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Abstract

We study a natural biharmonic analogue of the classical Alt-Caffarelli problem, both
under Dirichlet and under Navier boundary conditions. We show existence, basic properties
and C1%-regularity of minimisers. For the Navier problem we also obtain a symmetry result
in case that the boundary data are radial. We find this remarkable because the problem
under investigation is of higher order. Computing radial minimisers explicitly we find that
the obtained regularity is optimal.
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1 Introduction

For a given bounded and suitably smooth domain 2 C R™ and a given boundary datum ¢ €
H?(2), Dipierro, Karakhanyan, and Valdinoci studied in [4] existence, regularity and further
qualitative properties of minimisers of the following functional

J(u) = /Q (1Au(@)]? + 1oy (&) da 1)

for
ue N ={ve H Q) : (v—¢) € Hi(Q)}. (2)

The set .4/ models the so-called Navier boundary conditions where only the height of u is
prescribed on 02 and not also the slope. The functional J in (m) resembles a lot the Alt-
Caffarelli-functional in [l] where |Au|? has to be replaced by |Vu|?. However, since Alt and
Caffarelli considered only positive boundary data, thanks to the maximum principle their original
problem remains the same when replacing 1g,~01(z) by l{u201(z). In fact, for large enough
domains €2 minimisers in [l] exhibit large flat regions with u(z) = 0. These flat regions have
a physical meaning. They describe e.g. the shadow zone or wake which a jet of a fluid leaves
after hitting an obstacle, cf. [21]. Moreover, this problem is related to optimisation problems
involving capacities, cf. [, Chapter 14].

As for the functional J(.) in ([ll), introduced by Dipierro, Karakhanyan, and Valdinoci the
situation is completely different. The second author proved in [14] that minimisers of J have no
flat parts at all (if n = 2), since for each minimiser Vu # 0 is satisfied on {u = 0}.

*Fakultat fiir Mathematik, Otto-von-Guericke-Universitat, Postfach 4120, 39016 Magdeburg, Germany, E-mail:
hans-christoph.grunau@ovgu.de

fInstitut fiir Mathematik, Universitit Augsburg, Universititsstrafe 2, 86159 Augsburg, Germany, E-mail:
mariusl.mueller@uni-a.de



In order to retrieve minimisers with flat regions we propose to look at a modified functional,
namely

F(u) = / (|Au(w)|2 + 1{ux0} (a?)) dx for we A oralternatively for u € 9, (3)
Q

where the set
9= {ve BYQ): (v - ¢) € HIQ)) (4)

models the so-called Dirichlet boundary conditions, where the height of u as well as its slope are
prescribed on 0f2.

We think that the functional F' exhibits minimisers which resemble more those obtained by
Alt and Caffarelli, as flatness is rewarded. Example [ll and the examples from Section Y give
evidence to this statement.

Nevertheless one should have in mind that the variational problem is of second order, i.e.
that any admissible function and in particular any minimiser has to be in H? which means that
on the boundary of the “flat set” {z € Q : u(x) = 0} (or, more precisely, its interior), not only
the values of the function but also of its derivatives have to match somehow. Outside this flat
set, minimisers turn out to be biharmonic, and for biharmonic functions no strong maximum
principle and, in general, not even a weak form of a comparison principle is available. In the
variational context this is reflected by the fact that for v € H?, in general ut ¢ H?, i.e. the
“Stampacchia trick” (comparing the energy of v and u™) does not apply. For features like posi-
tivity of superbiharmonic functions in balls, sign change in general domains, but also dominance
of positivity in general domains, one may give a look at [8, Chapters 1, 2.6, 5 and 6]. Having
these features in mind one may expect that in the variational problem under investigation, min-
imisers for positive boundary data may look “almost positive” but may at the same time exhibit
also oscillations, in particular close to the “flat set”. Although a detailed investigation of these
qualitative properties of minimisers would be in our opinion very interesting, this is beyond the
scope of the present work and may be addressed in future research, in particular in combination
with numerical approximations.

In the present paper we study existence, some basic qualitative properties and (optimal)
regularity of minimisers in 2 and .#". Next we summarise the main findings.

I. Interior C'%-regularity, a € (0,1).

Adapting the methods in [4] we infer first that minimisers lie in C1*(Q) for all a € (0, 1),
cf. Section B.1. We also show that the set {u # 0} is in general nonempty and may have large
measure, cf. Section R.2.

We show further that minimisers v € .4~ with radial boundary data in Q = B;(0) are always
smooth in a neighborhood of the boundary and radially symmetric.

II. Boundary regularity (for radial data).

The proof of the boundary regularity result is given in Section @ and relies on a “Kelvin
transform”-like reflection trick applied to Awu. It is by no means obvious how to extend this
proof and how to keep the free boundary of {z € Q : u(z) = 0} apart from the boundary 952,
when general smooth domains and general smooth boundary data are considered. We have to
leave this as a challenging open problem. Only in dimensions n € {1,2,3} such a reasoning is
obvious thanks to Sobolev embedding.



ITI. Radial symmetry.

The proof of the radial symmetry result is based upon a modification of Talenti’s symmetri-
sation method ([20]) in annular shaped domains, applied to |Aul|, cf. Section B and Appendix .
We find this result remarkable, because for higher order problems symmetry results are in general
rather involved and their validity is often limited due to the abovementioned lack of maximum
and comparison principles, see e.g. [8, Section 7.1]. At the same time we have to leave the
question open whether the same radiality result holds for minimisers in 2.

IV. Impossibility of (general) C?-regularity.

We finally obtain that minimisers in .#” do in general not lie in C?(2), which shows that the
obtained C1®-regularity result is optimal. According to the abovementioned symmetry result,
Navier minimisers u in balls for constant boundary data ¢(x) = const = ug are always radial.
In B1(0) C R? we compute these minimisers explicitly. We see that for uy > 0 small enough
they exhibit a flat region {z € B1(0) : u(z) = 0} # 0 and we infer that they do not lie in C?(2),
cf. Section f. See Corollary P in Section g

One should remark that the regularity results I and IV leave open whether C':!'-regularity can
generally be obtained. Due to the absence of a PDE for the minimizer, this regularity discussion
goes beyond the scope of this article. Notice however that all the radial minimisers we study in
Section f are C1'-regular. In [3], Dipierro, Karakhanyan and Valdinoci study a singular pertur-
bation problem for the functional J in ([ll). It is observed that the C'!-norm of the constructed
approximate solutions may degenerate, cf. [3, Theorem 1.7]. This is a remarkable phenomenon.
Notice however that it does not imply that solutions are generally not C''-regular. Indeed, the
second author proves that (if n = 2) minimisers of J even have higher C?%!-regularity, cf. [15,
Theorem 5.2]. We think that the discussion of Cl:l-regularity is an interesting, yet difficult,
question.

2 Existence, basic properties, and regularity of minimisers

In this section we prove the existence and basic properties of minimisers in 2 and 4. We
formulate the regularity result, which will be proved in Section and whose optimality is
shown in Corollary P at the end of Section p|.

In one dimension minimisers can be computed explicitly. Doing so, we see that the flat set
{u = 0} may become arbitrarily large, but it may also become void. Moreover we study the
value of the infimum of the energy.

Theorem 1 (Existence of minimisers). Assume that Q C R™ is a bounded C?-smooth domain
and that ¢ € H?(Q). The functional F attains its infimum on AN as well as on 2 which are
defined in (E) and (4).

Proof. We give the proof only on .4, because on 2 the proof is similar and as for the H?-
boundedness even simpler. Since () is bounded the infimum of F' on .4 is finite, i.e.

= inf F .
a:= inf (v) € [0,00)

We consider a minimising sequence

(Uk)kEN cN: lim F(Uk) = Q.
k—o0



In particular, (|[Avkl|r2(q))ken is bounded. Thanks to elliptic H?-theory [10, Chapter 9] and
the C2-smoothness and boundedness of 2 we see that also (|||l g2(q))ken is bounded. Hence
we find a u € H?(Q) so that after passing to a subsequence we have

vp = uin HX(Q), v —uin H(Q), wk(z) — u(z) for a.e. z € Q.

