A unified approach to the divergence equation
and related functional inequalities

Filippo Gazzola — Hans-Christoph Grunau — Gianmarco Sperone

Abstract

The huge amount of literature about the divergence equation in bounded Lipschitz domains of R™
(n > 2) is fairly disconnected and even apparently simple problems remain unsolved. We go several
steps further in the knowledge of this equation and of some related inequalities. We prove that
among its infinitely many solutions there exists a special one obeying elliptic regularity theory. This
solution simplifies the definition of the Bogovskii constant Cg and allows us to prove its attainment
in smooth domains. We then obtain a universal lower bound for C'g in any Lipschitz domain as well
as a non-minimality criterion. As expected, balls are minimisers as the domain varies, although no
symmetrisation technique is used. We also analyse ellipsoids and annuli: for the first we improve the
(so far) best asymptotic inequality for thinning domains. Finally, we introduce higher-order Bogovskii
constants, which lead to a polyharmonic Stokes problem. Not only regularity theory applies without
smoothness of the domain when the source has some vanishing traces, but we also prove that balls
are again minimisers among Lipschitz domains with the very same Bogovskii constant. Three main
challenging open problems are suggested.
Mathematics Subject Classification: 35F05, 35J58, 47A75, 76D07.
Keywords and phrases: Bogovskii constant, Schur complement, Cosserat eigenvalues, Necas in-
equality, higher-order Stokes equations, optimality in functional inequalities.
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1 Introduction

Which is the simplest boundary-value problem for a linear ODE on a bounded interval (a,b) C R? We
believe it is u/(x) = f(z) with u(a) = u(b) = 0. This problem is solvable if and only if f has zero mean
over (a,b) and, in this case, the solution is unique and explicitly given by u(z) = [* f(s)ds.

Moving to higher space dimensions n > 2, with 2 C R” being a bounded domain, this becomes a
celebrated problem in Fluid Mechanics, namely to find a vector field u € H&(Q, R™) such that

Veu=f in Q, u=0 on 0N (1.1)

for a given f € L3(Q,R) (zero mean): the existence of a solution to (1.1) is by far nontrivial, see e.g.
[24, Theorem II1.3.1]. If w solves (1.1), then taking

0 € C3(Q,R), D = (Yzyy —02,,0,...,007 e CL(Q,RY), (1.2)

one has that V-® = 0 and u + ® also solves (1.1). Clearly, one can “play” with other partial derivatives
of ¢ or, in dimension n = 3, simply take ® =curl(s) for any v € C(Q,R3). By using this trick, one
can construct a sequence {ug} C H} (€, R") of solutions to (1.1) such that [Vugl|2(q) — 00 as k — oo,
whatever f € L3(Q,R) is (including f = 0!). Therefore, uniqueness and a priori bounds for solutions
to (1.1) are a delicate matter. In view of the twisty story retraced at the end of this section, we will
refer to (1.1) as the divergence equation. Moreover, following [15, (2.3)] (see also [21]), the “optimal
constant” for a priori bounds of solutions to (1.1) is characterised by

Cp(Q) = sup inf{||Vv||%2(Q); ve HYQRY, Vv =fin Q} (1.3)
feLZ(Q,r)
HfHLQ(Q):l

with Cp(2) < oo for every bounded Lipschitz domain © C R", see again [24, Theorem III.3.1]. In spite
of earlier contributions in different fields, following the Fluid Mechanics community, we will refer to (1.3)
as the Bogovskii constant.

When we got interested in (1.1) we were surprised, on the one hand of the huge number of different
mathematical groups working on it and, on the other hand, on the lack of interactions between some
of them. The bibliographies of the related papers are not exhaustive and often relevant previous works
are not mentioned. Below we try to reconstruct the history of this mysterious working parallel to each
other. It is our main purpose to connect all together these contributions, to complement them with new
results, to analyse in depth (1.1) and (1.3), and to suggest a unified approach to their analysis.

Unless otherwise stated, throughout the paper Q@ C R™ (n > 2) is a bounded Lipschitz domain. As
customary for PDEs, the first step is to set up the problem in some functional-analytic framework and
to analyse possible invariances of the equation: this is done in Section 2.1. In Theorem 2.4 we prove the
existence of a “privileged” solution to (1.1): not only it achieves the (inner) infimum in (1.3) and is then
subject to a priori bounds, but it also benefits of elliptic regularity theory, although (1.1) is not elliptic.
In fact, this privileged solution is a weak solution to a generalised Stokes system in 2, see (2.7).

For general  C R", to find the exact value of Cp(2) appears to be a challenging task. In Theorem
2.5 we prove the sharp universal lower bound Cp(€2) > n and we provide a criterion for € not to reach
this value: this criterion is applied in Section 2.3.

In Section 2.4, we set the analysis in different functional settings such as the Velte-Crouzeix spaces:
the lack of connections between different communities somehow forces us to link together several results
related to the Schur complement of the Stokes operator, to the Cosserat eigenvalue problem, and to the
Necas inequality. We summarise these connections in Propositions 2.11 and 2.13. These results are
complemented with Theorem 2.15, where we prove that also the (outer) supremum in (1.3) is attained
in smooth domains €2; for general Lipschitz domains, see Open Problem 1.

Section 3.1 is devoted to the analysis of (1.1) in balls: by combining Theorem 2.5 with earlier
contributions leading to (3.1), we prove that balls minimise the Bogovskii constant among bounded



Lipschitz domains; we also report the proof of (3.1) by describing the whole spectrum of the Cosserat
eigenvalue problem. The natural question is then whether balls are the only minimisers of the Bogovskii
constant, see Open Problem 2. In the Appendix (Section A) we complement the results in balls by
showing that the privileged solution can be obtained from any solution by applying a projection operator.
Its nonlocal and symmetry breaking behaviour is illustrated by two explicit examples.

We then analyse in detail the cases of ellipsoids (Section 3.2) and annuli (Section 3.3). In ellipsoids,
we determine explicitly the privileged solution to (1.1) when f belongs to a suitable n-dimensional space
and we find upper/lower bounds for Cp (depending on the axes) more precise than those available in
literature, see (3.6) and Open Problem 3: as expected, we show that no proper ellipsoid attains Cp = n.
Also in annuli we are able to prove such result which, perhaps, is less expected, see Theorem 3.6 where
we also show that thinning annulli have a diverging Bogovskii constant in any dimension n > 2 (this
was known only for n = 2 with a fairly complicated proof [10]). Our proof also reveals connections with
the (planar) Zhukovsky transform [1, Chapter 4] and with the Friedrichs inequality [22].

In Section 4 we introduce a higher-order version of the Bogovskii constant, see Cj(gm)(Q) in (4.2). In
Theorem 4.2 we prove that, also within this framework, among infinitely many solutions to (1.1) there
exists a privileged one, different from that for (1.3), which achieves the (inner) infimum in (4.2), is subject
to a priori bounds, and benefits of elliptic regularity theory, as it solves a higher-order generalised Stokes
system in €, see (4.5) and previous work in [3]. In Theorem 4.3 we prove the sharp universal lower bound

C’J(Bm)(Q) > n (the same as in Theorem 2.5!) and a criterion for 2 not to reach this value. In Proposition
4.4 we prove the higher-order version of the Necas inequality and, after introducing the higher-order
Schur complement of the Stokes operator, in Theorem 4.5 we show that the (outer) supremum in (4.2)
is attained on smooth domains 2. Theorem 4.6 states that, in any ball, also the higher-order Bogovskii
constant C’gn) in (4.2) equals the lower bound n. While the proof of (3.1) is obtained by exploiting the
knowledge of the Cosserat spectrum, our proof of Theorem 4.6 is obtained after determining explicitly

the Schur complement of the polyharmonic Stokes problem.

Historical facts and bibliographical notes.

In a seminal paper, Friedrichs [22] proved an inequality between the L2-norm of conjugate harmonic
functions (with zero mean) in planar bounded domains. Ten years later [23], he connected his result
with the Korn inequality [32] in elasticity, see also [31]. The Friedrichs inequality has natural extensions
to higher space dimensions. In 3D, pairs of conjugate harmonic functions were replaced by Velte [18, (1)]
with pairs of vector fields satisfying the so-called Moisil-Teodorescu equations. In any space dimension
n > 2, a generalised Friedrichs inequality was obtained by Costabel [14, (1.10)] who introduced suitable
differential forms.

The first a priori bound for (1.1) is due to Cattabriga [9] in 3D and for f € LE(Q,R) (1 < p < 00),
assuming that u also solves a generalised Stokes problem. Several years later, Babuska & Aziz [1]
found a priori bounds for (1.1) in planar domains for numerical purposes, see also subsequent results by
Ladyzhenskaya & Solonnikov [33]. Related to a result by Pileckas [35] is the work by Bogovskii [0, 7]:
based on the explicit representation formula in star-shaped domains due to Sobolev [14, Formula (7.9)],
he proved existence and a priori bounds for a solution to (1.1) in the scale of Sobolev spaces of positive
order. Without giving references, a priori bounds for (1.1) are named after Ladyzhenskaya-Babuska-
Brezzi (LBB) in (e.g.) [5, 10].

In a celebrated paper, Horgan & Payne [30] were able to prove the following simple formula connecting
the optimal Friedrichs (or Korn) constant I'(Q2) with Cp(2)

Cp(Q) =D(Q) +1; (1.4)

they name Cp(2) the Babuska-Aziz constant because they only consider 2D simply connected domains
Q as in [1]. By using the contributions in [, 48], (1.4) has been discussed in higher space dimensions
and for more general domains in [2, 15, 16, 19, 28, 29, 33, 37, 50, 52, 53].

The functional setting that we use in Section 2.4 is an extension, to any dimension n > 2, of the one
employed by Velte [17], although the author himself writes that our considerations rest upon results which



are known (or nearly known), see [17, p.159]. Our Proposition 2.11 follows the lines of [17, Proposition
17] (written only for n = 3) and the variational characterisation (2.30) is related to the general Necas

inequality [30], see also [35, Lemme 3.7.1], [24, Exercise II1.3.4] and earlier results by Cattabriga [9,
pp-312-313]. In fact, (2.30) may be seen as a “dual characterisation” of Cpg, in the spirit of Fichera [20].
Proposition 2.11 also contains the proof of [17, Theorem 1] which, as mentioned there, was probably

already known, although no written proof seems to exist in literature. It was orally exposed by Velte
during an Obwerwolfach meeting in 1998 and Sohr commented that he was already aware of it, see [17,
Remark, p.162].

Finally, let us try to retrace the history of (3.1). It is proved, e.g., in [30, Section 6] for n = 2 and in
[17, Theorem 2] for n = 3. Moreover, there are indications in the literature that the general statement
had been known for some time. In a talk given in Budapest in March 2016, Zsuppén [51, p.4] attempts
to reconstruct the history of (1.1) overlooking, however, part of the vast literature; in particular, on [51,
p.14] he attributes to Cosserat & Cosserat [13] the first proof of (3.1) but we were not able to find the
explicit proof therein. In the notes on her web page, Dauge [18, p.2] claims that it was Crouzeix [17]
who first proved (3.1). This paper is also mentioned on [51, p.4] but is not easy to find on the web:
Crouzeix himself calls it “an article introuvable” (an unobtainable paper), which is downloadable from
his webpage. It is indeed true that (3.1) is proved in [17], but... it is very hidden. The paper by Crouzeix
[17] starts by clarifying that the considered domains are only 2D and 3D, which is repeated in the titles
of Sections 3 and 4. However, at the bottom of p.5, Crouzeix manages to prove (3.1) without writing
this explicitly. His proof is obtained as a consequence of results in ellipsoids which, in turn, are related
to much earlier results by the Cosserat brothers [12, 13] and Mihlin [34] in elasticity. We are then back
to the staring point! Having these results in mind (see also [13]) one may deduce (3.1) directly from [17,
Theorem 2], which is again formulated only for n = 3. Moreover, in view of Proposition 2.11, a proof
of (3.1) is also given in [26, Corollary 6] (using the Schur complement) where the authors do not cite
previous works, neither [13] nor [17], although in parts their reasoning is pretty much along those lines.

2 The Bogovskii constant

2.1 Preliminaries

We collect here some results and remarks which will prove to be useful in what follows.

We begin with a simple observation that has several connections with Section 2.4. A refinement of
the celebrated Helmholtz-Weyl decomposition (see, e.g., [15, Theorem I1.1.5] or [24, Theorem III.1.1])
states that the spaces

Gy = {we L*(QR"); V-w=0, y,w=0},
Gy = {w e L*(QR"); V-w=0, 3g € H'(Q,R), w = Vg}, (2.1)
Gs = {w € L*(Q,R"); 3g € Hj(LR), w = Vg},

);
);

are mutually orthogonal in L?(Q,R") and L?(Q,R") = G ® G2 @ G3; in (2.1) +, is the normal trace
operator. This means that every vector field w € L?(£2,R™) can be uniquely written as the sum of
three vectors w' € G; for i = 1,2,3. As mentioned in the introduction, the problem (1.1) admits
infinitely many solutions for any f € L3(€2,R). For any such solution u € H} (2, R") C L*(Q,R"), let
u = u' 4+ u? 4+ u3 be its orthogonal decomposition in the spaces appearing in (2.1). Then

f=V-u=V-u.

