Remark 3.7. The Zhukovsky transform (3.17) can be seen as a complex-valued function, defined in
C \ {0}. It is a conformal function that maps circles into airfoils, see [1, Chapter 4] for further details.
Figure 3.7 illustrates how the unit circle, centered at the point (1/5, 1/5), is transformed into an airfoil
with trailing edge located at (−2, 0).

Figure 1: Geometric description of the Zhukovsky transform.

Remark 3.8. Only for the 2D (non-simply connected) annulus, by using again (see Remark 3.5) the
eigenvalues of the Schur complement operator, Chizhonkov-Olshanskii [10, Corollary 3.3] prove that

CB(AR
r ) =

1

µ(AR
r )

2
≥ 24

7

1(
R
r − 1

)2 ∀R > r > 0 , lim
R↓r

(
R

r
− 1

)2

CB(AR
r ) = 12 .

Asymptotically, these estimates are qualitatively of the same order but quantitatively stronger and more
precise than (3.14). On the other hand, they require extensive calculations in polar coordinates and the
strict lower bound 2 is by no means obvious. Not only our proof includes any dimension n ≥ 2 but also
appears to be more direct.
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4 Higher-order regularity for the divergence equation

4.1 Variational characterisation, non-minimality criterion and attainment

Let Ω ⊂ Rn be a bounded domain of class Cm+1,1. From Theorem 2.4 we know that

f ∈ Hm(Ω,R) ∩ L2
0(Ω,R) =⇒ uf ∈ Hm+1(Ω,Rn) ∩H1

0 (Ω,Rn) .

In the present section, we maintain the mere assumption of ∂Ω being Lipschitz and we gain regularity
by increasing the number of null traces of f . Of course, the resulting privileged solution uf will change.

To be precise, let m ∈ N. Given u, v ∈ Hm
0 (Ω,R), the bilinear form

(u, v)m,Ω 7→


∫
Ω
(∆ku)(∆kv) dx if m = 2k ,∫

Ω
∇(∆ku) · ∇(∆kv) dx if m = 2k + 1 ,

(4.1)

defines a scalar product onHm
0 (Ω,R) and this scalar product induces a norm equivalent to theHm(Ω,R)-

norm, see [27, Theorem 2.2]; in the sequel ∥ · ∥m,Ω denotes this norm (in a completely similar way we
can define the bilinear form (4.1) on the space of vector fields in Hm

0 (Ω,Rn)).
From the work of Bogovskii [6], see also [24, Theorem III.3.3] and [28], we know that for any function

f ∈ Hm
0 (Ω;R) ∩ L2

0(Ω,R) there exists a vector field u ∈ Hm+1
0 (Ω,Rn) solving (1.1). Employing again

(1.2), one sees that such regular solution is not unique, which suggests to define also higher-order
Bogovskii constants.

Definition 4.1. Let Ω ⊂ Rn be a bounded Lipschitz domain and let m ∈ N. We put

Xm(Ω,R) .= Hm
0 (Ω,R) ∩ L2

0(Ω,R) ,

which is a closed subspace of Hm
0 (Ω;R). The quantity

C
(m)
B (Ω)

.
= sup

f∈Xm(Ω,R)
∥f∥m,Ω=1

inf
{
∥v∥2m+1,Ω ; v ∈ Hm+1

0 (Ω,Rn) , ∇ · v = f in Ω
}

(4.2)

is called the m-th order Bogovskii constant of Ω.

Note that consistently C
(0)
B (Ω) = CB(Ω), as defined in (1.3). The higher-order version of Theorem

2.4, implicitly including regularity, reads:

Theorem 4.2. Let Ω ⊂ Rn be a bounded Lipschitz domain and let m ≥ 1 be an integer. For any function
f ∈ Xm(Ω,R) there exists a unique solution uf ∈ Hm+1

0 (Ω,Rn) of (1.1) such that

∥uf∥2m+1,Ω = inf
{
∥v∥2m+1,Ω ; v ∈ Hm+1

0 (Ω,Rn) , ∇ · v = f in Ω
}
. (4.3)

Moreover, with the scalar product in (4.1), the Euler-Lagrange equation

(uf , v)m+1,Ω = 0 ∀v ∈ Hm+1
0,σ (Ω,Rn)

.
= {w ∈ Hm+1

0 (Ω,Rn); ∇ · w = 0 in Ω} (4.4)

is a necessary and sufficient condition for a solution u ∈ Hm+1
0 (Ω,Rn) of (1.1) to minimise (4.3) so that

u ≡ uf . Finally, there exists a unique scalar function pf ∈ Xm(Ω,R) such that the pair (uf , pf ) weakly
solves the following higher-order Stokes system in Ω:

(−∆)m+1uf +∇((−∆)mpf ) = 0 , ∇ · uf = f in Ω . (4.5)

27



Proof. If f = 0 the result is trivial and uf ≡ 0.
If f ̸= 0, by linearity of (1.1) we may assume that ∥f∥m,Ω = 1. Fixed any such f , consider a sequence

of solutions {uk} ⊂ Hm+1
0 (Ω,Rn) of (1.1) whose norms ∥uk∥2m+1,Ω tend to the infimum in (4.3). Then

{uk}k∈N is bounded and, up to a subsequence, it converges weakly to some uf ∈ Hm+1
0 (Ω,Rn). In

turn, ∇ · uk ⇀ ∇ · uf in Hm(Ω,R) as k → ∞, which shows that uf solves (1.1). Moreover, by lower
semicontinuity of the norm with respect to weak convergence, we find

∥uf∥2m+1,Ω ≤ lim inf
k→∞

∥uk∥2m+1,Ω = inf
{
∥v∥2m+1,Ω ; v ∈ Hm+1

0 (Ω,Rn) , ∇ · v = f in Ω
}
.
=M ,

which shows that uf ∈ Hm+1
0 (Ω,Rn) achieves the minimum in (4.3).