This yields immediately that also u — ¢ € H}(2), hence u € 4. (When working on &, one
exploits that ¢ + HZ(€) is convex and closed and so, weakly sequentially closed in H?(Q2). This
shows that u € ¢ + H3(Q).) As it is well known, the H2-norm is weakly sequentially lower
semicontinuous in H?, in particular

/\Au(x)|2da:§hminf/ | Avg(2)]? da.
Q k—oo  Jo

Moreover, vg(z) — u(r) almost everywhere in § implies that 1,0y (z) < liminfy o 1, 20y (7)
almost everywhere in 2. Fatou’s lemma then yields

—00

/Ql{wﬁo}(x) dx < /thgiolgfl{kaﬂ}(x) d:n<likminf/gl{vk¢0}(x) dx.

All in all we see that
_ 2 . 2 .
o < Flu) = /Q Au(z)2 dz + /Q Loy () do < lim inf /Q Ay (o) + T inf /Q o0y (2) dz

.. ) ..
ghkrglcgf (/Q |Avg (2)|* dx + /Q Live03 () dx) = lllgg.}fF(vk) = .
This proves that « minimises F' in 4. O

Remark 1. In case that Q = Br(0) is a ball of radius R and the boundary datum ¢ is radially
symmetric, one may also consider the smaller sets A1.q := {v € A : v is radially symmetric}
and Zpaq := {v € Z : v is radially symmetric}. Similar to Theorem [l one shows that F' attains
its minimum also on 47,4 and Z,,q, respectively. An interesting question in the context of
biharmonic problems is whether we have symmetry, i.e. whether the minimisers on the radial
and the general sets of admissible functions coincide. We show in Section H that minimisers in
rad coincide indeed with those in 4. In &, i.e. under Dirichlet boundary conditions, we have
to leave this question open.

Example 1. In the special one-dimensional case the problem may be solved explicitly. We
consider the interval Q = (—R, R) of length 2R under Navier boundary conditions

u(£R) =1, u"(+R) = 0.

According to Theorem @or more elementary, according to the remark at the end of this
example—any minimiser is even. Since minimisers in this case have to be at least C''-smooth
and biharmonic on Q \ {z € Q : u(z) = v/(x) = 0}, candidates for a minimiser are either the
function

uw(x)=1 in (—R,R)
(biharmonic in the whole interval and empty “free part”) or the following functions for p € (0, R):

0, for || € [0, p],
up(z) = (3R

x|—p)?(3R—2p—|z
(|| P)Q(R_p)gp | \)’ for |z| € [p, R]




(with [—p, p] as “free part” and biharmonic on (p, R)).
As for the energies of these candidates we calculate

F(UO) =2R

and 6

F(u,) =2(R - p) + ———.
Admitting (formally) p € [0, R) we see that the optimal choice ppin of p and the corresponding
energy are:

- JR—3, if R > /3,
Pmin =1 if0< R <3,

2\/§+%, if R > /3,

Flu, . )=
() {2R+1§3, if0< R <3

Comparing this with ug we see that the minimiser/s umy;, of our functional and its energy is/are

given by
uo, if 0 <R<V3+ 7, 2R, if0<R<V3+ o,
Umin = . 1 F(umin) = 2 . 1
’LLRi\/g, lfRz\/g—Fﬁ, 2\/54-%, lfRZ\/g—F%

These calculations may be carried out separately for the “left” and the “right” part of the
minimisers. From this one can directly infer that they must be symmetric about 0.

Remark 2. One thing that becomes visible is that minimisers may be not unique. In the
previous example this is the case for R = /3 + % This means that minimisers do not depend
continuously on the domain.

Another thing that becomes visible is that the flat set {u = 0} in the previous example
cannot be arbitrarily small, if one excludes cases where {umi, = 0} = (). Indeed, notice that if
R> 3+ % the ratio

{umin =0} _ 2(R=V3) | V3
9~ 2R R

attains precisely the values in [%,1].
Next we state our main regularity result for minimisers.

Theorem 2. Assume that  C R" is a bounded C*-smooth domain and that ¢ € H*(Q). The
minimiser u of F on A or on 9, respectively, lies in C1*(Q) for any o € (0,1), and is smooth
and biharmonic on the open set Q\ {z € Q : u(x) = Vu(zr) = 0}.

We prove this result at the end of Section @ We will moreover see in Section @ and Section
a that minimisers do in general not lie in C2((2).

Remark 3. The regularity result only studies interior regularity. However, one would also
like to conclude boundary regularity, provided that the assumptions keep the flat region {z €
Q: u(z) = Vu(xr) = 0} away from the boundary. To this end we assume that 2 has smooth
boundary and that ¢ is smooth and strictly positive on Q. Then it is possible to conclude
further in the special situation of Theorem [ and in general in dimensions n = 1,2,3 where
H?(Q) — C°(Q). Indeed, since p|lpg > 0 and each minimiser u lies in C°(Q) one has that
{z € Q: u(x) > 0} is a neighbourhood of 9. In particular there exists also a smooth tubular
neighbourhood €' C Q of 9 such that u is biharmonic and smooth on €\ Q. The smoothness
of its boundary values ¢ on 95 yield that then also u € C*°({Y'). As a consequence, the Dirichlet



or Navier boundary conditions are attained in a classical sense. In the case of Navier boundary
conditions this means that

ulpn = ¢loo and  Aulpg = 0.
In the case of minimisation in Af,q or Z;aq (cf. Remark m) the boundary regularity can also be
obtained for arbitrary dimensions, since by radial Sobolev embedding A;aq, Zraa C C°(Q\ {0}).

Remark 4. If one sets A := {x € Q : u(x) = Vu(z) = 0} one infers that each minimiser v €
(formally) solves the biharmonic Dirichlet problem

A%y =0 in Q\ A,
u=w, Jdyu=0y,p on ),
u=|Vu|=0 on 0A,

where 0, denotes the exterior normal derivative.
In contrast to this, a minimiser v € .4 solves a mized Dirichlet-Navier problem
Ay =0 in 2\ A4,
u=¢, Au=0 on 0,
u=|Vu| =0 on 0A.

This means that in both cases our problem does not decouple into a second order system for u
and Au.

2.1 The energy infimum

Another noteworthy thing is that in the case of the Navier problem, the energy infimum is
bounded above independently of the boundary datum, while in the case of the Dirichlet problem
this is not the case.

Lemma 1 (The energy infimum). Let Q C R™ be a domain with C?-smooth boundary and
© € H*(Q). Then

wigjy F() < |9 (5)

and
f F L v dHnt : 6
wt Fw) 2 g ([ Voman) )

Here H" ! denotes the n — 1-dimensional Hausdorff measure.

Proof. We start with (H) Since the domain is suitably smooth and ¢ € H?(Q) the unique weak
solution 19 € H(Q) of the Dirichlet problem

Aw():() in Q
Yo =¢ on OS2

lies actually in H?(£2). One infers that 1y € 4 by (E) Moreover one computes
F(o0) = [ (Aun)? da+ (v 7 0}] = [{vo # 0} < [

whereupon (B) follows. To show (B) we fix some arbitrary ¢ € Z and simply use the Cauchy-
Schwarz inequality.

1 2
F() > /(Aw dz > (/ A daz> — < Vi - v dH”—1> .
Q |€2] €2 \Jan
Using that Vi) = Vi on 92 (in the sense of Sobolev traces) we obtain the claim. O



Remark 5. We see that in & arbitrarily small boundary functions can lead to minimisers of
arbitrarily high Dirichlet energy. Indeed, for € > 0 and k € N we consider ¢, € H 2(Q) chosen
in such a way that ¢, = ¢ + kdg_in a fixed suitable neighbourhood of 0f2, where dq is the
signed distance function of 0, cf. [10, Appendix p. 381]. Then p|spq = € and V¢ - vqloqg = k, cf.
[10, Lemma 14.16]. By (B) we infer that
1

inf F(y) > —k*H"1(90Q)2.