Since u® € Gg, there exists g € H}(Q,R) such that u® = Vg. Inserted into the previous equation, this
shows that g weakly solves the problem Ag = f in Q. Then, g is uniquely determined and so is u3 = Vg.
Therefore,

although (1.1) admits infinitely many solutions, all of them have the same projection over Gs.



The next statement says that the inner infimum in (1.3) is always bounded from below by 1. On
the contrary, the Bogovskii constant can be arbitrarily large in “thin” domains, see Theorem 3.3 and
Remark 3.5 below.

Lemma 2.1. For any u € H (Q,R") we have
IV - ullr2(0) < [[Vullp2(q)- (2.2)

Proof. By density, it suffices to consider u € C2°(Q2, R™). Integrating twice by parts and applying the
Cauchy-Schwarz inequality yields:

HV-UH%Q(Q) /(Zf)ul) da:—Z/ (Oyu;) (Oju;) dx—Z/ (Oyuy) (O5u;) d

2,j=1 ,j=1
. 1/2 " 1/2
<[ X 0uw?) X ou?| do= [ Vulde=|Tulsg,
Q ij=1 i,7=1 @
and (2.2) follows. O

Next, we observe that the Bogovskii constant (1.3) is invariant under translation, dilation and rotation
of domains; therefore, there is no monotonicity of C'p with respect to domain inclusions. Otherwise
Cp(Q) would be the same for all 2 C R™; in Section 3 we shall show that this is not the case.

Lemma 2.2. For any h € R", any k > 0, and any A € O(n), we have that
Cp(A(Q) =Cp(kQ) =Cp(Q+h) =Cgp(Q).

Proof. We only prove the invariance under rotation. Let A € O(n). For any f € L3(A(Q),R) and
u € HE(A(Q),R") solving (1.1) in A(f2), we define

fa€ L3(QR), falx)= flAz), uq€ HYQLRY), wuq(z)=AT - u(Az).
Then, obviously || fallz2() = Ifllz2(a)), and further

Vug(z) =A" - (Vu)(Az) - A
[Vua(@)? = tr (AT - (Vu)(A >A) (AT (Tu)(Az) - A))
=tr (AT - (V)T (Az) - (Vu)(Az) - A) = tr (AT - A- (V)T (Az) - (Vu)(Az))
=tr ((Vu)" (Az) - (Vu)(Az)) = |(Vu)(Az)[,
[Vuallp2) =lVullL2(a@))-

T

Finally, we have a.e. in 2:

V- ug(z) =tr (Vua(z)) = tr (AT - (Vu)(Az) - A) = tr (AT - A+ (Vu)(Az))
=tr (Vu)(Az)) = (V- u)(Az) = f(Az) = fa(2),
so that fa,u4 solve (1.1) in Q. We conclude that Cp(A(2)) > Cp(Q2). The same argument with 4(2)

instead of  and A” instead of A gives Cp(Q2) = C(AT(A(Q))) > Cp(A(R)), which is the reverse
inequality. Equality then follows. O

We conclude this section with a simple observation on divergence-free vector fields.



Lemma 2.3. For any vector field
v € Hy ,(R") = {w e Hy(QLR"); V-w=0inQ}, (2.3)

any j € {1,...,n} and any g € C'(R,R), one has
/Qg'(xj)vj(;r) dz = 0. (2.4)

Proof. Let €, v, and g be as in the lemma. Then for arbitrary ¢ € C}(Q, R), integration by parts yields:

0:/9()(Vv /V(p x)dz.

Choosing j € {1,...,n} and p(x) = g(x;), we find (2.4 O

2.2 A variational characterisation and a sharp lower bound

Our first result states that the (inner) infimum in (1.3) is, in fact, a minimum and that it is achieved
by a unique vector field; cf. [I14, 15, 30, 33, 48, 53]. This means that, among all solutions of (1.1) in
HE(Q,R"), there is a privileged one.

Theorem 2.4. For any f € LE(U,R) there exists a unique solution ug € H} (2, R™) to (1.1) such that
Vg |22 = int {”W”%m) L ve HYQRY), V-v=fin Q} . (2.5)
Moreover, with H&O_(Q,R”) as in (2.3), satisfying the following FEuler-Lagrange equation
/ Vu:Vode =0 Y € H&U(Q,R”) (2.6)
Q

is mecessary and sufficient for a solution u € H}(Q,R™) of (1.1) to minimise (2.5) so that u = uy.
Equivalently, there exists a unique py € L%(Q,R) such that the pair (ug,py) weakly solves the generalised
Stokes system

—Auy+Vpr =0, V-uy=f 1in Q,
{ o)

up=0 on 09Q.

Moreover, if Q has a boundary of class C™ ™4 and f € H™(Q,R) N L3(Q,R), for some m € N, then
up € H™M(Q,R™) N HL (L, R™).

Proof. If f = 0 the result is trivial and uy = 0.

If f # 0, by linearity of (1.1) we may assume that ||f||z2(q) = 1. Fixed any such f, consider a
minimising sequence, that is, a sequence of solutions {u*} C H{ (€2, R") to (1.1) whose norms ||Vu"||2, @)
tend to the infimum in (2.5). Then {u*} C H{(Q,R") is bounded and, up to a subsequence, it converges
weakly to some uy € H(€,R"). In turn, V-uF — V-uy in L2(Q, R) so that [, oV -uf dz — [, oV -usdzx
as k — oo for all ¢ € L?(2,R), which shows that u ¢ solves (1.1). Moreover, by lower semicontinuity of
the norm with respect to weak convergence, we have

HvufH%Q(Q) < hkfggf HVU}C”%%Q) = inf{vaH%%Q) ; vE Hy(QR"), V-v=fin Q} =

which shows that uy € H} (€, R™) achieves the minimum in (2.5).



In order to prove uniqueness, assume that two vector fields u,v € HE(Q,R") solve (1.1) with
HVUH%Q(Q) = HVUH%Q(Q) = M. Then, by linearity, any convex combination w, = au + (1 — «)v also
solves (1.1). Moreover, by the Holder inequality,

IVwall7z) = laVu+ (1 - @)Voll72q
= a2||vu||%2(Q) + (1 — 04)2||VU||%2(Q) +2a(l — ) /Q Vu : Vudz
<a’M+(1—-a)®’M +2a(1 — ) Vull L2 IVl 2@ = M.

Since M is the minimum, the above inequality is an equality, that is,

/QVU :Vodx = ||VUHL2(Q)”VU||L2(Q) .

But the Hélder inequality becomes an equality if and only if the two involved functions are proportional,
namely Vv = yVu for some v > 0. Since ||Vu\|%2(9) = ||Vv\|%2(9) = M, we necessarily have v = 1 so
that Vo = Vu and v = u. This also proves that (2.6) is satisfied for any v € Hj ,(Q,R™).

Conversely, the linearity of the subspace of H}(£2, R") of solutions of (1.1) and the strict convexity
of the functional v — [|Vvl[3, () On this subspace prove also the sufficiency of (2.6).

Making now use of the decomposition (2.1) of L?(£2,R"), we see that (2.6) is the weak formulation
of (2.7). We obtain a unique pressure ps € L2(€2,R) corresponding to the privileged solution us of the
divergence equation (1.1) such that

(Auy)j = u,py V5 € {L,...,n}.

This yields system (2.7).
Finally, the higher-order regularity statement follows directly from [3, Theorem IV.5.8]. O

Theorem 2.4 deserves several comments. First, it enables us to slightly modify the variational char-
acterisation of Cg(Q2) in (1.3):

IVurll?
Cp(Q)) = sup KLY )

, (2.8)
FEL2(QUR\{0} ||f”%z(g)

with uy € HJ (€, R") being the unique vector field in H} (2, R") satisfying (2.6).
Second, the regularity statement in Theorem 2.4 only refers to the special solution uy. A simple
counter-example is as follows: let B C R? be the unit disc and let

- z2(1 —|z[*) @iz - 1)
f=0inB, u(x) = ( S P )

so that V-u = f € C*(B,R) and u € Hj \ H*(B,R?), while us = 0. The (obvious) reason of this failure
is that elliptic regularity does not apply to (1.1) while the special solution uy also solves the elliptic
problem (2.7). We come back to this issue in Section 4.

Third, and most important, by using Theorem 2.4, we also provide a sharp lower bound for the
Bogovskii constant in bounded Lipschitz domains 2 C R™ and a non-minimality criterion that will be
applied in Section 2.3. Given any index i € {1,...,n}, let

Ki(Q,R)={g:Q2—=R; g(z)=g(z;) VxeQ} (2.9)

denote the vector space of scalar functions on € that depend, at most, on the i-th variable (in particular,
K:(£2,R) contains constant functions). In the next result we show that the Bogovskii constant is bounded
from below by n, thereby improving (2.2); moreover, this lower bound is sharp. Indeed, in Section 3.1
below we shall see that it is attained on any ball of R™.



Theorem 2.5. For any bounded Lipschitz domain 2 C R™ one has
Cp(Q)>n.

Moreover, Cp(€2) > n whenever one of the following two facts occurs:
o there exist i € {1,....,n} and g € K;(Q,R) N L?(, R) such that the unique solution w € Hi(Q,R) of

—Aw =g in Q, w =0 on 0N, (2.10)
satisfies
ow |? 1 9
— 2.11
/Q o, dx<n/Q|Vw| dzx , (2.11)

o there exists h € C(R,R) such that the unique solution to

—Aw=nh <Zazz> inQ, w =20 on 0, (2.12)
i=1
satisfies
Z / Op;w O ;wdr < 0. (2.13)
1=i<j /¢

Proof. We start by noticing the elementary inequality for scalar functions

n 2
Vuw|?dr = / dr | >n min /
/Q| | ; < Q ) ke{l,...n} Jo

We apply (2.14) to the weak solution w € Hg(Q,R) of the torsion problem

2

w dr  Ywe HY(QR). (2.14)

69@

ow
oxy,

—Aw=1inQ, w =0 on 09, (2.15)

that is,
/Vw.wdx:/godx Vo € Hi (Q,R). (2.16)
Q Q

Let k € {1,...,n} denote the index of the partial derivative of w attaining the minimum in the right hand
side of (2.14); clearly, there may be more than one such index, e.g. in domains with some symmetry

property. Then, (2.14) becomes
/ |Vw|?dz > n /
Q Q

Take the vector field u = (ug,...,un) € HE(Q,R") such that u;, = w and u; = 0 for i # k, and define
f € L§(Q,R) by

2
dz . (2.17)

dy,

fevoau=2" woa
8$k

We claim that v = uy as in Theorem 2.4; given any v = (v1, ..., v,) € H&U(Q R™), notice that

/Vu:Vvdx:/Vw-Vvkdm:/vkdx:(),
Q Q Q

owing to Lemma 2.3 and (2.16), so that the Euler-Lagrange equation (2.6) is fulfilled. From Theorem
2.4 and (2.8)4+(2.17) we then deduce

CB(Q): sup HVUhH%ﬁ(Q) Hvuinz(Q) _ |’Vw||%2(ﬂ)
heLg()\{0} ”h”%2(9) B ||f||%2(9) ||0ka||%2(m

Z N,

8



thus providing the stated lower bound for Cp(f2).
In order to prove the first non-minimality criterion, consider i € {1,...,n}, g € K;(Q,R) N L?(, R)
and w € H}(, R) satisfying (2.10)-(2.11), meaning that

/Vw~Vg0dx:/gcpd:1: Vo € Hi(Q,R). (2.18)
Q Q

Take the vector field u = (u1,...,u,) € H} (2, R") such that u; = w and uj = 0 for j # 7, and define
h € L3(Q,R) by

_ Ow
N 8.731

As before, we claim that u = up; given any vector field v = (vy, ..., v,) € H&U(Q, R™), notice that

/Vu:Vvdx:/Vw-Vvidx:/gvidarzo,
Q Q Q

owing to Lemma 2.3 and (2.18), so that the Euler-Lagrange equation (2.6) is fulfilled. Then, by using
(2.8) and (2.11), we find

h=V-u in Q.

||vuh||%2(g) _ ||Vw|\%2(9)

B(Q) > >n,

”h”%%g) B Hawin%Q(Q)

which completes the proof of the first criterion.
For the second criterion, let w € Hg(Q,R) satisfy both (2.12) and (2.13). Take the vector field
= (U, .oy ) = (w0, ...,w) € HY(Q,R™). Then (2.6) is satisfied and

|Vu|? = n|Vw|?, |V - ul? = |[Vw|? + 2 Z Oz, w O, w .
1=i<j
Therefore, in view of (2.13), we have
/ \Vu|? dx :n/ V- ul? dz — 2n Z / Oz, w Oz ;w dx > n/ |V - ul? dx

which proves again that C'p(€2) > n. We point out that this second criterion is equivalent to the first
one after a careful (and lengthy) change of variables. We provided here a direct proof. O

2.3 Applications of the non-minimality criterion in 2D symmetric domains

The non-minimality criterion in Theorem 2.5 appears to be useful in symmetric domains where the
torsion problem (2.15) may give equal L?-norms for all the partial derivatives of the solution. As a first
application, we show that a square in R? does not minimise Cp.