In order to prove uniqueness, suppose that two vector fields u, v ∈ Hm+1
0 (Ω,Rn) solve (1.1) with

∥u∥2m+1,Ω = ∥v∥2m+1,Ω = M . Then, by linearity, any convex combination wα = αu + (1 − α)v, α ∈ R,
also solves (1.1). Moreover, by the Hölder inequality,

∥wα∥2m+1,Ω = α2∥u∥2m+1,Ω + (1− α)2∥v∥2m+1,Ω + 2α(1− α)(u, v)m+1,Ω

≤ α2M + (1− α)2M + 2α(1− α)∥u∥m+1,Ω∥v∥m+1,Ω =M .

Since M is the minimum, the above inequality is an equality, that is,

(u, v)m+1,Ω = ∥u∥m+1,Ω∥v∥m+1,Ω .

But the Hölder inequality becomes an equality if and only if the two involved functions are proportional,
namely v ≡ γu for some γ > 0. Since ∥u∥2m+1,Ω = ∥v∥2m+1,Ω = M , we necessarily have γ = 1 so that

v ≡ u. This also proves that the Euler-Lagrange equation (4.4) is satisfied for any v ∈ Hm+1
0,σ (Ω,Rn).

Letting H−m−1(Ω,Rn) denote the dual space of Hm+1
0 (Ω,Rn), we introduce the linear mapping

Lf : Hm+1
0 (Ω,Rn) −→ R by

Lf (v)
.
= (uf , v)m+1,Ω ∀v ∈ Hm+1

0 (Ω,Rn) .

We certainly have Lf ∈ H−m−1(Ω,Rn) and, due to (4.4), that Lf (v) = 0 for every v ∈ Hm+1
0,σ (Ω,Rn).

Next, given any q ∈ Xm(Ω,R), there exists a vector field Jq ∈ Hm+1
0 (Ω,Rn) such that

∇ · Jq = q in Ω and ∥Jq∥m+1,Ω ≤
√
C

(m)
B (Ω) ∥q∥m,Ω . (4.6)

Define then the mapping L̂f : Xm(Ω,R) −→ R by

L̂f (q)
.
= Lf (Jq) ∀q ∈ Xm(Ω,R) . (4.7)

Notice that L̂f is well-defined: given q ∈ Xm(Ω,R), if J1, J2 ∈ Hm+1
0 (Ω,Rn) are two different vector

fields such that
∇ · J1 = ∇ · J2 = q in Ω ,

then J1−J2 ∈ Hm+1
0,σ (Ω,Rn). This means that Lf (J1−J2) = 0, and, by linearity, that Lf (J1) = Lf (J2).

Since L̂f is linear, (4.6)2 ensures that L̂f is a bounded linear functional on Xm(Ω,R). From the Riesz
Representation Theorem we then deduce the existence of a unique pf ∈ Xm(Ω,R) such that

L̂f (q) = (pf , q)m,Ω ∀q ∈ Xm(Ω,R) . (4.8)

Given any v ∈ Hm+1
0 (Ω,Rn), we infer from (4.7)-(4.8) that

Lf (v) = L̂f (∇ · v) = (pf ,∇ · v)m,Ω .
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Thus, the vector field uf ∈ Hm+1
0 (Ω,Rn) has a unique associated “pressure” pf ∈ Xm(Ω,R) such that

(uf , v)m+1,Ω − (pf ,∇ · v)m,Ω = 0 ∀v ∈ Hm+1
0 (Ω,Rn) , (4.9)

which corresponds to the weak formulation of the higher-order Stokes problem (4.5) in Ω. 2

One may find it surprising that the higher-order version of Theorem 2.5 looks rather similar. We
recall the definition (2.9) of Ki.

Theorem 4.3. Let Ω ⊂ Rn bounded Lipschitz domain. For any m ∈ N one has

C
(m)
B (Ω) ≥ n .

If there exist i ∈ {1, ..., n} and g ∈ Ki(Ω,R)∩L2(Ω,R) such that the unique solution w ∈ Hm+1
0 (Ω,R) to

(−∆)m+1w = g in Ω , (4.10)

satisfies ∥∥∥∥ ∂w∂xi
∥∥∥∥2
m,Ω

<
1

n
∥w∥2m+1,Ω , (4.11)

then C
(m)
B (Ω) > n.

Proof. Since the case m = 0 was considered in the proof of Theorem 2.5, we assume m ≥ 1. Given any
w ∈ Hm+1

0 (Ω,R), from [27, Formula (2.12)] we know that

∥w∥2m+1,Ω =

∫
Ω
|Dm+1w|2 dx =

n∑
i=1

(∫
Ω
|Dm(∂xiw)|

2

)
≥ n min

i=1,...,n
∥∂xiw∥2m,Ω . (4.12)

Here it is essential to define

|Dmw|2 :=
n∑

i1,...,im=1

(∂xi1
. . . ∂xim

w)2

in order to have that ∥w∥2m,Ω = (w,w)m,Ω as defined in (4.1). The multiindex notation fails in this

respect, if m ≥ 2. We apply (4.12) to the unique weak solution w ∈ Hm+1
0 (Ω,R) of the problem

(−∆)m+1w = 1 in Ω under homogeneous Dirichlet boundary conditions, that is,

(w,φ)m+1,Ω =

∫
Ω
φdx ∀φ ∈ Hm+1

0 (Ω,R) . (4.13)

Let k ∈ {1, ..., n} denote the index of one of the partial derivatives of w attaining the minimum in the
right hand side of (4.12) so that

∥w∥2m+1,Ω ≥ n ∥∂xk
w∥2m,Ω . (4.14)

Take the vector field u = (u1, ..., un) ∈ Hm+1
0 (Ω,Rn) such that uk = w and ui ≡ 0 for i ̸= k, and define

f ∈ Xm(Ω,R) by

f
.
= ∇ · u =

∂w

∂xk
in Ω .

We claim that u = uf ; given any divergence-free vector field v = (v1, ..., vn) ∈ Hm+1
0,σ (Ω,Rn), notice that

(u, v)m+1,Ω = (w, vk)m+1,Ω =

∫
Ω
vk dx = 0 ,
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owing to Lemma 2.3 and (4.13), so that the Euler-Lagrange equation (4.4) is fulfilled. Then, Theorem
4.2 combined with (4.2) and (4.14) gives

C
(m)
B (Ω) = sup

h∈Xm(Ω,R)\{0}

∥uh∥2m+1,Ω

∥h∥2m,Ω

≥
∥uf∥2m+1,Ω

∥f∥2m,Ω

=
∥w∥2m+1,Ω

∥∂xk
w∥2m,Ω

≥ n ,

thus providing the stated lower bound for C
(m)
B (Ω).