Inf F(y) 2 Q) (092)
For k large and e small we have produced in the C%-sense small boundary data with large optimal
energies.

Remark 6. For the minimisation in .4#” we actually obtain a dichotomy result. If infyc 4y F(1) =
|2| then one immediately can obtain a harmonic minimiser with empty free boundary, as the
proof of Lemma m reveals. If infyc 4 F(¢) < [Q| we infer that [{u = 0} > 0, i.e. the free
boundary is nonempty.

2.2 Nonemptiness of the “flat set” and free boundary

We show that when the set (2 is large enough compared to the boundary conditions, then any
minimiser u € 4 or u € Z exhibits a nonempty flat set {x € Q : u(x) = 0}. For brevity we
discuss only the case of Dirichlet conditions; Navier conditions can be treated analogously. More
precisely we have the following result which holds irrespective of the shape of domains.

Theorem 3. Let By(0) C Q C R™ be any given C?-smooth domain and ¢ € H?()) any boundary
condition. Let e, denote the volume of the unit ball B1(0) C R™. Then there exists a constant
C1(2, @) such that for any R € (/C1/en,0) the following holds. If we set Qr:= R - Q and

or € H*(Qr), ¢r(z)=¢(@/R),  Pr:={ve H*(QpR): (v—¢r) € Hj(Qr)},

then for any minimiser w € Pr of F on Qg the “flat set” {x € Qr : u(x) = 0} has positive
measure. More precisely,

{z € Qp : u(x) =0} > (en,R*— C1) - R"4.
Proof. We consider a function v; € & such that
{z € Q1 :vi(z) =0} D By(0).

We define v € Zg,vr(x) := vi(z/R) and calculate:

1
inf F(v)<F <
nf (v) < F(vg) < B Jo,

:R”_“/Q (Av)2(2) dz + R™ (|| — en)

(Avy)?(z/R) dz + R™ (|Q] — en)

=C1R"™ + R" (|| — en)
where
Cy = / (Avy)?(z) da.
Q1
For the flat set of any minimiser u € Zr we conclude:
{z € Qr : u(z) = 0} =|Qr| — {z € Qr : u(z) # 0} = R*[] - F(u)
ZRn’Qﬂ - F(’UR) > Rn’Q1| - Can_4 + R" (en - |Ql‘)
—e,R" — C1R" . O



3 BMO-estimates and regularity

3.1 A local BMO-estimate for the Laplacian of minimisers

Theorem 4. Let Q C R" be a bounded C%-smooth domain with maximal inscribed radius

ro = supd(x,0Q)
xeQ)

and ¢ € H*(Q)). We consider any minimiser u of F on A or on 9, respectively.

Then for any Ry € (0, %T’Q) there exists a constant C = C(u, Ry) such that for all o €
with dist(xo,0Q) > 3Ry and all v € (0,Rp) one has the following estimate of bounded mean
oscillation type

/ |Au — (Au)gcwl2 dx < Cr™, (7)
Br(z0)

where

(Au) gy r = ][ Au(z)dz := ! Au(z)dz
Br(z0)

~Br(@o)| J B, (o)
denotes the mean value of Au in By(xg). In particular, Au € BMO,c(Q).

For the existence of such minimisers we refer to Theorem E]

Proof. This is pretty much along the lines of [4, Theorem 1.1]. However, for the reader’s conve-
nience we give a very detailed elaboration in Appendix |Al. O

Remark 7. From the fact that each minimiser u of F' in .4 or Z satisfies Au € BM Ojoc(2),
we deduce Au € Ll (Q) for all g € [1,00), see e.g. [19, Corollary in Chapter IV.1.3]. We obtain

loc
then by elliptic regularity that u € VVlicq(Q) for each ¢ € [1,00). In particular, by Sobolev’s
embedding one has u € C*(Q) for each o € (0, 1).

With this regularity we are finally able to prove Theorem E

Proof of Theorem @ Let u be as in the statement. That u € C1%(Q) follows from the previous
remark. We also notice that {x € Q : u(z) = Vu(z) = 0} is closed in 2 by the fact that
u € C1(). Hence the set Q\ {u = Vu = 0} is actually open. The proof of the biharmonicity
on O\ {u = Vu = 0} is divided into two steps.

Step 1. Biharmonicity on {u # 0}. One can argue as above that {u = 0} C Q is closed in
2 and hence {u # 0} is open. Now let n € C§°({u # 0}) be arbitrary. Since by the previous
remark |u| € C°(Q) we infer that there exists § > 0 such that |u| > & on supp(n). In particular
for each e € (== ) one has {u+en # 0} = {u # 0}. Since u is a minimiser we have

0
~nllee? Tlleo
F(u) < F(u+ en) for all such e. Using that the measure terms in F' coincide we obtain

/ (Au)? dz < / (Au+eAg)? da, (8)
Q Q

for all € € (—ﬁ, ﬁ) Rearranging we obtain

0< &7/ AuAn dx + &2 / (An)? dx.
Q Q

First we look at the case of € > 0. Dividing by ¢ and letting ¢ | 0 then yields

0< / AulAn dzx.
Q

8



The same procedure with € < 0 leads to
0> / AulAn dzx.
Q

The previous two inequalities for arbitrary n € C§°({u # 0}) imply that u is (weakly) biharmonic
on {u # 0} and hence smooth on {u # 0}. Elliptic regularity then yields that u is smooth on
{u # 0} and also biharmonic on {u # 0}.

Step 2. Biharmonicity on {u = 0, Vu # 0}. Let 29 € Q be such that u(z¢) = 0 and Vu(zg) # 0.
We will show that there exists a neighbourhood of ¢ on which wu is biharmonic. To this end first
notice that by C'-regularity there exists r > 0 such that Vu # 0 on B, (z¢) and B,(x¢) CC €.
In particular this nonvanishing gradient implies that {u = 0} N B, () is a C'-submanifold of
B, (z9) and hence |[{u = 0} N B,(x¢)| = 0. We infer therefore [{u # 0} N B,(x¢)| = |Br(x0)|.
Looking at the minimisation problem of x fB,\(zo)(AX)Q dx among all x € u+ HZ(B,(z0)) we
infer the existence of a unique minimiser w € u + HZ(B,(x0)). This minimiser w additionally
satisfies A%w = 0 weakly in B, (z). Next define v :  — R to be (a.c.)

u(z), z€Q\ Br(zo),
v(z) =
w(z), x € By(xo).
Since the Sobolev traces of u and w and of their first derivatives match at 9B, (z¢) and B, (xo) CC
Q) we further obtain that v € H?(2) and has the same boundary values as u (in both 2 and

A). Therefore v is admissible for our minimisation problem. In particular F'(u) < F(v). Using
the definition of v we find

0< F(v) — F(u) :/

Q

:/ (Aw)? da:—/ (Auw)? dz + |[{w # 0} N By (z0)| — [{u # 0} N B,(20)}|.
By (zo) By (z0)
Now the definition of w yields that

2 — 'LLQ xr .
/Br(xo)(Aw) dz / (Au)? dz < 0 (10)

Br(iUO)

(Av)? dév—/Q(AU)2 dz + [{v # 0} = {u # 0}| (9)

Moreover as we have discussed above one has [{u # 0} N B,.(x¢)| = |Br(x)| and hence also

[{w # 0} N By (w0)| = {u # 0} N Br(z0)| = {w # 0} 0 Br(x0)| — [Br(w0)| < 0.

The previous two inequalities together with (E) yield 0 < F(v) — F(u) < 0 and hence F(u) =
F(v). This in particular implies that ([L0) must hold with equality. By the uniqueness in
the minimisation problem for w one concludes that w = u|p, (4,), implying biharmonicity of
u on By(zg). Since g € {u = 0,Vu # 0} was arbitrary we infer biharmonicity in (an open
neighbourhood of) {u =0, Vu # 0}. O

3.2 A global BMO-estimate for the Laplacian of Navier minimisers in balls
under constant boundary conditions

In this section we prove a BM O-estimate up to the boundary for the Laplacian of minimisers
in .4 in the (unit) ball Q = B;(0) C R", with n € N arbitrary, in the special case of constant
Navier boundary conditions ¢ = ug = const > 0. As is shown in Corollary [lf to Theorem
below this suffices to see that u € W24(B1(0)) for every g € [1,00).