Example 2.6. The unique solution to
—Aw =sin(z;) in (0,7)2, w=0 ond0,7)?,

is explicitly given by

w(wy, ) = sin(zy) (1 _ sinh(@y) + sinh(r — x2)>

sinh(7)

Then we compute

B _ sinh(z) + sinh(7m — 22) . cosh(m — x2) — cosh(xz2)
Oz, w = cos(z1) <1 Sinh(7) ,  Og,w = sin(xy) Sinh () )

9



and notice that

s

/ |0, w|? dar = —5 / [sinh(7) — sinh(z2) — sinh(m — 22)]? das
(0,7)2 2sinh*(7) Jo

)
(COSh(7T)() (m cosh(m) 4+ 27 — 3sinh(m))

2sinh? ()
() m(cosh(m) —1) .
< W (sinh(7) — )

= 2smh2(7r)/o [cosh(m — a2) — cosh(z2)]? dxy = /(0 . OpwlPde  (2.19)

so that (2.11) is satisfied and

Jomy2 |0z, w]* dze 7 cosh(m) + m — 2sinh(m)
2) > 14 =00 = 2. 2.2
Cp((0,m)7) 21+ o |0z, w|2dx  wcosh(m) + 27 — 3sinh(w > (2.20)
(0,m) 1

In order to see that the inequality (%) —and hence (2.20)- is correct, one has to discuss the function
f:[0,00] = R, f(s) = 4sinh(s) — 3s — scosh(s)

and to prove that f(m) > 0. In fact, f(0) = f/(0) = f”(0) = 0, f is strictly convex close to s = 0, has a
unique flex point, is eventually strictly concave and lims_, f(s) = —oo: hence f has a unique zero in
(0,00). Since f(3.2) > 0.05 we have that f|¢ 32 > 0 and, in particular, that f(7) >0

Remark 2.7. Horgan-Payne [30, (6.37)] proved that C5((0,7)?) < 4422 ~ 6.82 and conjectured [30,
(6.39)] that Cg((0,7)?) = 7/2. Later, Costabel-Dauge [15, (7.3)] proved that C((0,7)?) > 27/(7—2) ~
5.5. A numerical evaluation of (2.20) only shows that C’B((O,W)Q) > 2.0438... But our purpose is just
to show how the non-minimality criterion in Theorem 2.5 applies; see also the comments following
Corollary 3.1.

Let us now apply the non-minimality criterion in Theorem 2.5 to 2D symmetric domains defined by
epigraphs, with obvious but heavy extensions to n > 3.

Corollary 2.8. Assume that
o € H> N HL((—1,1),R) satisfies o(z1) > 0 in (=1,1), o(—z1) = @(x1) Y|z <1, (2.21)

so that ¢ is positive and even, vanishing at the endpoints; assume moreover that

1 1
3/ z3o(x1)3Q (21)? day </ z3o(x1)? dry . (2.22)
0 0
Then the open bounded symmetric planar domain
Q, = {(ml,xg) eER% —1<z <1, —p(z1) <29 < go(:zl)}
satisfies Cp(€dy) > 2.
Proof. Take the function w(z1, x2) = z1 (23 — ¢(z1)?) that satisfies w € H? N Hg (€, R) and

Opyw (w1, m2) = 23 — (x1)? — 2z190(21)¢' (21),  Onyw(w1, W2) = 22172,

—Aw = 2(24!3(901)@/(361) + 219 (21)* + 2190(21) 0" (1) — 96'1) = g(x1) a.e.,

10



so that (2.10) is fulfilled. Exploiting the double symmetry of ,, we find

1 ¢(z1)
L oul = / / (a4 p(an)* +4rdo(n)2 (20)2 20020 —drap(en)! ()3 + 410 (o) dadr

! z1)®  dzio(x)*e (21 ,
:4/0 [90 5) +o(x1)° +adp(zy) gp(xl)27290(3 )° daip( 3) ¢'( )+4x1s0(w1)490 (xl)}d:ﬂl

1
(by parts) = 16/ wio(z1)2 (21)? day
0

1 p(z1) 16 [
/ |0y w|? = 16/ x%/ x3 drodry = 3/ 22p(z1)3 day
Q, 0 0 0

so that (2.11) is fulfilled since (2.22) holds. Hence Cp(£2,) > 2 by Theorem 2.5. O
It is clear that (2.22) is satisfied whenever ||¢'||« is sufficiently small.

Example 2.9. The function p(z1) = (1 — 22)/2v/3 satisfies (2.21) and |¢'(x1)| < 1/+/3 for 21 € [0,1).
Hence, (2.22) is fulfilled.
Therefore, by Corollary 2.8, the domain >

2
Q, = {(21, 22) eR? —1< a2 <1, 121\[ < ag < xl} -4 .

(see the picture on the right) satisfies C(§2,) > 2. ““l

In fact, the non-minimality criterion also applies to nonconvex domains.

Example 2.10. The function ¢(z1) = (21 +0.1)(1 —2?) satisfies (2.21) and fulfills (2.22), the integrands
being polynomials and computable by hand.
Therefore, by Corollary 2.8, the domain U"

Q, = {(1'1,1‘2) eR%: —1<z <1, —p(x1) <x3 < go(xl)} e  aa g

(see the picture on the right) satisfies Cp(£2,) > 2.

2.4 Different functional settings

While (2.1) is obtained through an orthogonal decomposition of L2(€2, R"), we consider here an orthog-
onal decomposition in H&(Q, R™) with respect to the scalar product

<u,v>Hé = /QVU :Vodz . (2.23)

Let Hj (2, R"™) be as in (2.3) and consider the extended (for n # 3) Velte-Crouzeix spaces
W= {u€ H (QR"): Vu=(Vu)'}, H=(H (LR ®W)"=H (QR) nwt, (2.24)

with orthogonality intended with respect to the scalar product (2.23). Thanks to the homogeneous
boundary conditions, W consists of suitable gradient fields, irrespective of whether 2 is simply connected
or not: when n = 3 and 2 is simply connected, W is the kernel of the curl operator [16]. In order to
characterise H, we first notice that (2.6) in Theorem 2.4 states that uy € H&U(Q,R”)J—. Since (2.6) is

the weak formulation of (2.7), for any p € L3(2, R) there exists a unique u € H&U(Q, R™)+ such that

—Au+Vp=0 in €, u=0 on 99, (2.25)
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which, in weak form, reads
3lu € Hy,(Q,R"): C Hy(Q,R") st (w,w)pgs = (p,V-w)2 Yw € Hy(QR"). (2.26)

Indeed, existence and uniqueness of u € H& (©,R™) follow from the Riesz Representation Theorem, while
inserting w € H&,U(Q,R”) yields u € H&G(Q,R")L. Conversely, as in the proof of Theorem 2.4, one

sees that for any u € H&U(Q,R")J— there exists a unique p € L3(Q, R) such that (2.26) is satisfied. This
establishes a bijective correspondence

Hj (R 5 uws p, € LFQ,R)
via (2.26). As in [17, Theorem 1] we claim that
H={ue H&’U(Q,R")J‘; Py is (weakly) harmonic}. (2.27)

Proof. We first take u € .F]&U(Q,]R”)L NW+ so that (u,w>H§ =0forallwe H&U(Q,R”) and, then, by
(2.26), p, € L3(,R) is such that

(u, w)ga = (pu, V- w2 Vw € HY(Q,R"). (2.28)
For all ¢ € C°(Q2,R) we have Vo € W and, then, we infer (u, ch)Hé = 0 after recalling that u € W+
by (2.24). Therefore, (2.28) implies

and shows that p,, is (weakly) harmonic. For the converse inclusion, assume that p,, is weakly harmonic,
that is, (2.29) holds. By density we infer that (u,w)y = 0 for all w € W, ie., u € W+, Since

u € H&O(Q, R™)+ by assumption, u € H follows. These two-ways inclusions prove (2.27). O

We may now give alternative variational characterisations of the Bogovskii constant C'z in (1.3), in
a different functional setting.

Proposition 2.11. Let Cp(Q2) be as in (1.3). Then

IVul7 1£117
Cp(Q) = sup & and Cp(Q) = sup 52 “
uerd @& \(o} IV - ull72q) recz@rnioy VI IE-1
Proof. By using the spaces in (2.24), we may rephrase (2.6) in Theorem 2.4 as
for all f € L3(Q,R), a solution u € H (2, R") to (1.1) coincides with uy if and only if u € H&,U(Q,R”)J‘.

From (2.8) and this observation we deduce (2.30);.
Now, let us define

: 11720
Cn(Q2) = sup e e (2.31)
FELZ(QR\{0} ||Vf”H
so that Cy(2) < +o0, in view the Necas inequality [36]. For any f € L3(,R) \ {0}, employing the
orthogonal decomposition H} (2, R") = H&G(Q, R™) @ H&ya(Q,R”)L, we find that
(V- u)dz (V-u)dz
Vil = s JoL - wp  hL
vemp@ ey VUl weny @&\ Vullza
2
_ sup fQ(V'LLf)(V’U,)d.T > HvufHL2(Q)
ueHg , (2R™)4\{0} IVl 20 Vsl
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We remark that in the literature here often an equality sign is put, which we think is not justified. From
this we conclude with the help of (2.30);:

sup HfH%Q(Q) B sup |V - uf”%2(g) sup |V - ufH%Q(Q)HVU’fH%Q(Q)
rezrnioy IVAIG1 ) rerzrnoy VG0 ~ rerz@mrno IV urll 72
IVul?
= sup L) _ Cp(Q),

ety (@R {0y IV UH%Q(Q)

i.e., Cx () < Cp(Q). On the other hand, take any f € L2(2,R) \ {0}. Recalling Theorem 2.4, consider
the unique pair (us,ps) € H}(Q,R™) x LZ(S2, R) satisfying the generalised Stokes system (2.7), so that

IVpsllr-—1@) = [Auslla-1@) = Vurll2 ) - (2.32)

Moreover, by testing (2.7); with uy, applying the Holder inequality and (2.31), we obtain

Hvuf”%?(g) = /prf <lpsllez@ Iflle2@) < VON ) VPl -1l fllz2(0) 5
which, due to (2.32), simplifies to
IVuglre@) < VON Q) Iz Vf € L{(QLR)\ {0}
Owing to (2.8), the last inequality implies Cp(€2) < Car(€2), thereby proving (2.30)s. 0
Remark 2.12. The first part of the previous proof gives the interpolation-type inequality
IV - uple) < IV @l Vusllz@ Y€ L§(QR),
cf. also Lemma 2.1.
Next, we define the spaces
A(Q,R) = {p € L§(QLR); I € HF(Q,R), p=A¢ in Q},
so that the following orthogonal decomposition holds:
L3(Q,R) = A(Q,R) @ A(Q,R)*, (2.33)

cf. [17, Section 2]. Notice that A(€2,R)> is the subspace of L3(2,R) comprising weakly harmonic
functions. Then, recall that the Schur complement of the Stokes operator in €2 is the bounded linear
operator S : LZ(2, R) — LZ(2, R) obeying the formula

S(q)=V-Vy VgeLj(Q,R), (2.34)

where V, € H}(Q,R") is the unique vector field such that AV, = Vg in weak sense, that is:

/ VV,: Vudr = / q(V-v)de Yo € HY(Q,R"). (2.35)
Q Q
It can be seen, as in [19, Theorem 11.1], that

S=q Ve AQR); S AQR}E  vge AQR)*. (2.36)
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As proved in [26, Theorem 1], S is self-adjoint, positive definite, has unit operator norm, and 1/Cp(f?) is
the minimal spectral value of S by employing (2.30)2. More precisely, letting o(S) denote the spectrum

of §, one has
1 1

{CBQ’l} co(S)C [CB(Q)’l} : (2.37)

(€)
We now use the spaces defined in (2.24) to analyse the so-called Cosserat eigenvalue problem that
consists in finding (u, \) € [H}(Q,R™) \ {0}] x R such that

Au=AV(V-u) in £, u=0 on 09,
whose weak formulation reads
(u, w)H& =MV -u,V-w)2 Vw € HY(Q,R"). (2.38)

One may observe that this is the Euler-Lagrange equation for extremal functions in (2.30);.

Assuming n = 3, parts of the following result were obtained in [17, Proposition 3]. With the
generalised characterisation of W in (2.24), we extend the proof to any n > 2 and supplement the
original statement by connecting it with the Schur complement.

Proposition 2.13. Consider the spaces defined in (2.24). Then the eigenvalue problem (2.38) has the
following properties:

(a) X € R is an eigenvalue of (2.38) if and only if X\~ is an eigenvalue of S with, respectively, associated
eigenvectors V, € HL(Q,R™) and q € L3(Q,R) connected through (2.35);

(b) W is the eigenspace for the eigenvalue X = 1 of infinite multiplicity;
(c) H&U(Q,R”) is the eigenspace for the eigenvalue X = oo of infinite multiplicity;

(d) any other eigenvalue A\ ¢ {1,00} is contained in the interval (1,Cp(?)] and the corresponding
eigenvectors belong to H.