Now, consider i ∈ {1, ..., n}, g ∈ Ki(Ω,R) ∩ L2(Ω,R) and w ∈ Hm+1
0 (Ω,R) satisfying (4.10)-(4.11),

meaning that

(w,φ)m+1,Ω =

∫
Ω
g φ dx ∀φ ∈ Hm+1

0 (Ω,R) . (4.15)

Take the vector field u = (u1, ..., un) ∈ Hm+1
0 (Ω,Rn) such that ui = w and uj ≡ 0 for j ̸= i, and define

h ∈ Xm(Ω,R) by

h
.
= ∇ · u =

∂w

∂xi
in Ω .

Again, we claim that u = uh; given any vector field v = (v1, ..., vn) ∈ Hm+1
0,σ (Ω,Rn), notice that

(u, v)m+1,Ω = (w, vi)m+1,Ω =

∫
Ω
g vi dx = 0 ,

owing to Lemma 2.3 and (4.15), so that the Euler-Lagrange equation (4.4) is fulfilled. Then, by using
(4.2) and (4.11), we find

C
(m)
B (Ω) ≥

∥uh∥2m+1,Ω

∥h∥2m,Ω

=
∥w∥2m+1,Ω

∥∂xiw∥2m,Ω

> n ,

which completes the proof of the second statement. 2

Let m ≥ 1 be an integer. Following the line of Section 2.4, the orthogonal decomposition

Hm+1
0 (Ω,Rn) = Hm+1

0,σ (Ω,Rn)⊕Hm+1
0,σ (Ω,Rn)⊥ (4.16)

turns out to be useful in the current setting. In fact, given p ∈ Xm(Ω,R) there exists a unique vector
field u ∈ Hm+1

0,σ (Ω,Rn)⊥ such that

(−∆)m+1u+∇((−∆)mp) = 0 in the sense of H−m−1(Ω,Rn) , (4.17)

that is,
(u, v)m+1,Ω − (p,∇ · v)m,Ω = 0 ∀v ∈ Hm+1

0 (Ω,Rn) . (4.18)

Existence and uniqueness of a vector field u ∈ Hm+1
0 (Ω;Rn) satisfying (4.17) follow directly from Riesz’s

Representation Theorem, while (4.18) ensures that u ∈ Hm+1
0,σ (Ω,Rn)⊥. Conversely, as in the proof of

Theorem 4.2 one sees that, given any u ∈ Hm+1
0,σ (Ω,Rn)⊥, there exists a unique p ∈ Xm(Ω,R) such that

(4.18) is satisfied. This establishes a bijective correspondence

Hm+1
0,σ (Ω,Rn)⊥ ∋ u 7→ pu ∈ Xm(Ω,R)

via the weak formulation (4.18). In particular, it holds

∥u∥m+1,Ω = ∥(−∆)m+1u∥H−m−1(Ω) = ∥∇((−∆)mpu)∥H−m−1(Ω) ∀u ∈ Hm+1
0,σ (Ω,Rn)⊥ . (4.19)

Theorem 4.2 enables us to slightly modify the variational characterisation of C
(m)
B (Ω) in (4.2):

C
(m)
B (Ω) = sup

f∈Xm(Ω,R)\{0}

∥uf∥2m+1,Ω

∥f∥2m,Ω

, (4.20)
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with uf ∈ Hm+1
0 (Ω,Rn) being the unique vector field in Hm+1

0 (Ω,Rn) satisfying the Euler-Lagrange
equation (4.4), or equivalently, the higher-order Stokes system (4.5). Moreover, Theorem 4.2 and (4.20)
define the bounded linear operator

Bm : Xm(Ω,R) −→ Hm+1
0 (Ω,Rn) , B(f) .= uf ∀f ∈ Xm(Ω,R)

where boundedness (and continuity) follow from (4.2): ∥Bm∥2 = C
(m)
B (Ω) <∞.

In analogy with Proposition 2.11, we also prove the higher-order version of the Nečas inequality
(2.30)2:

Proposition 4.4. For any bounded Lipschitz domain Ω ⊂ Rn and any integer m ≥ 1 one has:

C
(m)
B (Ω) = sup

f∈Xm(Ω)\{0}

∥f∥2m,Ω

∥∇((−∆)mf)∥2
H−m−1(Ω)

.

Proof. Given any f ∈ Xm(Ω,R), the Euler-Lagrange equation (4.4) implies that uf ∈ Hm+1
0,σ (Ω,Rn)⊥.

Therefore, for any solution u ∈ Hm+1
0 (Ω,Rn) of the divergence equation (1.1) one has u = uf if and only

if u ∈ Hm+1
0,σ (Ω,Rn)⊥. Based upon this observation, from (4.20) we deduce:

C
(m)
B (Ω) = sup

u∈Hm+1
0,σ (Ω,Rn)⊥\{0}

∥u∥2m+1,Ω

∥∇ · u∥2m,Ω

. (4.21)

Recalling (4.16), for any f ∈ Xm(Ω,R) \ {0} we find

∥∇((−∆)mf)∥H−m−1(Ω) = sup
u∈Hm+1

0 (Ω,Rn)\{0}

|(f,∇ · u)m,Ω|
∥u∥m+1,Ω

= sup
u∈Hm+1

0,σ (Ω,Rn)⊥\{0}

|(f,∇ · u)m,Ω|
∥u∥m+1,Ω

= sup
u∈Hm+1

0,σ (Ω,Rn)⊥\{0}

|(∇ · uf ,∇ · u)m,Ω|
∥u∥m+1,Ω

≥
∥∇ · uf∥2m,Ω

∥uf∥m+1,Ω
.

From this we conclude, with the help of (4.21),

C
(m)
N (Ω)

.
= sup

f∈Xm(Ω,R)\{0}

∥f∥2m,Ω

∥∇((−∆)mf)∥2
H−m−1(Ω)

= sup
f∈Xm(Ω,R)\{0}

∥∇ · uf∥2m,Ω

∥∇((−∆)mf)∥2
H−m−1(Ω)

≤ sup
f∈Xm(Ω,R)\{0}

∥uf∥2m+1,Ω

∥∇ · uf∥2m,Ω

= sup
u∈Hm+1

0,σ (Ω,Rn)⊥\{0}

∥u∥2m+1,Ω

∥∇ · u∥2m,Ω

= C
(m)
B (Ω) .