In the proof of Theorem f below we need to find a weak solution of the biharmonic equa-
tion under mixed Dirichlet-Navier boundary conditions. The key issue for this is the following
definition of a suitable function space.



Lemma 2. Let By, Bo C R" be two balls with G := By N By # (. Then
A ={ve HiNH*By) :v(x) =0 a.e. on By \ G}

together with the usual H*-norm or, equivalently,
w3 :/ (Av)? dz = / (Av)? dz
B G

and the corresponding scalar products is a closed subspace of the Hilbert space H& N H?(By) and
hence a Hilbert space itself.
Let u € H?(Bg) be arbitrary. Minimising v — fBz (Av)2dz on the affine space u+ H yields

a weak solution h of the mized Dirichlet-Navier boundary value problem

A2} =0 n G,
h=u, Ah=0 on 0G N By, (11)
IN”L:u, Vh=Vu ondGN Bs.

Proof. The Riesz-Fischer theorem yields the closedness of . That v — [ BQ(AU)Q dz has a

minimum % on the affine space u + S follows by adapting Dirichlet’s classical principle. As a
necessary condition we obtain the following Euler-Lagrange-equation:

h—uest, Ypei: /AB-de:o.
G

This is the weak (variational) formulation of (@) We emphasise that the “weak” attainment
of the Navier boundary data is encoded in the space % of admissible testing functions. 0

Theorem 5. Let Q = B;(0) C R" be the (unit) ball and ¢ = ug = const > 0. We consider any
minimiser u of F' on A . We consider

Au(x in €,
Ue L%oc(Rn)7 U(x) - {—\x(P)"Au(x/\xP) in R"\Q.

Then for any Ro € (0,3) there exists a constant C = C(u, Ro) such that for all zy € Q and all
r € (0, Ry) one has the following estimate of bounded mean oscillation type

/ U — Uy r|? dz < Cr™, (12)
Br (o)
where
1
Uxm::][ Ulx)der i = ——— U(z)dx
’ By (x0) (=) |Br(70)| /B, (z0) (=)

denotes the mean value of U in By(xo).

We have to leave the question open whether () holds for every zg € R™. For our purposes,
however, the previous result is strong enough. This will be shown in Corollary [l| below.
For the existence of such minimisers we refer again to Theorem [l|.

10



Proof. We choose some Ry € (0, 1) and keep it fixed in what follows. Let 0 < r < R < Ry
and x¢ € Q be arbitrary. If |zg| < % then dist(zg, 02) > % > % > 3Ry and hence the desired
estimate follows from Theorem E Hence we may assume that |zg| > % In particular one has
also 0 & Bap, (o).

We keep x¢ and Ry fixed in what follows. In the following argument we mainly have the case
in mind that Bagr(zg) N OQ # (. If on contrary Bag(zo) C €, the reasoning below still applies,
but the modifications are void and it runs along the lines of [4, Theorem 1.1].

For regularity purposes we first take a function

ii(x) = {“(x) for x € Q\ Brgya(o),

= —+ Iflﬁfl2 Qv O
@ € up + (Hy )(©) uo forxGQﬂB5R/4($0)-

We apply Lemma E with By = Baog(xo) and By = 2 = B;(0). We recall the Hilbert space
H ={ve H NnH*(Q):v(x) =0a.e on Q\ Bag(xo)}

from there and find a minimum h € @+ of v+ [ Bon( (Av)? dx on @+ .5#. This minimiser

z0)NQ
weakly solves

A2h = 0 in Q2N BQR(JT()),
iLZ'LLo, Ah=0 on aQﬂBzR(xo),
h=w, Vh=Vu ondByg(x)NQ.

By elliptic regularity & € C°°(Q2 N Bag(z0)) and moreover h € C>°(Q N Bg(z0)). This means
that we have 5 }
h=wuy, Ah=0on 8QQBR(I0)

in the sense of smooth functions. We define h € .4 via

W) = h(x) for x € QN Bagr(xo),
u(z) for x € Q\ Bagr(xo).

By minimality of u we have that F(u) < F'(h) which implies that

/ (Au)? dz+|{z € Bar(x0)NQ : u(z) # 0}] < / (Ah)? da+|{x € Bygr(z0)NQ : h(z) # 0}].
Bar(xo)NQ2 Bar(z0)N§2

This yields

/ ((Au)? = (Ah)?) dz < CR" (13)
Bar(zo)N2
with a universal constant C' > 0. Since h|p, ,(z0)n0Q = h € i+ minimises v — fBQR( (Av)?dx

xo)ﬂﬂ
on 4+ € and u — h € J is an admissible testing function we have

/ (Au — Ah) Ahdz = / (Au — Ah) Ahdz = 0.
Bar(w0)NQ2 Bagr(20)NQ2
This gives
/ ((Au)® — (AR)?) dz = / (Au — Ah) (Au+ Ah) dz
Bar(z0)N$2 Bar(z0)N02
= / (Au — Ah) (Au— Ah) dz = / (Au— Ah)? dz.
Bar(z0)NQ Bar(z0)N$2

11



With this, we conclude from (@) that
/ (Au— AR)® do < CR™. (14)
Bapg(w0)N$

Since Au and Ah vanish on 02 at least in a variational sense, it is a natural idea to introduce
the following odd “Kelvin transformed” extensions U, H € L2 (R")

loc

V(@) m {Au(x) el <l {Ah(m) it <1

—|z|2 " Au(z/|x?) if |z] > 1, —|x> " Ah(z/|z|?)  if || > 1.

One should observe that (thanks to using @ instead of u for introducing h) we have in a classical
sense

AH =0 in Qn Bg(w), H=0 on 002N Bg(xo).
This yields that we have also for the extended function
AH =0 in Br(zo). (16)
For this one should have in mind:

o Bpg(xp) is a subset of the union of Q N Bgr(xp) and its inversion. In order to see this we
take © € Br(zo) with |z| > 1 and need to show that x/|z|?> € Bgr(wg). This follows in turn
from the following inequalities:

2

X
20| e (0 2e w0t el af) = o | e a4 (1 [wol®) (1 Jf)
<R? >0 <0
RQ
< < R?
||

o H € C*®(Bg(z0) \ 0) N CY(Bgr(x)) and harmonic in Bg(xg) \ 9. Hence, it is weakly
and consequently classically harmonic in Br(xg).

Since the extension operator, defined in (@)
L*(Q\ By/a(0)) = L*(B4(0) \ By/4(0))

is bounded and Bag(zo) N B1(0) = 0 (as |zg| > 5 and Ry < ), we conclude from (@) that

1
4

/ (U—HY?dz<C / (U - H)? dz < CR™ (17)
Bag(wo) Bar(z0)N2

By means of Holder’s inequality

2
U — Haor|* < ][ U — H|dz gf U — H|?dz,
Br(J»’O) Br(l'())

we conclude from (@) that

/ Usor — Hagr|? da < / U — H|?dz < CR™ (18)
BT(IO) BT(IO)

12



We deduce now a Campanato type inequality for H, which is harmonic in Br(xg).
We fix an arbitrary o € (0,1). For any harmonic function f on Bgr(xg) local elliptic estimates
yield (with [f]s.c denoting the Hélder seminorm in C%#(G))

[Fla/2,B (o) < CR_(O‘+")/2||fHL2(BR/2(xO)) with a constant C = C(n,«).
If we assume further that f(z¢) = 0 we conclude that Vr € (0, %):

/ |f(a:)|2dx§[f]i/23 (x)/ ]m—xo\adx§6’<r>n+a/ |f ()| da.
Br(x0) RIS B, (30) R Br(x0)