Proof. (a) Assume that A~! is an eigenvalue of S with eigenvector ¢ € L3(Q,R), that is, ¢ = A\S(q) =
AV - V) with V, € H} (2, R") satisfying (2.35); then

/vquvudx (2.35) /q(V-U)dx:)\/(V-Vq)(V-U)dx Vo € HY(Q,R"),
Q Q Q

proving that V, € H} (2, R") is an eigenvector of (2.38) with eigenvalue .
Conversely, let A € R be an eigenvalue of (2.38) with corresponding eigenvector V € Hg(Q, R");
then, by restricting (2.38) to special test functions as in (2.6), we obtain

(Vio)ga =0 Vo € Hy,(Q,R").

This means that there exists a unique ¢ € L3(€, R) (unique because of the zero mean condition) such
that AV = Vq in weak sense in (2, that is,

/VV:Vvdx—/q(V-v)d:r Vo € H(Q,R").
Q Q

A
e
I e
=

MS(q),V-v)2 Vo€ HY} QR
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which implies that
0= /Q (4= AS@)(V - v)dz = (VOAS(@) — q),v)) Vo€ HIQRY,

where ((-,-)) is the duality product between H~1(Q, R") and H{ (2, R"). By the Riesz Theorem, this
shows that AS(q) — ¢ =7 € R a.e. in Q. But ¢ € L3(Q, R) and the Divergence Theorem imply

o191 = [0S —a)de =2 [ (7-V)dz o0,

proving that v = 0 and, in turn, AS(q) = ¢ a.e. in Q. So, also the converse implication holds. This
connection between (2.38) and the Schur complement S in (2.34) was not emphasised in [17]. On the
other hand, this statement was obtained in [19, Theorem 1.4] in smooth domains.

(b) Let u € W. An integration by parts shows that, for all w € Hg(Q,R"), we have

(u, w) :/QVU :Vudr = Zn: /Q(aiuj) - (Oywy) da "E" Zn: /Q(ajui) - (Oiw;) da

i,j=1 i,j=1

= z”: /Q(azuz) - (0jw;) do = /Q(V u) - (V- w) de,

4,j=1

i.e., (2.38) is satisfied with A = 1. Conversely, let u € H}(€2,R") be an eigenfunction for A\ = 1. Then,
choosing w = w in (2.38), the computations from the proof of Lemma 2.2 yield:

IVulltay =y = [ (Ve wide = 3 [ @u)@u)de= Y [ @u)@0;)do

i,j=1 ,j=1
1/2 1/2
n n
S/ > [0y > 105l dx :/ [Vul’ de = [[Vullzz(q),
2 \ij=1 ij=1 @

i.e., we have equality when applying the Cauchy-Schwarz inequality. This means that Vu(.) and Vu(.)?
are proportional and, hence, equal. This shows that u € W.

(c) This is obvious.

(d) Let u € H}(Q,R™)\ {0} be an eigenfunction of (2.38). By combining (2.37) with the just proved
Item (a), we infer that any eigenvalue A ¢ {1, 00} is contained in the interval (1, Cg ()], which is strictly
smaller than the interval obtained in [17, Proposition 3| for the sole case n = 3. Next, we choose
arbitrary w € W in (2.38) and find after integrating by parts:

(u, w) g :)\/Q(V-u) (T w)de =AY /Q(aiui) (O dr =Y /Q(ajui) - (Opwy) da

i,j=1 i,j=1
n
ey 5 / (Oyus) - (D) dar = Mu, w) gy
ij=171
Since A # 1 by assumption, we conclude that u € W; hence, v € W+ N H&U(Q, R = H. O

Remark 2.14. We point out that even if oo is an eigenvalue for (2.38), 0 is not an eigenvalue for
S L3(,R) — L3(,R), see (2.37) and Proposition 2.13.
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2.5 Attainment of the Bogovskii constant

We show here that, at least in sufficiently smooth domains, the supremum in (2.8) is, in fact, a maximum.

While A = 1 is an eigenvalue of S of infinite multiplicity (due to (2.36)), it is not clear, whether
1/Cp(Q) is also an eigenvalue of S. To investigate this fact, we notice that Theorem 2.4 and (2.8) define
the bounded linear operator

B:Lj(Q,R) — Hy(QR"),  B(f) =uy VfeLj(QR)
where boundedness (and continuity) follow from (1.3): ||B|| = /Cpg(€) < co. Moreover we have:

Theorem 2.15. Let Q C R” be a bounded Lipschitz domain. Suppose that f. € A(Q,R)*\ {0} is an
eigenfunction of the Schur complement S, associated with the eigenvalue 1/Cp (). Then

VB 22

(2.39)
A

B

Moreover, if Q is of class C* and Cg(Q)) > 2, then there exists an eigenfunction f. € A(Q,R)*\ {0}
of the Schur complement S associated to the eigenvalue 1/Cp(Q2). In such case, the supremum in both
(2.30)1 and (2.30)4 is attained, respectively, by some u € H&o_(Q,R")L \ {0} and f € L(Q,R)\ {0}.

Proof.  Since f. € A(,R)* \ {0} is an eigenfunction of S (and in particular weakly harmonic),
associated with the eigenvalue 1/Cg(£2), by Theorem 2.4 there exists a vector field v, € H}(Q,R™)\ {0}
and p € L3(Q, R) satisfying the following generalised Stokes system in Q:

—Av,+Vp=0, V-v,=f, in Q,
ve,=0 on 0N).

Since

Co@S(f) = f. =V 0, =V (A1Vp) =S(p) = S(p—Cp@)f.) =0,
we conclude by the injectivity of S that Cp(£2)f. = p and obtain
—Av, +Cp(Q)Vfe=0, V-v,=f, in Q
{v* =0 on J9.
From (2.40) we deduce that B(f.) = v, as well as

/]Vv*lzda::CB(Q)/U*]Qdm,
Q Q

(2.40)

thereby proving (2.39).
If Q is of class C* and Cg(f2) > 2, from [41, Theorem 2.1] (see [40, Section 9.2] for a detailed proof)
we know that

S— %Id LA R)E — AQ,R) (2.41)

is a compact, self-adjoint and positive operator. This result is based upon [17, Corollary 4], cf. also [19,
p. 90]. Letting ¥ denote its spectrum, from (2.37) we infer

1 11 cyc 1 11
Cp(Q) 22 Cp(Q) 2’2"
Since the operator in (2.41) is compact, every non-zero element of its spectrum is an eigenvalue. By

Theorem 2.5 we know that Cp(2) > n; therefore, if n > 3 or n = 2 and Cp(2) > 2, there exists
f« € A(Q,R)*\ {0} such that

(s - §Id> (f.) = (C;(Q) - ;) Foo= SU)= g
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In view of the first part of the statement, this concludes the proof, with Proposition 2.11 showing the
equivalence between the two problems. O

Remark 2.16. Theorem 2.5 plays a crucial role in this proof. The only case not covered by the second
statement in Theorem 2.15 is for C*-domains Q C R? with C5(2) = 2. Nevertheless, if B C R? is a
disk, then Cp(B) = 2, see (3.1) below, and the supremum in (2.8) is attained, see [26, Theorem 3] or
Proposition 3.2 below.

Theorem 2.15 enables us to improve (2.8) with a more precise variational characterisation of the
Bogovskii constant whenever Q C R™, n > 2, is a bounded domain of class C* such that Cp() > 2:

V2
ez @m0y 1f 11320

where uy € H (9, R™) is uniquely determined by Theorem 2.4. By linearity, the functions f, satisfying
(2.39) form a vector space which may be higher dimensional and may be in the case n =2 and Q@ = B
even infinite dimensional, see Proposition 3.2 below.

Open Problem 1. It appears challenging to extend Theorem 2.15 to any Lipschitz domain, with no
reqularity restriction. A good starting point for the interested reader could be a careful reading of [5].

3 Some symmetric domains

3.1 Balls as minimisers of the Bogovskii constant

In general bounded Lipschitz domains it appears difficult to find more refined results than those collected
in Section 2.1. For this reason, we consider here balls, namely, the most symmetric domains where much
more can be shown. Let B C R™ (n > 2) be the unit ball which, by Lemma 2.2, represents any ball in
R™. Although it is difficult to say who first proved it, see the Introduction, it is known that

Cg(B)=n. (3.1)

For the sake of completeness, below we give a detailed proof of (3.1) by putting together several contri-
butions in the literature. Before doing this, several comments are in order.

Combined with Theorem 2.5, (3.1) has the following fundamental consequence. Recall the definition

Corollary 3.1. For any bounded Lipschitz domain @ C R"™ we have Cp(2) > Cp(B) = n.
Moreover, for anyi € {1,...,n} and g € K;(B) N L?(B,R), the following implication holds:

ow

al‘i

2
1
—Aw=ginB, w=0on0B = / dx2/|Vw|2dx. (3.2)
B n.JB

Furthermore, for any h € C(R,R), the following implication holds:

Z /(%iwhaxjwhda:zo. (3.3)
-JB

n
—Awh—h<2mi> inB, wp,=0onoB ==
i=1 1=i<y

As far as we are aware, (3.2) and (3.3) are new and have their own independent interest. On the one
hand, they appear surprising and unlinked to the main focus of the present paper. On the other hand,
it is quite instructive to build an explicit example in a disc and to compare it with Example 2.6 in the
square (0,7)2. The function

w(z) = z1(|z* = 1) zeBCR?
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satisfies
Aw=8xr; inB, w=0 ondB;

some computations then show that

/]38$1w‘2dx:g % /\&Qw\ dx ,

in line with (3.2) and contrary to (2.19).

Open Problem 2. Corollary 3.1 states that balls minimise Cp in (2.30) among Lipschitz domains.
A natural question is whether balls are the only minimisers which is in our opinion the most intuitive
conjecture. This is a degenerate shape optimisation problem due to scaling invariance (see Lemma 2.2)
and several tools need to be set up. From [5, Theorem 4.4] we know that the dependence of Cp(-) with
respect to Lipschitz convergence of domains is Lipschitzian, which gives some hope to prove that B is a
local minimiser of Cp through shape variation.

However, (3.1) may be obtained without using symmetrisation techniques, as we now show.

Proof of (3.1). Let us first summarise the findings of Cosserat-Cosserat [12, 13] (see also [11]) concerning
the eigenvalue problem (2.38) when © = B, along the lines of [13]. To this end, we recall some basic
facts about spherical harmonics from [12, Chapter 5, Section 5]. For k € Ny we consider

k= {f:S"! 5 R; fis a spherical harmonic of degree k},

so that f € My if and only if 2 + |z|*f(x/|x|) is harmonic in R". We know from [42, Theorem 5.5]
that these spaces are finite dimensional and that their dimensions

N(k,n) =dim My < oo

are given by the coefficients of the generating analytic function

1+t
(-1,1) 3t~ Tt ZNkn

In particular we have N(0,n) = 1 and N(1,n) = n. We introduce the orthonormal bases

{Hias s Hy N(kn) }

of M, with respect to the canonical scalar product in L?(S"~1). From [42, Theorem 5.6] we know that
oo
U {Hk,la ) Hk,N(k,n)}
k=0

forms a complete orthonormal system in L2(S"~1).
Then we consider the space of homogeneous harmonic polynomials of degree k

My, = {w = |2|*f(x/|2]); f e Mr}, k€N,

Let Hj, denote a nontrivial element of //\\/l/k, so that

N(k,n)

Hi(x) = ) onglel*Hyj(x/|z))

j=1
for suitable oy, ; € R, where at least one is # 0. For all £ € N we then define

U, € H(B,R"), Up(z) = (|z]? — 1)V Hg(z)
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which will turn out to be the generic eigenfunction of (2.38) corresponding to the eigenvalue

-2
A =2+ nT (k € N) of multiplicity N (k,n). (3.4)

One may observe that all eigenvalues coincide if n = 2. Using the well-known Euler formula for k-
homogeneous functions z - VHy(z) = kHy(x), we compute:

V- Ug(x) = 2kHy(x) , V (V- Ug) () =2kVHg(x)
AUg(z) = 2nVHy(z) + 4(z - V)VHi(z) = 2nVHy(z) + 4(k — 1)VHg(z) = MV (V - Ug) (2) .

In particular, (3.4) follows from these identities and the following result, which generalises [17, Theorem
2] to any dimension.

Proposition 3.2. Tuking orthonormal bases (Hk,j)keN, =1, N () of ka with respect to the L?-scalar
product, the corresponding system of eigenfunctions (Uk’j)keN, =1, N (k) 1s complete in H with respect
to the HE-scalar product (2.23). Hence, Cg(B) = Ay = n and, if n > 3, Cp(B) is attained on Uy(z) =
(|z|> = 1)VHy(x) with Hy and V - Uy being any linear function on R™. If n =2, Cg(B) is attained on
the whole space H, i.e. on any U(x) = (|z|> — 1)VH(z) with any harmonic polynomial H € H.