On the other hand, take any f ∈ Xm(Ω,R) \ {0}. Recalling Theorem 4.2, consider the unique pair
(uf , pf ) ∈ Hm+1

0 (Ω,Rn)×Xm(Ω,R) satisfying the higher-order Stokes system (4.5), so that

∥∇((−∆)mpf )∥H−m−1(Ω) = ∥(−∆)m+1uf∥H−m−1(Ω) = ∥uf∥m+1,Ω . (4.22)

Moreover, by testing (4.5) with uf (see (4.9)) and applying the Cauchy-Schwarz inequality, we obtain

∥uf∥2m+1,Ω = (pf , f)m,Ω ≤ ∥pf∥m,Ω ∥f∥m,Ω ≤
√
C

(m)
N (Ω) ∥∇((−∆)mpf )∥H−m−1(Ω) ∥f∥m,Ω ,

which, due to (4.22), simplifies to

∥uf∥m+1,Ω ≤
√
C

(m)
N (Ω) ∥f∥m,Ω ∀f ∈ Xm(Ω,R) \ {0} .

Owing to (4.20), the last inequality implies C
(m)
B (Ω) ≤ C

(m)
N (Ω), which concludes the proof. 2
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We next discuss whether the supremum in (4.20) is attained. To approach this question, we define

Am(Ω,R) .= {p ∈ Xm(Ω,R) ; (∃ψ ∈ Hm+2
0 (Ω,R)) p = ∆ψ in Ω } ,

so that the following orthogonal decomposition holds:

Xm(Ω,R) = Am(Ω,R)⊕Am(Ω,R)⊥ ,

see [40, Part II]. Notice thatAm(Ω,R)⊥ is the subset ofXm(Ω,R) comprising weakly (m+1)-polyharmonic
functions. Then, the higher-order Schur complement of the Stokes operator in Ω is the linear mapping
Sm : Xm(Ω,R) −→ Xm(Ω,R) obeying the formula

Sm(q)
.
= ∇ · Vq ∀q ∈ Xm(Ω,R) ,

where Vq ∈ Hm+1
0 (Ω,Rn) is the unique vector field such that (−∆)m+1Vq + ∇((−∆)mq) = 0, whose

existence and uniqueness follows from the Riesz Representation Theorem: Vq ∈ Hm+1
0 (Ω;Rn) is the

unique vector field such that

(Vq, v)m+1,Ω − (q,∇ · v)m,Ω = 0 ∀v ∈ Hm+1
0 (Ω,Rn) .

As in [41, Theorem 1.2 and the subsequent remark], it can be shown that

Sm(q) = q ∀q ∈ Am(Ω,R) ; Sm(q) ∈ Am(Ω,R)⊥ ∀q ∈ Am(Ω,R)⊥ . (4.23)

Furthermore, we notice that the operator Sm is self-adjoint, since

(Sm(p), q)m,Ω = (∇ · Vp, q)m,Ω = (Vq, Vp)m+1,Ω = (p,∇ · Vq)m,Ω = (p,Sm(q))m,Ω ∀p, q ∈ Xm(Ω,R) .

In particular, due to (4.19) and Proposition 4.4, we have, for every p ∈ Xm(Ω,R),

(Sm(p), p)m,Ω = ∥Vp∥2m+1,Ω = ∥∇((−∆)mp)∥2H−m−1(Ω)

≥

[
inf

f∈Xm(Ω,R)\{0}

∥∇((−∆)mf)∥2
H−(m+1)(Ω)

∥f∥2m,Ω

]
∥p∥2m,Ω =

1

C
(m)
B (Ω)

∥p∥2m,Ω ,

thereby proving that Sm is also a positive definite operator, with 1/C
(m)
B (Ω) its optimal coercivity

constant. In other words, we have

inf
p∈Xm(Ω,R)\{0}

(Sm(p), p)m,Ω

∥p∥2m,Ω

=
1

C
(m)
B (Ω)

, sup
p∈Xm(Ω,R)\{0}

(Sm(p), p)m,Ω

∥p∥2m,Ω

= 1 .

Therefore, letting σ(Sm) denote the spectrum of Sm, it holds{
1

C
(m)
B (Ω)

, 1

}
⊂ σ(Sm) ⊂

[
1

C
(m)
B (Ω)

, 1

]
, with C

(m)
B (Ω) ≥ n .

Nevertheless, while λ = 1 is indeed an eigenvalue of Sm of infinite multiplicity (due to (4.23)), it is not

clear, a priori, that 1/C
(m)
B (Ω) is also an eigenvalue of Sm. The following result states that if 1/C

(m)
B (Ω)

is an eigenvalue of Sm, then Bm is a norm-attaining operator between Xm(Ω,R) and Hm+1
0 (Ω,Rn). The

corresponding proof is omitted, since it is entirely similar to that of Theorem 2.15, but we refer to [40,
Chapter I, Section 6], [41, Section 2] and [49, Section 11] for further details.