For r € (&, R), % is bounded from below and we directly see that

[ peras | eraesce(@)™ [ ke

All in all we have
n+a
weon: [ ePwso(F)" [ jwpae
B (20) R Br(zo)

with a constant C' = C(n,«). We apply this to the harmonic function (making use of its mean
value property in Br(xg))

f(x) = H(z) — H(xo) = H(x) = Hyor = H(x) = Hyg 1

and find with a constant C' = C(n, «) that

n+o
/ \H — Hyy |2 da < 0(1) / \H — Hy, p|? da. (19)
By (w0) R Br(zo)

Putting all the estimates together we find the following with constants C' = C'(n, a):

/ |U—Ua:o,r|2dx:/ ‘U_H+H_onﬂ“+Hx077“_U$07T|2dx
BT(QEO) BT(:DO)

<C / ]U—H\de—i—/ yH—HmO,T|2dx+/ |Hygr — Usyr|* da
BT(IO) B'r(xO) Br(x())

7\ nto
R"+ (—= H—H, gpl*d
+ <R> /;R(l‘()) ’ O’R| x)

(/ |H—U]2d:v+/ yU—UIO,Rdex+/ yUIO,R—Hm,Rde»
Br(zo) Br(=o) Br(=o)
(E)’(@) n+ao
B iy (" (4 [ -
R Br(zo)

r\ nta
R+ (= : U—U, rl*dz | .
t (R) /BR(:C())| O’R| ;U)

13



Introducing the notation
O(r) = / U = Uy r|? da
By (zo)

this estimate rewrites as

V0<r<R<Ry: ®(r)<C <R” v (%)"m <I>(R)> .

In order to proceed we need to introduce the following increasing variant of ®:

®(r):= sup ®(p),
pe(0,r]

which obeys the same relation as ®:

Vo<r<R<Ry: ®(r)<C <R” n (%)"M ZIS(R)> . (20)

Lemma 2.1 from [9, Chapter III] yields that then with C = C(n, «)

V0o<r<R<Ry: ()< C(r”—l— (%)né(R))

and in particular that

~ 1 ~ 1
VO<r<Ry: ®O(r)<d(r)<Cr” (1 + an)(RO)> <Cr" (1 + RnF(u)>
0 0
<C(n,a, F(u), Ry)r".
(Recall again the local boundedness of the extension operator in (@)) Since we may e.g. fix
a =1/2 we end up with

Y0 <7 < Rp: / U = Upyr|?dz < OP™
By (zo)

with a constant C' = C(n, Ry, F'(u)). This proves (@) O

Corollary 1. Let Q = B1(0) C R" be the (unit) ball and ¢ = ug = const > 0. We consider
any minimiser u of F on .. Then we have that u € W9(By(0)) for all g € [1,00) and that
u € CH%(B1(0)) for each o € (0,1).

Proof. According to [[19, Chapter IV, Remark 1.1.1] the definition of BMO does not_depend
on whether one is working with balls or with cubes. Hence the previous Theorem [ shows
that Au € BMO(B1(0)) in the sense of Jones [11, p. 41]. According to the remarks between
Theorem 2 and Theorem 3 in Jones’ work, his Theorem 1 (where for the sufficiency part he
gives strong credits to Reimann [18]) applies in particular to the ball B;(0). This yields that
Au has an extension U € BMO(R"™). Applying [19, Corollary in Chapter IV.1.3] shows then
that U € Ll _(R™) for any ¢ € (1,00). Hence Au € L(B1(0)) and elliptic regularity yields that
u € W24(B1(0)). By Sobolev embedding the Hélder regularity follows. O

Remark 8. We know from Remark E that in dimensions n € {1,2,3} the previous boundary
regularity result can be extended to general sufficiently smooth strictly positive boundary data,
to general sufficiently smooth domains, and to the case of Dirichlet boundary conditions.

We have to leave the question open whether such generalisations are available in dimensions
n > 4.
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4 Radial minimisers

In Remark m we have seen that minimisers in %,,q and A47,q can be found. In the sequel we
want to compute these minimisers explicitly and study their properties on balls Q = Bg(0) with
¢ = const =: ug € (0, 00).

Recall that each radial biharmonic function is given by

f(r) = Cir' ™" + Cor® " + C3r* + Cy

ifn+#2,n#4,
f(r) = Cilogr + 027"_2 + 037’2 + Cy

if n =4 and
flr)= Cyr? logr + Cologr + Csr’ + Cy

if n = 2. Hence each radial minimiser must be either of the form u = ug or

0 | < p,

F(zl) ol = p. 1)

u(z) = u(p, C1,C,C5,Cy)(x) = {

We remark that C7,Cs, Cs, Cy can be uniquely determined by p via the boundary conditions.

Example 2. Here we look at Navier boundary values in dimension n = 2 on Q = B1(0) with
o(r) = up € (0,00). We also make a slight modification of the functional, namely we seek to
minimise

Fy(u) = /Q (Aw? di + A{u # 0} (22)

for some parameter A > 0. One either has u = ug, i.e. F(u) = Arw or u = u(p,C1,Cs,Cs,Cy) for
some p € (0,1) and C1,C5,C5,Cy € R, cf. (@) If u = u(p,Cy,Co,C3,Cy) is as above then

Au(z) = Ci(4logr + 4) + 4C5. (23)

The Navier boundary conditions imply then 4Cy + 4C5 = 0 and C3 + Cy = wug. In particular
C1 = —C3 = C4 — ug. The conditions u = 9,u = 0 on 9B,(0) yield

0=C1p*logp+ Cylog p+ Csp? + Cy (24)

and )
0=_Ch(p+2plogp) + C'z; + 2C3p.

Using C3 = —C1 the last equation simplifies to
1

0=Ci(—p+2plogp) + 0257

i.e.
Cy = (p* — 2p*log p)C1.
Now (@) yields
0 = C1p°log p +log p(p* — 2p°log p)C1 — C1p* + (C1 + ).

Therefore

Ug

Cy=— :
2p?log p — 2p*log® p— p> + 1

15



Going back to (@) we find Au(z) = 4C1 logr and hence

1
Fy(u) = (1 - p%) + 327?012/ rlog? r dr = Ar(1 — p?) 4+ 87C%(1 — p? — 2p%log? p + 2p* log p)
o

8mud(1 — p? — 2p%log? p + 2p% log p)
(20 log p — 2p?log® p — p* +1)?

:)\7'('(1 — p2) + )
ie.
F)\(u) = f)\(u07p)7

where
8mul

2p2log p —2p2log?p — p2 + 1

falug, p) == A (1 — p?) +
In particular we find

inf F =min<{ A inf . 25
e B) mm{ w 1)f>\(uo7p)} (25)

)

One observes that f(ug,0) = M + 87 w3 and limyq fi(uo, p) = co. Moreover, fi(uo, p) =
Mi(ug/VA, p), ie., enlarging A has the same effect as making uy smaller. The infimum of
fa(uo, d can be studied computer-assistedly. For some plots in the case of A = 1 one may see
Figure [l.

7 6

6

0 01 02 03 04 05 06 07 08 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 0.1 0.2 0.3 0.4 0.5 0.6
r r r

Figure 1: Plots of f1(0.05, .), f1(0.075, .), and f1(0.1, .) (left to right). The straight line marks
the threshold energy level .

This shows that for small enough wug there is a “flat” set, while for large ug there is none.

Remark 9. We have seen that for radial minimisers in .4{,q,n = 2 one has Au ¢ C°(B1(0))
unless u = const. Indeed, one infers from the previous example that if the infiumum in (R§) is
smaller than A7 one has a minimiser u € 4;,q with

07 ’«T| < Pmin,
A = 26
u(l‘) { 4ug log\x!, ’Hf‘ > Pmin, ( )

2025, 108(pmin) —202,5, 1087 (Prmin) — P50 1
where ppmin € (0,1) is some value where the infimum in (@) is attained. This discontinuity
phenomenon also occurs in arbitrary dimension. Indeed, here we show the following
Claim. Suppose that u € A;,q is a minimiser with |{u = 0}| > 0. Then Au ¢ C%(B1(0)). In
particular u ¢ C2(B1(0)).