Proof. We first prove orthogonality of the system (U’w')keN =1, N(kn)" Let k # £ or i # j so that

/ Hk,in,j dr = 0.
B
It follows that
(Uk,i> Urg) i) = —/ Uk,i(AUy;) dx = —2&6/ Uk,i(VHy,;) dz
B B
__ sz (22 = 1)(VHy) - (VHy,) de = 4m/ (- VHy) - Hy,do
B B
:4/'66)\5/ H]m‘ . H&j dr = 0.
B

Next, we show that, for all k € Nand j = 1,...,N(k,n), we have Uy ; € H. To this end, we first
observe that Uy ; € H&U(BJR")L by (2.38). Then we recall that AUy ; = 2kA\,VHy ; and (2.27) yields
Uk,; € H because AH}, ; =0 in B.

We now turn to proving the completeness. Take any v € H such that

VkEN, \V/J:1,7N(k,n) (Uk7]7v>H5(B):0

We need to prove that v = 0. Indeed, let p, € L3(B,R) correspond to v according to (2.25). Then (2.27)
shows that Ap, = 0 in B. It follows that

vk € N, V] = 1, ce ,N(k,n) : 0= <Uk,j7v>Hé(B) = <V . Uk,japv>L2(B) = 2k<Hk,japv>L2(B) .

Since p, is harmonic, it follows that p, = 0; see [12, Theorem 5.5.1IT and Proposition 5.5.7]. This finally
yields that v = 0.

Combining the previous reasoning with Proposition 2.13 and (2.30), we see in the case n > 2 that
Cp(B) is the largest eigenvalue A\; = n of (2.38) on H&U(B,R”)J— =W @& H of multiplicity N(1,n) =n
and that Cp(B) is attained precisely on any U;. If n = 2, Cp(B) is attained on the whole infinite
dimensional space H, since all Cosserat eigenvalues are there equal to 2. |
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3.2 Ellipsoids

From Pélya & Szegd [39, Section 1.29], we learn that a method due to Lord Rayleigh and Ritz consists in
modifying an original variational problem by restricting the space of admissible functions. One possibility
is to decide a priori the shape of their level surfaces. The disadvantage of this approach is that it only
gives an upper bound of the defined variational constant. We focus our attention on similar surfaces
[39, Section 3.5] that, when 2 is a ball, restricts the problem to radial functions.

Theorem 3.3. Let aj > 0 for j =1,...,n and consider the ellipsoid
n

E = (x1,....,2,) € RY; Za?sz <1
j=1

The problem (1.1) admits a solution u € H}(E,R™) of the form

for a.e. x € E. (3.5)

In such case, the solution u of (1.1) is unique in this class and its components are given by

Uj

n 1
Za?x? :—/ sfi(s)ds Vee E, ie{l,..,n}.
=1 7=1977]
Moreover, this solution of (1.1) coincides with uy, given by Theorem 2./, provided that f # 0, f(x) =

> iy Vi, vi € R.
Concerning the Bogouskii constant, we have

(max’ ‘“) <1 Y a2 < Cp(E)<n (max’ “2> . (3.6)
J

min; a; min; a; — min; a;

Proof. For x € E, let

V-uzzui(r) a’r; in E.

This shows that if u = u(r) solves (1.1) for some f € LZ(E,R), then f has the form (3.5) with

aul(r 1
filr)y =+ i(r) =  wu(r) = —alz/ sfi(s)ds vr e (0,1], i€ {l,...,n}, (3.7)

r
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since u;(1) = 0. Conversely, if f € L3(E,R) has the form (3.5) for some fi, ..., f,, then the vector field

u(r) = (—all/r sfi(s) —/ sfn(s > vr € (0,1],

belongs to H}(E,R™) and solves (1.1). In particular, (3.7) proves the uniqueness part of the statement.
If f(x) = z; for some i (that is, fi(r) =1 and fj(r) = 0 for j # ¢), then (3.7) gives

2713] 1

2 )
2a;

ui(r) = uj(r) =0 for j #1, Vr € (0,1], (3.8)
which imply that all Au; are constants and, hence, d,; Au; = 0 for any i, j and u = uy. By linearity of
(1.1) and (2.6) the same holds for any f # 0 of the form f(z) = >"" | vizs, i € R.

In order to prove the bounds for Cg(E), we begin with showing the lower bound. This is obtained
by taking f(z) = x; for some i € {1,...,n} and the resulting solution (3.8). The change of variables
y; = a;jx; for all j, gives the Jacobian J(E) = [[; a; and we obtain

/f(w)Qd:v—/deﬂc—/a?x%dx— ! / 7 d _1/| 2d
E e Jp a? _G%J(E) By, y_”azzJ(E) By Y

Wn,

na? J(E) Jo n(n+2)a? J(E)’

)

where
27rn/2

r(3)

is the (n — 1)-dimensional measure of the unit sphere S"~! = 9B C R™. On the other hand, for the
corresponding solution v in (3.8), we have

Wp, =

2
as xj
Oz ui(x) = ]23 forj=1,...,n = |Vu(z 420,

7

Hence, through the same change of variables as before,

n

Therefore,
[ |Vul? dz _ 1 "L,
Jg f2dx a? J

By choosing as index i the one corresponding to the minimum a;, we obtain

Vie{l,..,n}. (3.9)

1 n
Cg(E) > 2 3.10
B( )minia%j;a], (3.10)

that is, the stated lower bound.

For the upper bound, we make use of C5(B) = n and the homothetic change of variables as before.
This (and only this) will permit to directly transform also problem (1.1). Take any f € LZ(E,R) and
transform it to the unit ball:

FeLiB,R), fla)=7f <"”1‘T”> .

ai an,



We then consider the privileged solution u € H{(B,R™) of (1.1), see Theorem 2.4, and (3.1) shows that

IVullizm < 2l fli7zm): (3.11)
We pull u 7 back to the ellipsoid by defining

1/&1 0
u€ Hy(E,R"), w@)=| : - ‘uF(a1r1, .., Ann)
0 ... 1/ay

which solves
Veu=f in E, u=0 on OF.

We observe for j =1,...,n that

ous ouz .
Vuj(z) = (al i(al:zsl, e, QpTy), .. anﬁ(alxl, e ,anazn)> :

) ,—
a; or Qj Oxy,

n

By the usual change of variables we obtain from (3.11), using J(E) = [[;_,

a; as above

a;

2
HVUH%Q(E) < ( max ) /E‘VUJ?(CLNUI, Ay dx

/L?]:17"'7n a]

1 a; 2 2 1 a; 2 ~9
s (ngﬁiw) IVuplem < 555 (Z-,;Eﬁ?f,w) .

J
2
max;— a;
:n( i=1,...,n Z> HfH%Q(E)

min;—i,..n a;

Passing to the respective privileged us (observe that this will in general be different from u) according
to Theorem 2.4 yields

maXi=1,..n G

2
Vsl < ) ey

Since this holds for any f € LZ(E,R) we end up with

. . 2
CB(E) <n (male,...,n az) .

MiNG=1, . n G;

ming=1,...n @;

Together with (3.10), the claim (3.6) follows. O

Open Problem 3. In order to obtain an upper bound for Cg(E), one could use [2/, (III.3.4)] and
would end up with

Ou(E) <l (2200) "™
min; a;

for some c(n) > 0 depending only on the dimension n, see also [2/, Theorem III.3.1] for more general

domains. However, we would not obtain the right power o I;?I’f;g:, due to the generality of this bound.

In our opinion, the main strength of (3.6) is that the power is independent of the dimension n. We then

wonder whether the same holds, at least for some special domains (e.g., domains starshaped with respect

to a ball or the more restricted class of convexr domains).

For n = 2, it is known [15, Section 5.1.1] that

a%+a§

Cp(F)= ——=5—-.
)= winfa?. 3]

This suggests not only that the inequality in (3.10) may in fact be an equality in any dimension n > 2,
but also yields the following result, related to Theorem 2.15.
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Corollary 3.4. Let 0 < a; < ay and consider the (planar) ellipse
E = {(z1,22) € R afa} +a3zj < 1}.
Then the supremum in (2.8) is a maximum and it is attained by real multiples of the function

f(z) =x.

Remark 3.5. The lower bound in (3.6) shows that a sequence E,, of ellipsoids with axes a]" satisfying
max; a]"/ min; a]* — oo, is such that Cg(E,,) — oo. This suggests that “thin domains” @ C R" (with
small inradius and large outradius) might have a large Bogovskii constant Cp(£2). However, in “thin
ellipses” (3.9) also shows (by choosing a; maximal) that for suitable pairs (f,us) one may still have
“Bogovskii ratios” close to 1.

The function w(xy,x2) = sin(z1) (1 — Sinh(ms);ii&};(h_“)) is the unique solution to

—Aw =sin(z1) in (0,7) x (0,h), w=0 on 8((0,7?) % (0, h)) .
By arguing as for deducing (2.20) in Example 2.6, we find for h € (0, 7) that

hcosh(h) + h — 2sinh(h) pr—o 10 9
Cg((0 0,h)) > = —=({1+0(h 3.12
5((0.m) > (0, >)_hcosh(h)+2h—381nh(h) pz (L +0(07) = oo, (3.12)
thereby supporting the conjecture that the Bogovskii constant of “thinning” domains tends to infinity.
Chizhonkov-Olshanskii prove in [10, Section 2, Equation (30)]:

12 607
2 < CB((OJT) x (0, h)) < R

These bounds were obtained by means of the Schur complement of the Stokes operator (2.34) and the
authors themselves call their approach “rather technical”. Our lower bound (3.12) is derived in a more
elementary way: it is not as precise but it has the same order of magnitude.

3.3 Annuli

Given 0 < 7 < R, we consider the annular region A% = {z € R"; r < |z| < R}. Due to its multiple
symmetries, we cannot use the torsion problem (2.15) in order to show that Cp (.Af}) > n, namely that
an annulus does not achieve the minimal Bogovskii constant. Also finding functions g or h satisfying
(2.10) or (2.12) appears to be a difficult task. This is why we follow a different procedure. Since the
planar annulus (n = 2) is the only non-simply connected n-dimensional annulus and since in 2D we may
exploit the celebrated Friedrichs inequality [22], we give several variants of the proof. We end up with
the following statement.

Theorem 3.6. Let n > 2 and A = {z € R"; r < |2| < R}. For all0 <r < R < oo we have
Cp(AR) > n. (3.13)

Moreover, gin Cp(AR) = oo with the following lower bound

liminf (£ -1 20 (AR)>i (3.14)
Rlr r BV = 1 ’

Proof. We give several different proofs, depending on the dimension n and on the tools that we use.
First proof of (3.13) when n = 2. From [22] we know that there exists Cr(Af) > 0 such that

/ ul? < Cp(AR) / ]2,
AR AR

r
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for every pair of conjugate harmonic functions u,v € L3(AZ R). Moreover, from [15, Theorem 2.1] we
know that
Cp(Af) = Cp(AF) —1. (3.15)

Hence, (3.13) follows if we prove that Cr(AZ) > 1. Since from (3.15) and Theorem 2.5 we know that
Cr(AR) > 1, we can argue by contradiction assuming that Cr(AF) = 1, namely

/ IUI2§/ v|?, (3.16)
AR AR

r

for every pair of conjugate harmonic functions u,v € L3(AZ R). Considering the holomorphic function
1 _
P(2)=z+~-  Vz=(21,22) € AR, d = f+ig, (3.17)
z

we deduce that f,g € L(AE R) defined by

f(z) = (1 + |x1’2> z;  and  g(x) = (1 — |xl‘2> zo  Y(x1,m2) € AR, (3.18)

are conjugate harmonic functions. Then, a straightforward computation yields

/AR (FP — |gl?) = 2n(R? — %) > 0, (3.19)

which contradicts (3.16) and proves (3.13) when n = 2.