Theorem 4.5. Let m ∈ N and Ω ⊂ Rn be a bounded Lipschitz domain. If f∗ ∈ Am(Ω,R)⊥ \ {0} is an

eigenfunction of the Schur complement Sm, associated to the eigenvalue 1/C
(m)
B (Ω), then

C
(m)
B (Ω) =

∥∇Bm(f∗)∥2m+1,Ω

∥f∗∥2m,Ω

. (4.24)

Moreover, if Ω has a boundary of class Cm+4 and C
(m)
B (Ω) > 2, then there exists f∗ ∈ Am(Ω,R)⊥ \ {0}

satisfying (4.24).
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4.2 Higher-order Bogovskii constant of a ball

In this section we prove

Theorem 4.6. Let m ∈ N and B ⊂ Rn, n ≥ 2, be the unit ball. Then,

C
(m)
B (B) = n . (4.25)

Proof. We first recall the notation of Section 3.1: for every k ∈ N, M̃k denotes the space of homogeneous
harmonic polynomials of degree k (with M̃0 = R), having dimension N(k, n) and

{H̃k,1, . . . , H̃k,N(k,n)} ⊂ M̃k

as an orthonormal basis with respect to the L2(B,R)-scalar product. It is well-known that

∞⋃
k=1

{H̃k,1, . . . , H̃k,N(k,n)}

forms a complete orthonormal system in A(B,R)⊥ with respect to the L2(B,R)-scalar product (recall
(2.33)), see [25, Proposition 4] and [42, Theorem 5.5.III, Proposition 5.5.7]. We next claim that

∞⋃
k=1

{(1−|x|2)mH̃k,1, . . . , (1−|x|2)mH̃k,N(k,n)} forms a complete orthogonal system in Am(B,R)⊥. (4.26)

This proof is lengthy. Since (4.26) is known to hold when m = 0 (Proposition 3.2), we assume m ≥ 1.
Fix any pair of integers k ∈ N, j ∈ {1, . . . , N(k, n)}, and put

Qk,j(x)
.
= (1− |x|2)mH̃k,j(x) =

m∑
ℓ=0

(
m

ℓ

)
(−1)ℓr2ℓH̃k,j(x) ∀x ∈ B ,

with the radial variable r
.
= |x| for every x ∈ Rn. We clearly have Qk,j ∈ C∞(B,R) ∩ Hm

0 (B,R).
Furthermore, since H̃k,j ∈ M̃k, from the Mean Value Property it holds

0 = |B|H̃k,j(0) =

∫
B
H̃k,j(x) dx =

∫ 1

0

∫
Sn−1

rn−1H̃k,j(rξ) dξ dr =
1

n+ k

∫
Sn−1

H̃k,j(ξ) dξ ,

that is, ∫
Sn−1

H̃k,j(ξ) dξ = 0 . (4.27)

Owing to (4.27), we also infer∫
B
Qk,j(x) dx =

(∫ 1

0
rn+k−1(1− r2)m dr

)(∫
Sn−1

H̃k,j(ξ) dξ

)
= 0 ,

thereby implying that Qk,j ∈ L2
0(B,R) and, subsequently, that Qk,j ∈ Xm(B,R).

Recall, for every integer ℓ ≥ 1, the identities

∇r2ℓ = 2ℓr2ℓ−2x , ∆r2ℓ = 2ℓ(2ℓ+ n− 2)r2ℓ−2 , x · ∇H̃k,j(x) = kH̃k,j(x) ∀x ∈ Rn . (4.28)

We then compute, for all ℓ ∈ {1, . . . ,m},

∆(r2ℓH̃k,j(x)) = H̃k,j(x)(∆r
2ℓ) + 2(∇r2ℓ · ∇H̃k,j(x)) = 2ℓ(2ℓ+ n+ 2k − 2)r2ℓ−2H̃k,j(x) ,

∆2(r2ℓH̃k,j(x)) = (2ℓ)(2ℓ− 2)(2ℓ+ n+ 2k − 2)(2ℓ+ n+ 2k − 4)r2ℓ−4H̃k,j(x) ,

∆3(r2ℓH̃k,j(x)) = (2ℓ)(2ℓ− 2)(2ℓ− 4)(2ℓ+ n+ 2k − 2)(2ℓ+ n+ 2k − 4)(2ℓ+ n+ 2k − 6)r2ℓ−6H̃k,j(x) .
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By induction we infer that

∆m(r2ℓH̃k,j(x)) ≡ 0 ∀ℓ ∈ {1, . . . ,m− 1} , ∆m(r2mH̃k,j(x)) =
(2m)!! (2m+ n+ 2k − 2)!!

(n+ 2k − 2)!!
H̃k,j(x)

for all x ∈ B and, consequently,

∆mQk,j(x) = (−1)m
(2m)!! (2m+ n+ 2k − 2)!!

(n+ 2k − 2)!!
H̃k,j(x) , ∆m+1Qk,j(x) = 0 , ∀x ∈ B . (4.29)

Here we use the notation for ℓ ∈ N:

ℓ!! =

Π
ℓ/2
k=1(2k), if ℓ is even,

Π
(ℓ+1)/2
k=1 (2k − 1), if ℓ is odd.

From (4.29)2 we deduce that Qk,j ∈ Am(B,R)⊥ for every k ∈ N and j ∈ {1, . . . , N(k, n)}.
We now proceed to show the orthogonality and completeness of the set (4.26) within Am(B,R)⊥.
Orthogonality: Take (k, j) ∈ N × {1, . . . , N(k, n)} and (ℓ, i) ∈ N × {1, . . . , N(ℓ, n)} such that k ̸= ℓ

or j ̸= i, thereby implying

0 =

∫
B
H̃k,j(x)H̃ℓ,i(x) dx =

∫ 1

0

∫
Sn−1

rn−1H̃k,j(rξ)H̃ℓ,i(rξ) dξ dr =
1

n+ k + ℓ

∫
Sn−1

H̃k,j(ξ)H̃ℓ,i(ξ) dξ ,

that is, ∫
Sn−1

H̃k,j(ξ)H̃ℓ,i(ξ) dξ = 0 . (4.30)

Owing to (4.29)1-(4.30), we can integrate by parts in B to infer

(Qk,j , Qℓ,i)m,B = (−1)m
∫
B
(∆mQk,j(x))Qℓ,i(x) dx

=
(2m)!! (2m+ n+ 2k − 2)!!

(n+ 2k − 2)!!

∫
B
(1− |x|2)mH̃k,j(x)H̃ℓ,i(x) dx

=
(2m)!! (2m+ n+ 2k − 2)!!

(n+ 2k − 2)!!

(∫ 1

0
rn+k+ℓ−1(1− r2)m dr

)(∫
Sn−1

H̃k,j(ξ)H̃ℓ,i(ξ) dξ

)
= 0 .

Completeness: Take any q ∈ Am(B,R)⊥ ⊂ Xm = Hm
0 ∩ L2

0 such that

(q,Qk,j)m,B = 0 ∀k ∈ N , ∀j ∈ {1, . . . , N(k, n)} .