Proof of the claim. Assume that u € A,q is as in the claim and satisfies Au € C°(B1(0)). By
Remark E we also have that Au € C°(B1(0)) and Aulpp, 0y = 0. Then {u = 0} = B,(0) for
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some p € (0,1). Let Ay, := B1(0)\ B,(0). Now Au lies in C?(4;,) N C°(A4;,) and is harmonic
in Aq,,. The classical maximum principle now yields

[Aullpooa, ) < [[Aullz@a,,)- (27)

However, note that Au = 0 on 0B1(0) and Au = 0 on 0B,(0) since u = 0 on B,(0) and
Au € C°. As a consequence Au = 0 on dA4; , and (@) yields Au = 0 on Ay ,. Since Au =0
also on B,(0) we conclude that Au = 0 on the whole of B1(0). This yields that u is harmonic
on B;(0) and thereupon the maximum principle implies that u(z) = ug > 0 (as ulgg = up > 0).
This contradicts |[{u = 0}| > 0 and the claim follows.

Remark 10. The expression in (@) is strictly increasing in wo until it reaches the value Ar.
From there on it is constant. Also this is true in any arbitrary dimension, as we shall prove here
in the case of A = 1.

Claim. If (for B;(0) C R") we set
t/Vrad(uw = {u S HQ(Bl(O)) U — U € H&(Bl(()))},
then the function f : (0,00) — (0, 00)

fluo) = inf ~ F(4)

YENMad(uo)

is of the form f(z) = min{n(z),|B1(0)|}, where 7 is a strictly increasing function. More precisely,
if 4 permits a nonconstant radial minimiser then f is strictly increasing on [0, dg].

Proof of the claim. Let 0 < u; < ug be arbitrary constant boundary data. Then there exists
a € (0,1) such that u; = aug. Let u € Aq(up) be a minimiser. The rescaled function u, := au
lies in A{,q(u1) and satisfies

inf () < Flau) = o? /Q(Au)Q dz + {ou £ 0}] = a2 /Q(AU)Q dz + [{u # 0}

wEJde (ul)

< /(Au)2 de+|{u#0} = F(u)= inf F(3). (28)
Q

wEJVrad (UO)

The inequality in the first estimate (@) is strict iff [(Au)? dz # 0. Notice that this integal
vanishes iff u is harmonic in €2. Uniqueness of solutions for the harmonic Dirichlet problem
yields that in this case u = ug = const. Hence

st P() = () = Flug) = |By(0)]

This and (@) imply that
f(u1) < f(ug) where the inequality is strict, when ug admits a nonconstant minimiser.
The assertion follows.

Example 3. We minimise F in .4{,q again in dimension n = 2, but this time with Q = Br(0) for
any arbitrary R € (0,00) and constant boundary value ug. We write F'(- | Br(0)) to distinguish
between the minimisation problems for different values of R. One readily checks that for each
U € Naq one can define up : B1(0) — R via ugr(x) := u(Rz) and obtains

F(u | Bg(0)) = R*™* (/B (0)(AuR)2 dz + RY|{z € B1(0) : up # 0}|)
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This yields that for A = R* one has
F(u| Br(0)) = R" *Fy(ur | B1(0))

where F) is as in Example E Using this and the fact that uygp,0) = (ur)|sB, (0) = o we obtain
from (@\)

inf F(u|Bg(0))=R"™ inf Fga(u| B1(0))

UE N ad UE N ad

:R"4min{R47r, inf fR4(u0,p)}.
p€(0,1)

This can again be studied computer assistedly.

Example 4. We now minimise F' defined in Z,q for n = 2 on @ = B1(0). In particular
we prescribe u — ug € HZ(Q) for some constant function ug > 0. Again either u = wug or
u = u(Cq,Cq,Cs,Cy, p) for suitable values of Cy,Cy, Cs, Cy, p, cf. (@) The conditions we have
to ensure are u = ug, O,u = 0 on dB1(0) and u = d,u = 0 on 9B,(0). We compute on [p, 1]:

1
0ru(C1, C2,C3,Cy, p)(r) = C1(2rlogr + 1) + 02; +2C3r.
Evaluated at » = 1 and r = p this amounts to

0=C1 4+ Cy+ 2Cs, (29)

1
0=C1(2plogp+p) + CQ; + 2C5p.

Multiplying the first equation with p and subtracting the second one we find

1
0=—-C1(2plogp) + Cs <p— ,0) ,

which yields
2p1 2p%1
Cy =y pOglp—C 14 ogp.

— V1
pP=1 pP—1

Reinserting this into (@) yields

2p%1 1 p?l
ozcl<1+ﬂ20gp>+203 N 03:_01<+p20gp>_
pe—1 2 pe—1

Next we use that u = ug on 0B1(0) yields C5 + Cy = ug. Therefore

0 = ulop,(0) = C1p*log p + Calog p + Csp* + Cy
= ug + C1p*log p + Calog p + C3(p* — 1)

2p*log p 1 p*logp
— 2 2

This yields an explicit fomula for C7, namely

—Ug uo 2<1 - p2)
Cl = Cl (’LLO p) = > 3 = = Uup .
) 1 2] 2 2 2 . 212

2pp2(ig1 p %(pQ 1) %(pg 1) 2pp2<ig1 p 4p2%log” p — (1 — p?)
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Therefore one has also

uo

1 %lo 1 1o
C3 = Cs(ug, p) = — <+ 5 _gp> Ci(u, p) = — (+ rosp

Next we use that for u = u(Cy, Co, Cs3,Cy, p) we have

Au(z) = C1(4logr + 4) + 4C5.

2 p2—1>5(p2_1

) — 2p%log? p
p2=1

Using that C; = C1(ug,p) and C3 = Cs(ug,p) one can therefore determine the F(u) only
in terms of wug,p. An explicit formula for the infimum can therefore be found. Finally, we
can compute the energy of each admissible u = u(C1,Cs, Cs3,Cy, p) in terms of ug, p and may

minimise computer-assistedly.

Flu) = / (1 (41og 2] + 4) + 4Csda + 7(1 — p2)
B1(0)\B,(0)

2 p2-1

1 1 P21 2
:27701(u0,p)2/ <4logr+4—4<+p ng>> rdr+ 71— p?)
p

1

= 27C (up, p)z/ (4logr + D(p))?r dr + (1 — p?)
p

1
= 27C4 (ug, p)* / (167 log? r 4+ 8D(p)rlogr + D(p)*r) dr + m(1 — p?)
p

where D(p) =2 — 4%. Using

/plT10g2rd7"= —p;logszrp;longri(l —p?), /plrlogr dr = —p;logp_ 1 —4/327
we infer
F(u) = g(uo, p),
where

g(ug, p) := 21C1 (ug, p)? (—8p2 log? p + 8p?log p + 4(1 — ,02))

+20Cu(un,p)* (=47 (o) ok p = 201~ )+ 3D~ ) 4701 )

with
Cl (’LL(), p) -

In particular

inf F = mi inf .
Jinf F() mm{w,péhgwo,p)}
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Figure 2: Plots of ¢(0.03, .), g(0.045, .), and ¢(0.05, .) (left to right). The straight line marks
the threshold energy level .

Remark 11. The nonconstant minimisers in the previous example display some qualitative
properties, which we can show in any dimension. Let u € Z,,q be a nonconstant radial minimiser
on B1(0) C R™, which exists for sufficiently small boundary data uy = const > 0. [The existence
can be seen as follows: Take a function v € C°°(B1(0)) with v(z) = 1 close to 9B;(0) and
|supp(v)| < %. Then limy, o F'(uo - v) < %, while F((z = ug) = e,].

We introduce now B,(0) := {u = [Vu| = 0}, A, := lim,;, Au(z), A1 := lim,4q Au(z).

Notice that these limits are well defined as Aul B1(O\B,(0) is a radial harmonic function. We
prove the following
Claim.