Second proof of (3.13) when n = 2. We give here an alternative proof of (3.13) without using explic-
itly the results by Friedrichs [22]. It has the advantage of introducing the tools to prove (3.14), see
the next item. We consider again the real and imaginary parts (3.18) of (3.17) and the corresponding
privileged solution uy € H&U(Af‘, R2)+ of

Veoup=f in AE up=0 on OAF

We compute

gl 32 ar :/ (1—1)2m%dm:1/ (1—1>2]x\2dx
LHAS ™ ) ar || 2 Jar |z|?
R
1 1
:7r/ (p3 2+ p) dp = (R — r?) <R2 +r2—444 Og(R/T)> (3.20)

RZ _ 2
and, by making use of the Cauchy-Riemann differential equations for f + ig and the Cauchy-Schwarz
inequality, we estimate

11172 4m) :/ [ (Vugp)de = —/ Vf-upde = —/ (D29, ~019)" - uy da
AR AR AR

NE

= [ 900wtps = Oruga) e < glacag) 102ss = Drugalacap)

T

For the second factor, we calculate:

|Oougy — 31Uf,2||%2(A5) = /AR ((Dougp1)? + (Orug2)?® —2(oupy - Oruys)) do

T

:/AR |VUf‘2dx - /_AR ((01Uf,1)2 + (82Uf’2)2 + 2(81Uf’1 . 82uf’2)) dx

r

:/AR Vsl da —/ (V- up)? dz < (Co(AR) = )| f12:0an)

AR

24



Combining the previous estimates yields
2
)HQHLz(Aﬁ)-

1122 am) <\ (CB(AR) = DI 2oam gl 2oamy = 1 13eiam < (Co(AT) -

Taking (3.19) into account we come up with
(3.21)

2 .2
(Al > 2.4 2T =)
e

which proves (again) (3.13) when n = 2
Proof of (3.14) when n = 2. By combining (3.20) with (3.21) yields

8
Cp(Af) > 2+ .
R2 472 — 4+ 4'8EL)

Apparently, any choice of

While the left hand side is scaling invariant, the right hand side is not
. The only choice being able to emphasise the

R > r > 0 seems equivalent, but this is not the case

singular behaviour of Cg(A%) is fixing r = 1; then, we obtain
8

R? —3+45

R
CB(Al ) Z 2 + log(R)

Making use of the inequality log(1 + x) <z — % + z—; (for all z > 0), we then find

8 12
Cp(AR) > 2+ ; >24 —0.
= I+ (R-1) = 212
R? — 3 4 olellA(E 1) (R?—1)

12

12
CpAf ) 224+ — 5 =2+ 5
(% -1) (E+1)" (£-1)

By letting R | r, this completes the proof of (3.14) when n = 2
The case n > 3. Let p = R/r > 1; by Lemma 2.2, we know that Cg(AF)

may restrict the attention to this case. Inspired by (3.18), we then consider the harmonic function

At this point, we may use scaling invariance (Lemma 2.2) to obtain for any 0 < r < R

Cp(Af) =

= Cp(AY) and, hence, we

F e L(ALR), f@>=<n1+|ﬁ)xh

L see

and u € H}(A?,R™) as the unique solution to Au = V f, which satisfies u € H C Hj (A7, R")
(2.25)-(2.26). After putting f = V - u, we see that v = uy, as in Theorem 2.4. We find (here we need

n > 3):
1 c n—1 c d

o2 _ _ 2 2-n a2

uy(z) = (2\x|” P d) + 5 |z|* + a|z| b+ " ||
. 1 c .

with
n—1 pn_pn72 1 . n—1 pn_l pn+2 p2 J p2_1
a = . —_ — g . c = —
n—2 _ 1 omn’ 2n pn—2 -1’ Q(pn+2 _ 1) Q(pn+2 _ 1)

2n p



so that the homogeneous boundary conditions are satisfied. We then compute

-1 2 21 -1 —2 pt—pn2 -1 D
fla)=" <1_”+ L _1)x1+”n (1_" e )xlzn <C+>x1,

n 2 pn+2 2 pn—2 -1 ‘x|n n ‘1"”
where ) )
n+2 p°—-1 n—2 pt—p""
C=1- . , D=1- . .
2 pn+2 -1 2 pn72 -1

We now determine a lower bound for the Bogovskii constant of the annuli A7

gl @ _ P 2any

Cp(AR) =Cp (A7) >

ey 1 Tai)
_ . EBOE =D +3(C+n=D) (7 1)+ zD(1 =)
_n—l n—1i-202( n+2 _ )+CD( ) 2(1 2 n)

n (n—1)(n—2)p"2(p"*2 —1) + (n+2)(p” -1

= . . (3.22

W1 = — D)~ (A D=2 2P D+ 21 O

The last term in (3.22) is strictly greater than n if and only if (n — 1)p"™ —np™" 2 +1 > 0 which is always
true since p > 1. This proves (3.13) when n > 3.

To obtain (3.14) we apply de L’Hopital’s rule to (3.22) and we recall that p = R/r. O

Remark 3.7. The Zhukovsky transform (3.17) can be seen as a complex-valued function, defined in
C\ {0}. It is a conformal function that maps circles into airfoils, see [I, Chapter 4] for further details.
Figure 3.7 illustrates how the unit circle, centered at the point (1/5,1/5), is transformed into an airfoil
with trailing edge located at (—2,0).

Figure 1: Geometric description of the Zhukovsky transform.

Remark 3.8. Only for the 2D (non-simply connected) annulus, by using again (see Remark 3.5) the

eigenvalues of the Schur complement operator, Chizhonkov-Olshanskii [10, Corollary 3.3] prove that
1 2 1 R 2
C AR:7>—7 YR>r>0, li ——1) (AR =
5(A-) p(AR? = T (B _q)? " éﬁl(?“ ) piA)

Asymptotically, these estimates are qualitatively of the same order but quantitatively stronger and more
precise than (3.14). On the other hand, they require extensive calculations in polar coordinates and the
strict lower bound 2 is by no means obvious. Not only our proof includes any dimension n > 2 but also
appears to be more direct.
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4 Higher-order regularity for the divergence equation

4.1 Variational characterisation, non-minimality criterion and attainment

Let © € R™ be a bounded domain of class C"*11. From Theorem 2.4 we know that
fe H™(QR)NLQUR) = uy € H™H(Q,R") N HJ(Q,R™).

In the present section, we maintain the mere assumption of 02 being Lipschitz and we gain regularity
by increasing the number of null traces of f. Of course, the resulting privileged solution u; will change.
To be precise, let m € N. Given u,v € HJ* (2, R), the bilinear form

/(Aku)(Akv) dr if m =2k,
(1, V) = 4 (4.1)
V(AFu) - V(A*v)dz if m=2k+1,
Q

defines a scalar product on HJ"(£2, R) and this scalar product induces a norm equivalent to the H™ (€2, R)-

norm, see [27, Theorem 2.2]; in the sequel || - ||,,,o denotes this norm (in a completely similar way we
can define the bilinear form (4.1) on the space of vector fields in HJ*(€2, R™)).
From the work of Bogovskii [(], see also [24, Theorem II1.3.3] and [28], we know that for any function

f € H(Q;R) N L3(Q,R) there exists a vector field u € Hy"™(Q,R") solving (1.1). Employing again
(1.2), one sees that such regular solution is not unique, which suggests to define also higher-order
Bogouvskii constants.

Definition 4.1. Let 2 C R" be a bounded Lipschitz domain and let m € N. We put

which is a closed subspace of H{"(2;R). The quantity

cyP(@ = s inf{[oli05 ve BT QRY), Vou = fin 0} (4.2)
i
m,Q=

is called the m-th order Bogouskii constant of €.

Note that consistently C’g))(Q) = Cp(Q), as defined in (1.3). The higher-order version of Theorem
2.4, implicitly including regularity, reads:

Theorem 4.2. Let Q) C R" be a bounded Lipschitz domain and let m > 1 be an integer. For any function
f € Xim(R) there exists a unique solution uy € H' ™ (Q,R™) of (1.1) such that

g0 = nf {olras ve PP (QRY), Vo= i}, (43)

Moreover, with the scalar product in (4.1), the Euler-Lagrange equation
(uf,V)mi1,0=0  Vve HPHQRY) = {we H M (Q,R"); V-w =0 in Q} (4.4)
is a necessary and sufficient condition for a solution u € HJ'"™ (Q,R™) of (1.1) to minimise (4.3) so that

u = us. Finally, there exists a unique scalar function py € X, (2, R) such that the pair (ug,py) weakly
solves the following higher-order Stokes system in §:

(=A)"up + V((=A)"ps) =0, V-ur=f in Q. (4.5)
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Proof. If f = 0 the result is trivial and uy = 0.
If f # 0, by linearity of (1.1) we may assume that || f||,.o = 1. Fixed any such f, consider a sequence
of solutions {u} C H{"™(Q,R") of (1.1) whose norms ||u,vf||,2n_HQ tend to the infimum in (4.3). Then

{ur}ren is bounded and, up to a subsequence, it converges weakly to some uy € Han‘*'l(Q,R”). In
turn, V- up — V- uyp in H™(Q,R) as k — oo, which shows that uy solves (1.1). Moreover, by lower
semicontinuity of the norm with respect to weak convergence, we find

s sn < liminf fugll? o0 = inf {o)2005 v € HEFHQRY), Vev=fin Q) =0,

which shows that u; € HJ"™(Q, R") achieves the minimum in (4.3).

In order to prove uniqueness, suppose that two vector fields u,v € Hg”“(Q,R”) solve (1.1) with
||uH%H_1Q = HvH%H_LQ = M. Then, by linearity, any convex combination w, = au + (1 — a)v, a € R,
also solves (1.1). Moreover, by the Holder inequality,

w710 = @*llulliiio + (1 = @)llulF10 +20(1 = a) (4, v)mi10

< M + (1= a)’M + 20(1 = @) [ullms1.00llmsr0 = M.
Since M is the minimum, the above inequality is an equality, that is,

(uuv)m+1,ﬂ = HUHerl,Q”UHerl,Q-

But the Hélder inequality becomes an equality if and only if the two involved functions are proportional,

namely v = ~yu for some v > 0. Since HuH?nHQ = HUH?n+LQ = M, we necessarily have v = 1 so that

v = u. This also proves that the Euler-Lagrange equation (4.4) is satisfied for any v € Hg?;rl(ﬂ, R™).

Letting H~™"1(Q,R™) denote the dual space of HgLH(Q,R”), we introduce the linear mapping
Ly: HMMQ,RY) — R by

L(v) = (uf,v)mt1,0 Yo € H"PHQ,R™) .

We certainly have £y € H="1(2, R") and, due to (4.4), that L¢(v) = 0 for every v € H&‘jl(Q,R").
Next, given any ¢ € X,,(£2,R), there exists a vector field J, € Hg’”l(Q, R™) such that

Vidg=q¢in @ and  [[Jglmrre < \V/CGHD) [allme- (4.6)
Define then the mapping /:'f : Xm(2,R) — R by
Li(q)=Ls(Jy) Vg€ Xn(QLR). (4.7)

Notice that /jf is well-defined: given ¢ € X,,(Q2,R), if Jy, Jy € H(’)”H(Q,R") are two different vector
fields such that
V-Jh=V-Jy=q in Q,

then J; — Jy € Hg}:l(Q,R”). This means that L(J; — J2) = 0, and, by linearity, that L;(J1) = L;(J2).

Since L ¢ is linear, (4.6)2 ensures that C ¢ is a bounded linear functional on X,,(€2,R). From the Riesz
Representation Theorem we then deduce the existence of a unique py € X,,(£2,R) such that

~

Li(q)=@fOmo Vg€ Xm(LR). (4.8)

Given any v € H"t1(Q,R™), we infer from (4.7)-(4.8) that
£4(0) = Ly(V-0) = (01, V- O)ma-
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Thus, the vector field uy € HJ"™ (0, R") has a unique associated “pressure” p; € X,,,(2, R) such that
(Uf, ’U)m+17Q — (pf, V- ’U)m,Q =0 Yv € H6n+1(Q,Rn) , (4.9)
which corresponds to the weak formulation of the higher-order Stokes problem (4.5) in . O

One may find it surprising that the higher-order version of Theorem 2.5 looks rather similar. We
recall the definition (2.9) of K;.

Theorem 4.3. Let  C R™ bounded Lipschitz domain. For any m € N one has
™ Q) > n
B >n.

If there exist i € {1,...,n} and g € K;(Q,R) NL*(Q, R) such that the unique solution w € Hy* "1 (Q,R) to

(~A)™" My =g in Q, (4.10)
satisfies
ow ||? 1
[ s (@1)
¢ llm,Q

then C'J(Bm) (Q) > n.

Proof. Since the case m = 0 was considered in the proof of Theorem 2.5, we assume m > 1. Given any
w € HP'MH(Q,R), from [27, Formula (2.12)] we know that

=1,..,

n
[ A =/ D" de =) (/ IDm(é’xiW)V) >n min [0zw]7- (4.12)
’ Q —~ \Ja =1, '

Here it is essential to define .

| D™ w|? = Z (On;, oo Oy, w)?

i1 peim=1

in order to have that Hw||%lg = (w,w)m,n as defined in (4.1). The multiindex notation fails in this

respect, if m > 2. We apply (4.12) to the unique weak solution w € HS”H(Q,R) of the problem
(—A)™ Ty = 1 in Q under homogeneous Dirichlet boundary conditions, that is,

(W, ©)m+1,0 = /ngda: Yo € HS”H(Q,R) . (4.13)

Let k € {1,...,n} denote the index of one of the partial derivatives of w attaining the minimum in the
right hand side of (4.12) so that
[wlimsr,o = 1 l10nwlihq - (4.14)

Take the vector field u = (u1, ..., up) € Hy" (2, R™) such that u;, = w and u; = 0 for i # k, and define
f € Xm(,R) by

fiv.u:a—mk in €.