We integrate by parts in B to infer

(q,Qk,j)m,B = (−1)m
∫
B
q(x)(∆mQk,j(x)) dx =

(2m)!! (2m+ n+ 2k − 2)!!

(n+ 2k − 2)!!

∫
B
q(x)H̃k,j(x) dx ,

so that ∫
B
q(x)H̃k,j(x) dx = 0 ∀k ∈ N , ∀j ∈ {1, . . . , N(k, n)} . (4.31)

Since q ∈ L2
0(B,R), from the decomposition (2.33) it follows the existence of a unique pair of functions

(ψ,φ) ∈ H2
0 (B,R)×A(B,R)⊥ such that q = ∆ψ + φ in B. After noticing that∫
B
(∆ψ(x))H̃k,j(x) dx =

∫
B
ψ(x)∆H̃k,j(x) dx = 0 ∀k ∈ N , ∀j ∈ {1, . . . , N(k, n)} ,
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we deduce from (4.31) that∫
B
φ(x)H̃k,j(x) dx = 0 ∀k ∈ N , ∀j ∈ {1, . . . , N(k, n)} . (4.32)

As φ ∈ A(B,R)⊥, (4.32) implies φ ≡ 0, which leads to q = ∆ψ in B. Since q ∈ Hm
0 (B,R), by elliptic

regularity, this ensures that ψ ∈ Hm+2(B,R)∩H2
0 (B). Letting Λn denote the Laplace-Beltrami operator

on the unit sphere Sn−1 (which only involves tangential derivatives on ∂B), it holds

0 = q = ∆ψ =
∂2ψ

∂r2
+ (n− 1)

∂ψ

∂r
+ Λn(ψ) =

∂2ψ

∂r2
on ∂B ,

implying ψ ∈ H3
0 (B,R). But since

∆ (∇ψ) = ∇(∆ψ) = ∇q in B ,

we deduce again, provided that m ≥ 2

0 = ∆(∇ψ) = ∂2

∂r2
∇ψ + (n− 1)

∂

∂r
∇ψ + Λn (∇ψ) =

∂2

∂r2
∇ψ =⇒ ∂3ψ

∂r3
= 0 on ∂B ,

that is, ψ ∈ H4
0 (B,R). Iterating this procedure, we infer that

∂ℓψ

∂rℓ
= 0 on ∂B , ∀ℓ ∈ {0, . . . ,m+ 1}

or, equivalently, ψ ∈ Hm+2
0 (B,R). Consequently, as q equals the Laplacian of a function in Hm+2

0 (B,R),
we deduce q ∈ Am(B,R) ∩Am(B,R)⊥, that is, q ≡ 0. This concludes the proof of (4.26).

We turn now to proving (4.25). As in the proof of (4.26), fix any pair of integers k ≥ 1 and
j ∈ {1, . . . , N(k, n)}. We put

Qk,j(x)
.
= (1− |x|2)mH̃k,j(x) =

m∑
ℓ=0

(
m

ℓ

)
(−1)ℓr2ℓH̃k,j(x) ∀x ∈ B ,

with r
.
= |x| for every x ∈ B. Recall, from the proof of (4.26), that Qk,j ∈ Am(B,R)⊥ ∩ C∞(B,R).

Moreover, the identity (4.29)1 implies

∇((−∆)mQk,j)(x) =
(2m)!! (2m+ n+ 2k − 2)!!

(n+ 2k − 2)!!
∇H̃k,j(x) ∀x ∈ B . (4.33)

Define now the vector field Vk,j ∈ C∞(B,Rn) by the formula

Vk,j(x)
.
= − (1− |x|2)m+1

(2m+ 2)(n+ 2k − 2)
∇H̃k,j(x) ∀x ∈ B ,

so that Vk,j ∈ Hm+1
0 (B,Rn). Recalling (4.28)3, a straightforward computation shows that

(∇ · Vk,j)(x) = − 1

(2m+ 2)(n+ 2k − 2)
∇((1− |x|2)m+1) · ∇H̃k,j(x)

=
1

n+ 2k − 2
(1− |x|2)m(x · ∇H̃k,j(x)) =

k

n+ 2k − 2
Qk,j(x) ∀x ∈ B .

(4.34)

On the other hand, given any index i ∈ {1, . . . , n}, we have

Vk,j(x) · êi = − 1

(2m+ 2)(n+ 2k − 2)

m+1∑
ℓ=0

(
m+ 1

ℓ

)
(−1)ℓr2ℓ

∂H̃k,j

∂xi
(x) ∀x ∈ B .

35



Firstly, suppose that k = 1, so that H̃1,j is simply a linear function in Rn and, therefore,
∂H̃1,j

∂xi
is a

constant function. Owing to (4.33), it holds

(−∆)m+1V1,j(x) · êi = − 1

n(2m+ 2)

∂H̃1,j

∂xi
(x)(∆m+1r2m+2)

= − 1

n(2m+ 2)

(2m+ 2)!! (2m+ n)!!

(n− 2)!!

∂H̃1,j

∂xi
(x)

= −(2m)!! (2m+ n)!!

n!!

∂H̃1,j

∂xi
(x) = −∇((−∆)mQ1,j)(x) · êi ∀x ∈ B .

(4.35)

Secondly, if k ≥ 2, it follows that
∂H̃k,j

∂xi
∈ M̃k−1 and, hence, the computations that led to (4.29) yield

(−∆)m+1Vk,j(x) · êi = − 1

(2m+ 2)(n+ 2k − 2)

(2m+ 2)!! (2m+ n+ 2k − 2)!!

(n+ 2k − 4)!!

∂H̃k,j

∂xi
(x)

= −(2m)!! (2m+ n+ 2k − 2)!!

(n+ 2k − 2)!!

∂H̃k,j

∂xi
(x) = −∇((−∆)mQk,j)(x) · êi ∀x ∈ B .