Ap - A1 < 0. (32)

Proof of the claim. Assume by contradiction that A,- Ay > 0.

We consider first the case, where A, > 0 and Ay > 0. Then Au > 0 (i.e., u is subharmonic)
on Bi(0) \ B,(0). First, the strong maximum principle shows that v < wg on this annulus,
and then Hopf’s boundary point lemma (cf. [10, Lemma 3.4]) yields that lim, g—ﬁ(x) >0, a
contradiction.

We consider next the case, where A, < 0 and A; < 0. Then Au <0 (i.e., u is superharmonic)

on By(0) \ B,(0). First, the strong maximum principle shows that u > 0 on this annulus, and
then Hopf’s boundary point lemma yields that lim,, ‘g—;f(a:) > 0, again a contradiction. The
claim is proved.

As a consequence we have in particular for nonconstant minimisers in Z,q:
1. Discontinuity of the Laplacian. lim|g4, Au(r) = 0 # A, = lim|y|, Au(z).

2. Sign-change of the Laplacian. It is immediate from (@) that Awu changes sign on B;(0) \
B,(0). This behaviour is in contrast to the situation of Navier boundary conditions, cf.
Example P.

Harmonicity of Au shows further that it has in the annulus B;(0) \ B,(0) exactly one nodal
hypersurface {|z| = po} = {2 € B1(0) \ B,(0) : Au(x) = 0} for some suitable py € (p,1). In
view of the of the polar form of A for radial functions we find

vre(p1): (@) = / gion / "1 Au(o) do ds.
P P

Hopf’s lemma yields then as above that Au > 0 on B, (0)\ B,(0) and Au < 0 on B;(0)\ B, (0).

Making again use of the formula above we conclude that u > 0 on B1(0) \ B,(0).
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5 Radiality of Navier minimisers

In this section we investigate radiality of Navier minimisers in .4 in the case that 2 = B;(0)
and ¢ = ug = const. Showing radiality of minimisers means that minimisers in .4;,q4 coincide
with minimisers in .#". This means in particular that the observations we have made for radial
Navier minimisers (e.g. that their Laplace is never continuous on Bj(0), cf. Remark ) are also
observations about minimisers in .4".

In this section .4 (ug) denotes the set {u € H2(Q) : u — up € H(Q)} for ug > 0. We recall
the notation e, = |B1(0)| for the unit ball in R™.

Remark 12. We want to investigate radiality of minimisers in the case of @ = B;(0) and
ug = const > 0. In Lemma [I| we have already shown that

In the case that equality holds one already obtains trivially a radial minimiser, namely the
constant solution u(x) = wug. Indeed, if equality holds then one computes

= 2 —e,= in .
Pl = [ (Gw? do sl £ 0l =en = _int P (3)

In this case it is an obvious guess that any minimiser should be radially symmetric, although

according to Example [I| there may also be nonconstant minimisers. However, one may wonder

whether also in the generic case, where infyc y(4q) F'(¢) < €n, minimisers were always radial.
The following theorem answers this question in the affirmative.

Theorem 6. Let 2 = B;(0), up = const > 0 be a constant boundary datum and u € A (ug) be
any minimaiser. Then wu is radially symmetric.

The following proof builds on the Talenti symmetrisation technique, introduced by G. Talenti
in [20]. This technique uses the symmetric decreasing rearrangement of the function Au, where
u is a minimiser. Our rearrangement works slightly differently, we want to rearrange functions
so that they are defined on an annular region. The reason for this is that the classical symmetric
decreasing rearrangement would relocate the set {Au = 0} to the boundary of B;(0). However
for minimisers this set is to be expected in the middle of B;(0), because it must contain (up to
a null set) the flat set {u = 0}.

Since we define different to [20] the rearrangement in annular regions, we have to argue in
what way Talenti’s symmetrisation results carry over. We therefore collect some properties of
the used rearrangement procedure in Appendix [B. The proofs of these properties do not defer
very much from the classical case. Nevertheless, we present them for the reader’s convenience.

Proof of Theorem B Let u € A4 (up) be a minimiser. According to Corollary m we have u €
C1*(B;(0)) and may conclude that

Qo :={x e Q:u(z) =0} CC Q= B(0). (34)

Since u is biharmonic in B;(0) \ Qo, elliptic boundary regularity yields that we even have

u € CH*(B1(0)) N C>=(B1(0) \ Qo).

Suppose that u is nonradial. Let ro € [0, 1] be such that Q| = e,r{. We remark first that
ro < 1 is obvious from (@) We observe further that rqg > 0. Assume by contradiction that
ro = 0, i.e. |Q| = 0 and hence |[{u # 0}| = e,. In view of Lemma [ (cf. also Remark [12)
this implies that F(u) = e, and hence that Au = 0 a.e. in B;(0). Since by assumption
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u € H?(B1(0)), elliptic regularity yields that u is classically harmonic in By (0) and u(z) = wuy,
a contradiction. To conclude, we have shown that

ro € (0,1).

We now investigate the annular symmetric decreasing rearrangement of ]AUH Bi ie.

0)\20”
the radial function |Au|* : By(0) \ By, (0) — [0, 00), which is uniquely determined by

¥t >0: {z € Bi(0)\ By (0) : [Aul* >t} = B, (0) \ Bry(0)
for some r(t) € [ro, 1] chosen in such a way that
VE>0: e (r(t)" —rf) ={z € B1(0)\ Qo : |Au| > t}].

For details on this rearrangement procedure we refer again to Appendix B. In particular, we

have

vt>0: e Bi(0)\ Bry(0) : [Aul" >t} = {z € Bi1(0) \ Qo : |Au| > t}].

We define f := [Au[* € L*(B1(0)\By,(0)) and for r € (rg,1) and for some arbitrary vector
¢ € R" with |£] =1 weset f(r) = f (rg) Notice that this definition is independent of £, because
f is radial. Next we define a function w : [0,1] — R by

:‘Z:;H”J(:anlfgj)dadp, (35)

=0 and w} is the unique solution of
,70) [r0,1]

{w%m+ﬂ7%wv>=fv% r€ (o, 1, (36)

w(rg) = w'(rg) = 0.

Moreover we define v(z) := w(|z|). Since the left- and right-sided limits of w and of w’ match
up at r = rg one checks readily that v € H?(B1(0)) and therefore v € Aaq(w(1)), ie. it is
admissible for the minimisation in Afaq(w(1)). Notice that Av = f a.e. in B1(0) \ By,(0) since
the left hand side in (B) is exactly the Laplace operator for radial functions. Therefore one has

(37)

Au(z) = fx), ifrg<lz|<1,
o, if || <.

The main ingredients of the proof will be the following claims.

Claim 1. F(v) = F(u).

Claim 2. ug < w(1).

Claim 3. Since by assumption u is nonradial, one even has ug < w(1).

If Claims 1, 2 and 3 are shown one can finish the proof. Indeed, employing the (strict) mono-
tonicity properties proven in Remark [L( we find:

F > inf F ; inf F > inf F =F = F(v).
() 2 wE%Iad(w(l)) W) = @ZJGJ}éad(UO) W)= wEiV(uo) @) (W) (©)

—
=

This shows that v minimises F' in A;,q(w(1)). Since v is not a constant, the inequality sign
(%) is even strict, again according to Remark [L0. This contradiction shows that each minimiser
must be radial.
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Proof of Claim 1. We recall that by Lemma @ Au =0 a.e. on Qy = {u = 0}. Observing (@)
and making use of Lemma J(a) we find

/ (Au)? dz = / |Au|? dz = / f(z)? dz
B1(0) B1(0)\Qo B1(0)\Br, (0)

_ / (Av(a))? dz = / (Av)? dz. (39)
Bi(O0\Br @ B1(0)

Next notice that by the definition of w (cf. (@)) one has {v = 0} D B,,(0) and therefore
{v# 0} C B1(0)\ By, (0). Moreover, f = |Au|* # 0 on B;(0)\ By, (0) because otherwise u would
be harmonic in B;(0) and so u > 0 in view of up > 0, which contradicts |29] > 0. We conclude
that

f>0, and f>0 at least on an interval (ro,70 +¢) for some &> 0. (39)

From (@) we see that w(r) > 0 for all » € (rg,1]. This yields that even {v = 0} = B,,(0) and
therefore {v # 0} = B1(0) \ By,(0). Hence one can compute

[{v # 0} = [B1(0) \ By, (0)] = | B1(0)] — enry = | B1(0)] — [Q0] = [ B1(0) \ Qo = [{u # 0}].