We claim that u = uy; given any divergence-free vector field v = (vq,...,vn) € Hg”j 1(©, R™), notice that

('LL, U)m—i—l,Q = (wyvk)m—&—l,Q = / Vg dr = 07
Q
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owing to Lemma 2.3 and (4.13), so that the Euler-Lagrange equation (4.4) is fulfilled. Then, Theorem
4.2 combined with (4.2) and (4.14) gives

(@) = X lunliiio _ Mgl el
B rexm@rnfoy Plaa = Iflha 10p, 0], 0 —

thus providing the stated lower bound for C](Bm)(Q).
Now, consider i € {1,...,n}, g € Ki(Q,R) N L?(Q,R) and w € Hy" ' (Q,R) satisfying (4.10)-(4.11),
meaning that

(W, @)m+1,0 = /Qggodx Yo € H(’)”H(Q,R). (4.15)

Take the vector field u = (u1,...,un) € HJ"™(Q,R") such that u; = w and u; = 0 for j # i, and define
h e Xpn(R) by
ow

- 83:Z

Again, we claim that u = up; given any vector field v = (vy, ..., vy) € Hgnjl(Q,]R”), notice that

h=V-u in Q.

(U, V)mt1,0 = (W, V) mt+1,0 = / gvidr =0,
Q

owing to Lemma 2.3 and (4.15), so that the Euler-Lagrange equation (4.4) is fulfilled. Then, by using
(4.2) and (4.11), we find

(m) ”Uh”%nﬂ,ﬂ ||U)H2n+1,9
Cp ' (22) > 2 = 2 ’
1Pl [10nwl5 o
which completes the proof of the second statement. O

Let m > 1 be an integer. Following the line of Section 2.4, the orthogonal decomposition
HPTHQ,RY) = HPU Y (Q,R™) @ HYH(Q,R™) (4.16)

turns out to be useful in the current setting. In fact, given p € X,,(Q,R) there exists a unique vector
field u € HY" ™ (Q, R™)* such that

(—=A)™ My + V((=A)™p) =0 in the sense of H ™ 1(Q,R"), (4.17)

that is,
(U, V)mt1,0— (0, V- 0)mao =0 Yo € H"PHOQ,R™) . (4.18)

Existence and uniqueness of a vector field u € HJ""(€; R?) satisfying (4.17) follow directly from Riesz’s
Representation Theorem, while (4.18) ensures that u € HS”; L(Q,R™)L. Conversely, as in the proof of

Theorem 4.2 one sees that, given any u € H&;I(Q,R”)J—, there exists a unique p € X,,,(©2, R) such that
(4.18) is satisfied. This establishes a bijective correspondence

HTH QR 5 u e py € X (Q,R)
via the weak formulation (4.18). In particular, it holds
lullmrr,e = (=)™ ull gm0 = IV(=A)" Pl g-m-1)  Vu€ HFFHQRD) . (4.19)
Theorem 4.2 enables us to slightly modify the variational characterisation of Cj(Bm)(Q) in (4.2):

”“f”?wl,g

b rexm@rniy  Ifl1Zq

, (4.20)
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with uy € Hg”l(Q,R”) being the unique vector field in Hg”“(Q,R”) satisfying the Euler-Lagrange
equation (4.4), or equivalently, the higher-order Stokes system (4.5). Moreover, Theorem 4.2 and (4.20)
define the bounded linear operator

B : X (Q,R) — HITH(Q,R™), B(f) =us VYfe Xn(Q2R)

where boundedness (and continuity) follow from (4.2): ||B||? = C](Sm)(ﬂ) < 0.

In analogy with Proposition 2.11, we also prove the higher-order version of the Necas inequality
(2.30)5:

Proposition 4.4. For any bounded Lipschitz domain Q@ C R™ and any integer m > 1 one has:

@) = sup 112,
i fexm@nfoy V(= )mf)HH me1(

Proof. Given any f € X,,(Q,R), the Euler-Lagrange equation (4.4) implies that uy € Hgf:l(Q,R”)L.
Therefore, for any solution u € H(’)"H(Q, R™) of the divergence equation (1.1) one has v = uy if and only
ifue Hg?;l(ﬂ, R™)+L. Based upon this observation, from (4.20) we deduce:

2
u
Cg”)(Q) = sup H”mi*;Q ' (4.21)
uGH&jl(Q,Rn)L\{O} HV . ’LLHm7Q

Recalling (4.16), for any f € X,,(2,R) \ {0} we find

, Voet)m, VW)
V(=)™ )l g-mr(y = sup IV - wmal _ . 1(/,V - @l
ue H'MH(Q,R7)\{0} [wllm+1,0 we ' (@,Rm) L\ [0} w10
Vup, V-u)y, Vougl?,
weHIH (Q,R7) 1\ {0} w10 lwf]lm+1,0

From this we conclude, with the help of (4.21),

1£117.2 IV - usll70
C(m) (Q) - sup = sup
o rexm@m\{oy [IV((= )mf)HH motg)y fexm@RN0p V(=)™ -mor

u 2 u
rexm@BN0 IV usllne  wenpti@rmiyoy IV UHmQ

IN

On the other hand, take any f € X,,(Q,R) \ {0}. Recalling Theorem 4.2, consider the unique pair
(up,pp) € HI™(Q,R™) x X,,,(2, R) satisfying the higher-order Stokes system (4.5), so that

IV((=2)"p )l rr-m-10) = II(=A)" gl g-m-1() = lusms1,0- (4.22)

Moreover, by testing (4.5) with uy (see (4.9)) and applying the Cauchy-Schwarz inequality, we obtain

luslZira = 0 Pma < Ipslma 1 fllme <V OFH Q) IV (=A) "D r-m-1() | fllme

which, due to (4.22), simplifies to

lusllmiro < VO @ [ flma  ¥F € Xn(Q,R)\ {0},

Owing to (4.20), the last inequality implies C](Bm)(ﬂ) < C’(m) (©), which concludes the proof. O
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We next discuss whether the supremum in (4.20) is attained. To approach this question, we define
An(R) = {p € Xn(QR); (39 € HP2(QR)) p= A¢ in 2,
so that the following orthogonal decomposition holds:
Xn(QR) = A (U R) @ A (Q,R),

see [40, Part II]. Notice that A,, (2, R)* is the subset of X,,, (€2, R) comprising weakly (m-+1)-polyharmonic
functions. Then, the higher-order Schur complement of the Stokes operator in € is the linear mapping
Sm i X (,R) — X,,,(Q,R) obeying the formula

Sm(q) =V -V,  Vge Xn(LR),

where V, € HJ""1(Q,R") is the unique vector field such that (—A)™1V, + V((—=A)™q) = 0, whose
existence and uniqueness follows from the Riesz Representation Theorem: V, € Hy"™(Q;R") is the
unique vector field such that

Vg, Wm0 — (V- 0)mao=0 Vo€ H'"H(QRY).
As in [11, Theorem 1.2 and the subsequent remark], it can be shown that
Sm(@)=q¢ Vg€ ARULR);  Sulg) € An(QR)T  Vge An(QR)". (4.23)
Furthermore, we notice that the operator S, is self-adjoint, since
(Sm(p): Dme = (V- Vo, Oma = Vo, Vo)msra = (0, V- Vodma = (0, Sm(@))me Vp,q € Xim(QR).
In particular, due to (4.19) and Proposition 4.4, we have, for every p € X,,,(2, R),

(Sn(®),Pma = Vol = IVI(=A)"D) [ F-mn-1(q)

IV (=AY )2,
> e )mqnmﬁ

inf
FEXim(QR)\{0} 1£112, 0

m,Q = THPHZ%Q,
cima

thereby proving that S,, is also a positive definite operator, with l/C’fgm) (Q) its optimal coercivity
constant. In other words, we have

(Sm®),P)mo 1 sup (Sm(p), P)m.a

m 2 = (m) ) 2
pexm (@R} [Pl 0 ci(Q) pexm@rn{o}y  [Pl50

=1.

Therefore, letting o(S,,) denote the spectrum of S,,, it holds

1
{ogm‘} c o) C

Nevertheless, while A = 1 is indeed an eigenvalue of S, of infinite multiplicity (due to (4.23)), it is not

clear, a priori, that 1/ Cj(gm)(Q) is also an eigenvalue of S,,,. The following result states that if 1/ C’j(gm)(Q)
is an eigenvalue of Sy, then By, is a norm-attaining operator between X,,(Q,R) and HJ""(Q,R"). The
corresponding proof is omitted, since it is entirely similar to that of Theorem 2.15, but we refer to [10,
Chapter I, Section 6], [11, Section 2] and [19, Section 11] for further details.

Theorem 4.5. Let m € N and Q C R™ be a bounded Lipschitz domain. If f. € Ayn(Q,R)E\ {0} is an
eigenfunction of the Schur complement S,,, associated to the eigenvalue l/an)(Q), then

IVBa (f:) 1.0
£l 0

Moreover, if Q has a boundary of class C™™ and C'J(Bm) (Q) > 2, then there exists f» € Ap(Q,R)*\ {0}
satisfying (4.24).

1,  with ¢9(@Q) >n.

oy ()

cim(q) = (4.24)
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4.2 Higher-order Bogovskii constant of a ball
In this section we prove

Theorem 4.6. Let m € N and B C R, n > 2, be the unit ball. Then,
cimB)=n. (4.25)

Proof.  We first recall the notation of Section 3.1: for every k € N, M & denotes the space of homogeneous
harmonic polynomials of degree k (with My = R), having dimension N (k,n) and

{Hg1,. .. 7ﬁk,N(k7n)} C M

as an orthonormal basis with respect to the L?(B,R)-scalar product. It is well-known that

o

U{E’k,h . wﬁk,N(k,n)}
k=1

forms a complete orthonormal system in A(B,R)* with respect to the L?(B,R)-scalar product (recall
(2.33)), see [25, Proposition 4] and [12, Theorem 5.5.111, Proposition 5.5.7]. We next claim that

o
U {(1—\x!2)mﬁk71, e (1—]33\2)"1[}“\,(;97”)} forms a complete orthogonal system in A,,(B,R)*. (4.26)
k=1

This proof is lengthy. Since (4.26) is known to hold when m = 0 (Proposition 3.2), we assume m > 1.
Fix any pair of integers k € N, j € {1,..., N(k,n)}, and put

Qr,j(r)=(1- ]x\z)mf[k](x) = Z <TZ> (—1)57"%?[;{;7]-(3:) Ve e B,
=0

with the radial variable r = |z| for every z € R". We clearly have Q;; € C*(B,R) N HJ'(B,R).
Furthermore, since Hy ; € My, from the Mean Value Property it holds

~ ~ 1 ~ 1 ~
0= [BI,0) = [ Fij@yde= [ o ee dedr = — [ (e de.

that is,

- Hy,j(€)dE =0. (4.27)

Owing to (4.27), we also infer

[ @@= ([roa=rmar) ([ e de) =o.

thereby implying that Q. ; € L3(B,R) and, subsequently, that Qr,j € X;m(B,R).
Recall, for every integer ¢ > 1, the identities

Vr2t = 20r® 22 Ar* =20020+n - 2)r*72, . Vf[k’j(a:) = kﬁlk,j(:v) Ve e R". (4.28)
We then compute, for all £ € {1,...,m},
A(r?Hy j(x)) = Hyj(2)(Ar%) 4+ 2(Vr? - VHy j(2)) = 2020 + n + 2k — 2)r2 72 Hy (2)
A2(r? Hy, j(x)) = (20)(20 — 2)(2€ + n + 2k — 2)(2€ + n + 2k — 4)r* " Hy, (2,

A3(r2 Hy, j(x)) = (20)(20 — 2)(2€ — 4)(20 + 1 + 2k — 2)(20 + n + 2k — 4) (20 4+ n + 2k — 6)r? O Hy, ().
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By induction we infer that

@Cm)!' (2m +n + 2k —2)!! ~
(n+2k—2)!l

A2 (1) =0 Ve {l,... . m—1}, A", (z) = k()

for all x € B and, consequently,

Cm)!'(2m +n+ 2k — 2)!! ~

A"Qpj(x) = (=1)™ (n 2k 2 Hyj(z),  A™1Qu (x)=0, VzeB. (4.29)

Here we use the notation for ¢ € N:

Hi/jl(Zk:), if ¢ is even,
o =
D22k — 1), if s odd.

From (4.29)2 we deduce that Q. ; € Ap(B,R)*: for every k € N and j € {1,...,N(k,n)}.
We now proceed to show the orthogonality and completeness of the set (4.26) within A,,(B,R)*.
Orthogonality: Take (k,j) € Nx {1,...,N(k,n)} and (¢,7) € N x {1,...,N(¢,n)} such that k # ¢
or j # i, thereby implying

1

Mk Jonn TR (OHL(E) dE

~ ~ 1 ~ ~
0= /BHk,j(UC)He,i(m) dz = /0 /Sn_l " Hy, j(r€) Hyi(r€) d€ dr =

that is,

Ak ©He(€)de =0, (4.30)

Owing to (4.29)1-(4.30), we can integrate by parts in B to infer

(Qrjs Qeidms = (—1)™ /B (A" Qs (2)) Qe () da

_ (2m)!!((sri —2|—kn_+2?!k!: —2)N /B(l B |$|2)mﬁk3($)ﬁz7z($) I
m)!' (2m +n —2)N ! ~ ~

Completeness: Take any ¢ € A,,,(B,R)* C X,, = H{" N L} such that
(¢,Qri)mB=0 VEeN, Vje{l,...,N(k,n)}.