(4.36)

Summarising, from (4.34)-(4.35)-(4.36) we deduce, for every k ≥ 1 and j ∈ {1, . . . , N(k, n)},

(−∆)m+1Vk,j +∇((−∆)mQk,j) = 0 , ∇ · Vk,j =
k

n+ 2k − 2
Qk,j in B

or, equivalently,

Sm(Qk,j) =
k

n+ 2k − 2
Qk,j ∀k ≥ 1 , ∀j ∈ {1, . . . , N(k, n)} . (4.37)

By (4.26), for every q ∈ Am(B,R)⊥ \ {0} we have

q =
+∞∑
k=1

N(k,n)∑
j=1

(q,Qk,j)m,B

∥Qk,j∥2m,B

Qk,j in B ; ∥q∥2m,B =
+∞∑
k=1

N(k,n)∑
j=1

(q,Qk,j)
2
m,B

∥Qk,j∥2m,B

. (4.38)

Identities (4.37)-(4.38)1 then entail

Sm(q) =
+∞∑
k=1

N(k,n)∑
j=1

k

n+ 2k − 2

(q,Qk,j)m,B

∥Qk,j∥2m,B

Qk,j ,

thereby yielding, as a consequence of (4.38)2,

(Sm(q), q)m,B =
+∞∑
k=1

N(k,n)∑
j=1

k

n+ 2k − 2

(q,Qk,j)
2
m,B

∥Qk,j∥2m,B

≥ 1

n
∥q∥2m,B ∀q ∈ Am(B,R)⊥ \ {0} , (4.39)

which is also valid for q ≡ 0. Given any p ∈ Xm(B,R) \ {0}, it can be decomposed as p = h + q in B,
for a unique pair (h, q) ∈ Am(B,R)×Am(B,R)⊥. In the light of (4.23)-(4.39), we infer

(Sm(p), p)m,B

∥p∥2m,B

=
∥h∥2m,B + (Sm(q), q)m,B

∥h∥2m,B + ∥q∥2m,B

≥ 1

n
∀p ∈ Xm(B,R) \ {0} ,

so that
1

C
(m)
B (B)

= inf
p∈Xm(B,R)\{0}

(Sm(p), p)m,B

∥p∥2m,Ω

≥ 1

n
.

Since we also have C
(m)
B (B) ≥ n (see Theorem 4.3), the proof is concluded. 2

36



A Examples

A.1 How to find uf for some f ∈ L2
0(B,R)?

We recall from the beginning of the proof of Proposition 2.11 that

for all f ∈ L2
0(Ω,R), a solution u ∈ H1

0 (Ω,Rn) to (1.1) coincides with uf if and only if u ∈ H1
0,σ(Ω,Rn)⊥.

Or in other words, in order to find uf one may first try to find some u ∈ H1
0 (Ω,Rn) solving (1.1) and

then to decompose it into

u = u0 + uf with u0 ∈ H1
0,σ(Ω,Rn) and uf ∈ H1

0,σ(Ω,Rn)⊥.

This means that one has to find the orthogonal projection of u onto H1
0,σ(Ω,Rn)⊥. Projection operators

are highly nonlocal and often act counterintuitively. The following examples are intended to give a
feeling of how this projection operator acts.

Let us first consider the simplest nontrivial example f ∈ L2
0(B,R), f(x) = xi for any i ∈ {1, . . . , n}.

Then it is an obvious guess to consider u(x) = (|x|2 − 1)ei as a solution to (1.1). From Proposition 3.2
one takes then that one even has u = uf and that moreover, this pair (f, uf ) maximises CB(B).

Next we take f(x) = |x|2x1 so that an obvious guess for a solution u ∈ H1
0 (B,Rn) to (1.1) is

u(x) =
1

4
(|x|4 − 1)e1.

In spite of its simple form it does not coincide with uf , which is given in the following statement. In
particular, symmetry properties of f are not fully inherited by the corresponding solution uf .

Proposition A.1. For f(x) = |x|2x1 the privileged solution uf ∈ H1
0 (B,Rn) of (1.1) is given by

uf (x) =
|x|2 − 1

n+ 4


1
4(|x|

2 + 1) + x21 +
n+1
2

x1x2
...

x1xn

 and

∫
B
|∇uf |2 dx =

(
n− 4

n− 1

(n+ 4)2

)∫
B
f2 dx. (A.1)

Proof. Regularity and attainment of the boundary conditions are obvious. The fact that uf solves (1.1)
follows from

∇uf =
1

n+ 4


(
|x|2 + 2x21 + n+ 1

)
xT + 2x1(|x|2 − 1)eT1

2x1x2x
T + x2(|x|2 − 1)eT1 + x1(|x|2 − 1)eT2

...
2x1xnx

T + xn(|x|2 − 1)eT1 + x1(|x|2 − 1)eTn

 .

In order to verify the necessary and sufficient condition (2.6) we calculate further

∆uf (x) =
1

n+ 4


n
(
|x|2 + 2x21 + n+ 1

)
+ 2|x|2 + 4x21 + 2(|x|2 − 1) + 4x21

2(n+ 2)x1x2 + 2x1x2 + 2x1x2
...

2(n+ 2)x1xn + 2x1xn + 2x1xn



=
1

n+ 4


(n+ 4)|x|2 + 2(n+ 4)x21 + n(n+ 1)− 2

2(n+ 4)x1x2
...

2(n+ 4)x1xn



=


|x|2 + 2x21 +

(n+2)(n−1)
n+4

2x1x2
...

2x1xn

 = ∇
(
|x|2x1 +

(n+ 2)(n− 1)

n+ 4
x1

)T

= (∇ψ(x))T ,
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where ψ(x) = |x|2x1 + (n+2)(n−1)
n+4 x1. With this we find∫

B
∇uf : ∇v dx = −

∫
B
∆uf · v dx = −

∫
B
∇ψ · v dx =

∫
B
ψ (∇ · v)︸ ︷︷ ︸

≡0

dx = 0 ∀v ∈ H1
0,σ(B,Rn).

In view of the necessary and sufficient condition (2.6) we see that uf is indeed the “privileged” solution,
as claimed.

The proof of (A.1)2 is obtained by direct computations. 2

The idea to obtain uf in this example can be explained as follows. The necessary and sufficient
condition (2.6) requires ∆uf to be a gradient field with a potential, say ψ ∈ H2(B,R), see (2.7) in
Theorem 2.4. If (ψ − f) had homogeneous boundary conditions (which is not the case) from ∆ψ = ∆f
one would have ψ = f . So, a correction term in ψ is needed and the main issue was to find the right
factor in front of x1. In two dimensions this could be determined explicitly by means of a stream
function-ansatz, to be added to u. In general dimensions a series of “educated guesses” eventually gave
the right factor.

A.2 On the failure of extension arguments

In spite of the fact that (2.8) involves only first order derivatives, e.g. Lemma 2.2 and (3.1), combined
e.g. with Theorem 3.6 show that there is no monotonicity with respect to domain inclusions. The reason
for this is that arguing by trivial extension is not admissible for determining the Bogovskii constant (2.8).
The following example shows how, for a pair (f, uf ) maximising the Bogovskii constant, the properties
being uf break down as well as the maximality of f . Again, this is an effect of the nonlocality of the
projection operator mentioned in the previous subsection.

Since the calculations are quite involved, we restrict ourselves to the planar case n = 2. Again,
according to Proposition 3.2 we consider the maximising pair (f, uf ) in B =: Ω1 given by f(x) = x1 and

uf (x1, x2) =
1

2
(|x|2 − 1)

(
1
0

)
, ∇uf (x1, x2) =

(
x1 x2
0 0

)
,

and extend f trivially by 0 to Ω2 = B2. For

f ∈ L2
0(B2), f(x) = χB(x)x1 ,

we claim that

uf (x) =

(
1

128 |x|
2 + 1

64x
2
2 +

3
16

− 1
64x1x2

)
+ χB(x)

(
3
8 |x|

2 − 1
4x

2
2 − 1

2
1
4x1x2

)
+ χB2\B(x)

(
−1

4 + 1
8|x|2 − x2

2
4|x|4

x1x2
4|x|4

)
. (A.2)

To see this, we need to verify the three properties:

uf ∈ H1
0 (B2), ∇ · uf (x) = χB(x)x2 = f(x) a.e. in B2, (2.7).

The first two properties can be verified through direct computations:

∇uf (x) =
1

64

(
x1 3x2
−x2 −x1

)
+

1

4
χB(x)

(
3x1 x2
x2 x1

)
+ χB2\B(x)

− x1
4|x|4 +

x1x2
2

|x|6 − 3x2
4|x|4 +

x3
2

|x|6
x2

4|x|4 − x2
1x2

|x|6
x1

4|x|4 − x1x2
2

|x|6

 .

To prove (2.7) we introduce the function

ψ̃(x)
.
= χB2\B(x)

(
1

8|x|2
− 1

4

)
x2 −

1

8
χB(x)|x|2x2
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that satisfies ψ̃ ∈W 2,∞(B2) and

∆ψ̃(x) = −χB(x)x2 a.e. in B2. (A.3)

Since ψ̃ does not have double trace vanishing of ∂B2, we add a biharmonic correction, that is, we take

ψ(x) = ψ̃(x) +
1

128
|x|2x2 +

3

16
x2 =

1

128
|x|2x2 +

3

16
x2 + χB2\B(x)

(
1

8|x|2
− 1

4

)
x2 −

1

8
χB(x)|x|2x2

and we obtain ψ ∈ H2
0 (B2). From (A.2) we see that uf = u+∇⊥ψ = u+ (ψx2 ,−ψx1) and, hence, (2.7)

follows if ψ is a distributional solution to

∆2ψ = ∆
(
u2,x1 − u1,x2

)
= −∆u1,x2 in D′(B2). (A.4)

So, let us check the validity of (A.4). First, we notice that

⟨∆u1,x2 , φ⟩ =
∫
B2

u1,x2∆φ =

∫
B
x2∆φ ∀φ ∈ C∞

c (B2) .

Then we compute

⟨∆2ψ,φ⟩ = ⟨∆2ψ̃, φ⟩ =
∫
B2

∆ψ̃∆φ
(A.3)
= −

∫
B
x2∆φ = −⟨∆u1,x2 , φ⟩ ∀φ ∈ C∞

c (B2)

and, hence, (A.4) holds. This completes the proof of (A.2).
Finally, we compute ∥f∥2L2(B2)

and ∥∇uf∥2L2(B2)
. By making use of symmetry arguments we obtain∫

B2

|f |2 dx =
π

4
,

∫
B2

|∇u|2 dx =
π

2
= 2

∫
B2

|f |2 dx, ,∫
B2

|∇uf |2 dx =
1

642

∫
B

(
(492 + 152)x21 + (152 + 192)x22

)
dx

+
1

2048

∫
B2\B

1

|x|10
(
|x|12 + 4x22|x|10 + 32|x|6(x22 − x21) + 256|x|4

)
dx

=
803

2048

∫
B
|x|2 dx+

1

2048

∫
B2\B

(
3|x|2 + 256|x|−6

)
dx =

17

64
π =

17

16

∫
B2

|f |2 dx.

This ratio illustrates how far the trivially extended u is from the minimising uf and how far the trivial
extension of f becomes apart from being the maximising one for CB(B2) = 2, see (3.1).
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[14] M. Costabel. Inequalities of Babuška–Aziz and Friedrichs–Velte for differential forms. In Recent
Trends in Operator Theory and Partial Differential Equations: The Roland Duduchava Anniversary
Volume, pages 79–88. Springer, 2017.

[15] M. Costabel and M. Dauge. On the inequalities of Babuška-Aziz, Friedrichs and Horgan-Payne.
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[32] A. Korn. Über die Cosserat’schen Funktionentripel und ihre Anwendung in der Elastizitätstheorie.
Acta Math., 32:81–96, 1909.

[33] O. A. Ladyzhenskaya and V. Solonnikov. Some problems of vector analysis and generalized formu-
lations of boundary-value problems for the Navier-Stokes equations. J. Soviet Math., 10:257–286,
1978.

[34] S. G. Mihlin. The spectrum of the pencil of operators of elasticity theory. Uspehi Mat. Nauk,
28(3(171)):43–82, 1973.
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[51] S. Zsuppán. Stokes problem, related inequalities, constants and representations.
https://math.bme.hu/sites/math.bme.hu/files/AlkAnalSzemi/PapersPresentations/zsuppan2017.pdf,
pages 1–57, 2016.

[52] S. Zsuppán. On connections between domain specific constants in some norm inequalities. Dimenziók
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Pontificia Universidad Católica de Chile
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