We integrate by parts in B to infer

(0.Quhmn = " [ o) @mQuy(a)) do = EPEERLELEEIR | g0) (o)
so that
/Bq(x)ﬁk,j(x) dr=0 VkeN, Vje{l,...,N(k,n)}. (4.31)

Since ¢ € L3(B,R), from the decomposition (2.33) it follows the existence of a unique pair of functions
(¥, p) € H3(B,R) x A(B,R)* such that ¢ = Ay + ¢ in B. After noticing that

/(A¢(m))ﬁk7j(x) dx :/ Y(x)AHyj(r)de =0 VkeN, Vje{l,...,N(kn)},
B B
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we deduce from (4.31) that
/ o(@)Hyj(x)de =0 VkeN, Vje{l,...,N(kn)}. (4.32)
B

As ¢ € A(B,R)*, (4.32) implies ¢ = 0, which leads to ¢ = Ay in B. Since ¢ € HJ*(B,R), by elliptic
regularity, this ensures that 1 € H™"2(B,R)NH(B). Letting A,, denote the Laplace-Beltrami operator
on the unit sphere S"~! (which only involves tangential derivatives on 9B), it holds

0% o9

(== =5z +0-D7

2
FA) =20 on 9B

implying v € H3(B,R). But since
A(V$) = V(AY) = Vg in B,

we deduce again, provided that m > 2

0=A(Vy) = a—2V¢+( —1)2V¢+A (V) = 8—2V1,Z) = ag—w =0 on OB
N ~or2 " or " - or? s - ° ’
that is, 1 € Hj(B,R). Iterating this procedure, we infer that

oy

W:O on OB, VfG{O,,m—Fl}

or, equivalently, ¢ € Hg‘“ (B, R). Consequently, as ¢ equals the Laplacian of a function in H6”+2 (B,R),
we deduce g € A,,,(B,R) N A,,,(B,R)*, that is, ¢ = 0. This concludes the proof of (4.26).

We turn now to proving (4.25). As in the proof of (4.26), fix any pair of integers £ > 1 and
je{l,...,N(k,n)}. We put

m
: = m =
Qusle) = (1= o Fus(o) = Y () ) (0¥ Fsle) e B,
=0
with r = |z| for every € B. Recall, from the proof of (4.26), that Qy; € A, (B,R): NC>®(B,R).
Moreover, the identity (4.29); implies

@2Cm)! (2m +n + 2k — 2)!

|
mroh—on V@) VreB. (4.33)

V((=A)"Qu)(x) =

Define now the vector field V; ; € C*°(B,R") by the formula

(1 — 2Py VHy (z) Ve € B
2m+2)(n+2k—2) " ’

Vij(x) = —

so that Vi ; € Hy"tH(B,R"). Recalling (4.28)3, a straightforward computation shows that

(V- Vii)@) = ~ Gz =g V(L ~ [ - Vi@

(4.34)
1

T n+2%k—2

k

(1= |o)" (@ - VH () =

Qr.,j(x) Ve e B.

On the other hand, given any index i € {1,...,n}, we have

m+1 o
() B - 1 mA 1\ o200k
Vij(z) & = (2m+2)(n+2k_2);;< ) )( 1)fr o, (x) VzeB.
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Hyj .

Firstly, suppose that & = 1, so that PNILJ- is simply a linear function in R™ and, therefore, 3 is a
7
constant function. Owing to (4.33), it holds Z
1 OH,
Ayt Lo — »J ATH1.2mA2
(A Wy (@) 8= - S M @A)
1 1
_ 1 (2m + 2)!1 (2m + n)! aHlj( ) (4.35)

n(2m + 2) (n—2)1 ox;

_ @m)t2m+n)!OH,, (2) = ~V((-A)"Q1,)(x)- & VzeB.

Secondly, if £ > 2, it follows that 2Hki ¢ My, and, hence, the computations that led to (4.29) yield

. 1 (2m + 2)!! (2m 4 n + 2k — 2)!! DHy,
—A m+1 . e =— J
(—A)" T Vg j(x) - € (2m + 2)(n + 2k — 2) (n+2k—4)!! ox; (z)
(4.36)
(2m)”(2m+n—|—2k—2)”0Hk] .
—V((—A)" Q. - € B.
Summarising, from (4.34)—(4.35)—(4.36) we deduce, for every k > 1 and j € {1,...,N(k,n)},
k
_AY Ly _AY™ ) — . - , i
(=A)" Vi + V(=A)"Qky) =0, V-Vi; T op_gWks I B
or, equivalently,
k .
By (4.26), for every q € A,,,(B,R)*\ {0} we have
(q Qk,j)m.B . (g, Qk, mB
1= Z Z T2 o Qe i By e = Z Z LA (4.38)
Identities (4.37)-(4.38)1 then entail
+Z Z Q7 Qk,j)mBQk )
= TS Ao el
thereby yielding, as a consequence of (4.38)3,
400 N(k,n) 2
> — An(B,R , 4.
(Sm( ; ]Z; n+2k 5 ”Q Py Zaldlie  Ya€ AnB R0}, (130)

which is also valid for ¢ = 0. Given any p € X,,,(B,R) \ {0}, it can be decomposed as p = h + ¢ in B,
for a unique pair (h,q) € A,,,(B,R) x A,,(B,R)*. In the light of (4.23)-(4.39), we infer

Sm(p), P)m 2 5+ (Sm(@), Q)m, 1
( (p)Qp) B _ B ( (Q)2Q) Bol e X, B.R)\ {0},
p1l7: 5 17158 + llall5 8 n
so that ) S 1
_ inf ( m(p);p)m,B >
cim®)  rexn@RNO} P70 n
Since we also have Cj(gm) (B) > n (see Theorem 4.3), the proof is concluded. O
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A Examples

A.1 How to find u; for some f € L(B,R)?
We recall from the beginning of the proof of Proposition 2.11 that
for all f € L3(Q,R), a solution u € Hg(2,R") to (1.1) coincides with uy if and only if u € H&U(Q,R")J‘.

Or in other words, in order to find us one may first try to find some u € H} (2, R") solving (1.1) and
then to decompose it into

u=1ug+uy with wug€ H&U(Q,IR{") and wuy € H&U(Q,Rn)l.

This means that one has to find the orthogonal projection of w onto H&U(Q, R™)L. Projection operators
are highly nonlocal and often act counterintuitively. The following examples are intended to give a
feeling of how this projection operator acts.

Let us first consider the simplest nontrivial example f € L3(B,R), f(z) = x; for any i € {1,...,n}.
Then it is an obvious guess to consider u(x) = (|z|> — 1)e; as a solution to (1.1). From Proposition 3.2
one takes then that one even has u = uy and that moreover, this pair (f,uy) maximises Cp(B).

Next we take f(x) = |z|2x1 so that an obvious guess for a solution u € Hg(B,R™) to (1.1) is

u(z) = 3t ~ Der

In spite of its simple form it does not coincide with uy, which is given in the following statement. In
particular, symmetry properties of f are not fully inherited by the corresponding solution wuy.
Proposition A.1. For f(z) = |z|%z the privileged solution uy € HE(B,R™) of (1.1) is given by

Tz +1) + 22 + 22
|z -1 172

2. n—1 2
] : and /B]Vuf| dx—(n 4(“+4)2>/Bf dx. (A.1)

1Ty

up(x)

Proof. Regularity and attainment of the boundary conditions are obvious. The fact that us solves (1.1)
follows from

(|22 + 223 + n+ 1) 2T + 22 (J2|> — 1)e]
1 2v1z00” + 2o(|2)? — 1)ef + 21 (|2)? — 1)ed

n+4

Vuy =
2012027 4 2 (|22 — Vel + z1(J2? — 1)el
In order to verify the necessary and sufficient condition (2.6) we calculate further

n(|z]? + 223 + n+ 1) + 2|z|> + 4a? + 2(|z|® — 1) + 427
1 2(n + 2)x1x0 4+ 221272 + 22122
n+4 :

Aug(z) =

2(n+ 2)x1xy + 22120 + 2212,
(n+4) |z +2(n+4)z2?+nn+1)—2

1 2(n + 4)x129
T n+4 :
2(n+4)z12,
|z)? + 222 + 7(n+i)+(271) .
22110 9 (n+2)(n—1) T
| (1o + 2220 =00) — (@ua)”,
2x1Ty,
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where (z) = |z|?z1 + %ml. With this we find

/Vuf:Vvdac:—/AUf~vdm:—/Vw-vdx:/¢(V-v) de =0 VUEH&U(B,RH).
B B B B H:z—’

In view of the necessary and sufficient condition (2.6) we see that uy is indeed the “privileged” solution,
as claimed.
The proof of (A.1)s is obtained by direct computations. O

The idea to obtain wuy in this example can be explained as follows. The necessary and sufficient
condition (2.6) requires Auys to be a gradient field with a potential, say ¢ € H?(B,R), see (2.7) in
Theorem 2.4. If (¢p — f) had homogeneous boundary conditions (which is not the case) from Ay = Af
one would have ¥ = f. So, a correction term in 1 is needed and the main issue was to find the right
factor in front of x;. In two dimensions this could be determined explicitly by means of a stream
function-ansatz, to be added to u. In general dimensions a series of “educated guesses” eventually gave
the right factor.

A.2 On the failure of extension arguments

In spite of the fact that (2.8) involves only first order derivatives, e.g. Lemma 2.2 and (3.1), combined
e.g. with Theorem 3.6 show that there is no monotonicity with respect to domain inclusions. The reason
for this is that arguing by trivial extension is not admissible for determining the Bogovskii constant (2.8).
The following example shows how, for a pair (f,u;) maximising the Bogovskii constant, the properties
being uy break down as well as the maximality of f. Again, this is an effect of the nonlocality of the
projection operator mentioned in the previous subsection.

Since the calculations are quite involved, we restrict ourselves to the planar case n = 2. Again,
according to Proposition 3.2 we consider the maximising pair (f,uy) in B =: Q given by f(z) = 21 and

. 1 2 1 o 1 I2
up(xr,x2) = §(|x| 1) <0> , Vug(xr,x2) = <0 O> ,
and extend f trivially by 0 to Q9 = Bs. For

feLiBa),  f(z)=xn(x)r1,

we claim that

1002, 1.2, 3 3.2 1.2 1 1 1 3
95177 + 5172 + 1§ lr)® — 325 — 5 -5+t -
) = (BT ) ) (ST 2)+XB2\B<x>< tr e 4'“)- (4.2)

—5at122 2L172

To see this, we need to verify the three properties:
us € Hy(Ba), V-up(x) = xB(x)r2 = f(x) a.e. in By, (2.7).

The first two properties can be verified through direct computations:

2 3

3o T3

1 (= 3m2> 1 (Sml :v2> —4‘3314 L ~dzE T 1506

Vug(z) = — +~xs(z + x ot Jel ol 7 laf
(@) 64 <—902 — 4XB( ) Ty T xe:\B(7) qat — ﬁ;fé T2l ~ ﬁ‘?

To prove (2.7) we introduce the function

- 1 1 1
50) = xman(@) (g 1) %2 - gl
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that satisfies 1) € W2°°(By) and
AY(z) = —xB(z)z2 a.e. in By. (A.3)
Since 1; does not have double trace vanishing of 0B3, we add a biharmonic correction, that is, we take

Y(x) = Y(z) + 128’33' T + 6% = 128| x|z + 16$2+XBQ\B($) <8|x2 4> x2 8XB($)|~’U\ x2

and we obtain ¢ € HZ(Bz). From (A.2) we see that uf = u + V1) = u + (¥4,, —1by, ) and, hence, (2.7)
follows if v is a distributional solution to

A2¢ = A(uzm — Ulny) = _Aul,xg iIl D/(Bg) (A4)

So, let us check the validity of (A.4). First, we notice that

(At oy, ) = / 1.0y A = / ©Ap Ve O (By).
Bo B

Then we compute

~ ~ A3
(A%,0) = (A%, 0) = | INNER= /B 2ol = —(Auy 4y, ) W € CF(By)
2

and, hence, (A.4) holds. This completes the proof of (A.2).
Finally, we compute || f||? 12(By) and ||Vu fH%Q (Ba)" By making use of symmetry arguments we obtain

/\f|2dx—”, /rw\?daz—”—2/ P dr,
B, 4 B, 2 B,

1
/ \Vuy|? do = =i ((492 + 152):,:% + (15% +19%)23) dx
B

1

12 10 ) 4
+ 2048/ Ba\B |x|10 (|JU\ +4x2|x| +32|1:] ( — %) 4 256/ )dm

803 2, ) y 17 2
= 3 256 )d e
2048/| " d 2048 Ba\B ( " +256[2] 7 ) du = 16 |f|

This ratio illustrates how far the trivially extended u is from the minimising uy and how far the trivial
extension of f becomes apart from being the maximising one for Cg(B2) = 2, see (3.1).
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