This and (@) imply that F(u) = F(v).
Proof of Claim 2. We define for ¢ > 0 the increasing function

w(t) :={z € B1(0) : u(x) < t}.

For short we also use the notation pu(t) = [{u < t}|. Assume now that ¢ € (0,up) is a regular
value of u. In view of the smoothness u € C*°(B1(0) \ Q) this is true by Sard’s theorem for a.e.
t. Then {u < t} CC Bi(0) is a C'-smooth domain with boundary {u = t} and outward unit

normal v = |g“‘, see [6, 3.4.3]. Hence the Gauss divergence theorem yields

/ |Au| dz > / (Au) dz = / Vu-vdH" ! = / |Vu| dH™ L. (40)
{u<t} {u<t} {u=t} {u=t}

According to [16, Kap. VIII, §2, Satz 4], p is differentiable in almost all ¢ because p is increasing.
For such ¢ we infer from the coarea formula (see e.g. [5, Section 3.3.4, Proposition 3]) that

’t:/ L g,
KE) {fu=t} |Vl

We infer from this, the Cauchy Schwarz inequality and the isoperimetric inequality that the
following holds for a.e. t € (0, up):

,u’(t)/ |Au| dz > / L g / V| dH™ !
{u<t} {fu=t} [Vul {u=t}

2
> (/ V|2 - dH™ 1) =H"{u=1t})?
{u=t} ]Vu\
> (nel/"[{u <t} )2 = n2e2/mpu(t)2n=2/m, (41)
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Now we estimate with Lemma H, the definition of Qg = {u = 0} and Lemma E(b)

/ |Au| dz = / |Au| dz = / Liu<tp\o|Aul d (42)
{u<t} {u<t}\Qo Bl(O)\QO

</ (Liucep0o) [AU[* dl‘—/ (Liuctp0o) ™ f dz.
B1(0)\Bry (0) B1(0)\Br (0)

By Example a one has that
(Lu<t\@o)” = 1Br(t)( NBro(0)? where r(t) € [rg, 1] is such that

enr(t)" —epry = {z € B1(0) \ Qo : u(x) < t}| = [{x € B1(0) : u(z) < t}| — |Qo| = u(t) — enry,
ie. r(t) = (%’?)1/”. Using this and layer cake integration in (@) we find

r(t) } (ALy1/n _
/{ g |Au| dz < / ne,r™ L f(r) dr = / " ne ™1 f(r) dr.
u< To To
Plugging this into (@) we infer that
(M(t))l/n ~
W (t) ! ne,r™ L f(r) dr > n2e2/mu(t)2n-2/m,
To
As a consequence we have for a.e. t € (0,up) that
1-2/n (r/e )1/n
€n n—1 ¢ : /
h(r) := e "7 f(r) dr satisfies  h(u(t))u'(t) > 1. (43)
ro

Since h is in view of (@) strictly positive and continuous on (eyr(, 00) it possesses an increasing
primitive on (e,r{,c0), which we call H. Integrating (#3) on (e,up) we find according to [16,
Kap. VIII, §2, Satz 5] that
o . u g #(uo)
w—e < [ R0 dt = [ L H W) dt < (Hop)luo) ~ (Hop)(e) = [ G
€ € u(e

Notice that the second inequality sign is due to the fact that H oy is in general merely increasing
and not necessarily absolutely continuous. Using that p(ug) < ey,

p(e) > eprg + {u <0} forall >0
and letting ¢ — 0+ we find

wglmw Mﬂwgl% mﬂwgl%mﬂw. (44)

nrg +[{u<0}| nrg+{u<0}| 7o

In view of the strict positivity of h this inequality is strict in case that
{u<0}=0 (45)

is violated. Employing the substitution 7 = e,,0", using (@) and observing that for all » € [rg, 1]
one has (by (@;) that & (r"=lw/(r)) = r"~ 1f( ) and w(rg) = w'(rg) = 0 we infer
1

1
u0</ne ”1h(ena do = nl/ ”1f
o

0

s [ by [ st an = o) - ) =
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Again the inequality is strict, if (@) is violated.
We infer that ug < w(1), where the inequality is strict if [{u < 0} > 0.
Proof of Claim 3. We recall that we have u € C*(B1(0)) N C*®(B1(0) \ Q). In case that
[{u < 0} > 0 we already proved that then ug < w(1) so that in what follows we may assume
(E), i.e. that
u>0 a.e. in Bi(0).

Since Claim 2 is already shown in it suffices to prove that ug = w(1) would already imply that
u is radial. This part of the proof is based on the ideas in [2]. In case of equality all estimates
in the proof of Claim 2 turn out to be equalities (for a.e. ¢ € (0, up]).

We first claim that for all ¢ € (0, ug] one has that {u < t} is a ball. Equality (for a.e. ¢) in
the isoperimetric inequality in (41]) implies that {u < ¢} is a ball for every ¢t € (0,up] \ N (for a
null set V). For ¢t € N one can however find an increasing sequence (tx)geny C (0,uo] \ N such
that t; T t. We infer that

{u<t}=J{u<t},

keN

from which it follows that {u < t} is a ball, because the sequence of balls is increasing and the
sequences of centres and radii have convergent subsequences. However, we have not yet shown
that these balls have the same centre.

We next show that {u < up} = B1(0). Note that it suffices to show (since {u < up} is a ball)
that [{u < up}| = |B1(0)|, i.e. pu(ug) = e,. Equality in (@) yields that A = 0 on (u(ug),en). If
we assume now that u(ug) < e, then h = 0 on an open interval with upper bound e,,. This and
(1) would yield

: 1 ! n—1 ¢
0= Zlglgn h(z) = nen /. " f(r) dr,
which is impossible in view of (@)

Equality in (@) for a.e. ¢t € (0,ug] yields that Au > 0 a.e. in {u < wup}. Hence, u is
subharmonic on Bj(0). Thereupon the Hopf boundary lemma for subharmonic functions (cf.
[10, Lemma 3.4] yields that for all ¢ € (0,u] one has Vu # 0 on d{u < t}. Notice here that
the special case of t = ug uses the fact that u € C%(B1(0)). We also remark that it is needed
here that {u < t} is a ball, otherwise it would not necessarily satisfy the required interior ball
condition. We infer that for all ¢ € (0,ug] one has 0{u < t} = {u = t} and |[Vu| > 0 on
{u = t}. This makes each ¢t € (0,ug] a regular value of u and in particular the computation
in (0) can be done for all ¢ € (0,ug] (and not just for a.e. t). However, notice that equality
in (1)) still may be violated for ¢ in a null set of (0,up). Equality in the application of the
Cauchy-Schwarz-inequality yields that for a.e. ¢ > 0 one has |Vu| = const > 0 on {u = t}.
Since for each ¢t € (0,ug] the level set {u = t} is regular, it can be approximated by the level
sets ({u = s})se(t—e,) and therefore |Vu| = const does not just hold on almost every level set
{u = t} but on every level set. This information given we now show that all balls {u < t},
t € (0,up] have the same centre. We can define a continuous function 7 : (0,up] — R that
satisfies |Vu|(x) = n(u(x)). (Notice that the continuity of 1 follows again from the fact that
each value is regular). We also set for x € B1(0) \ o

ug 1
o(x) == — /u(x) ) dr.

Now for each z € 9B1(0) we look at a (a priori not necessarily unique) non-extendable solution
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x,:J, = R™\ Qp of the differential equation
(46)

Here J, C R is the open maximal interval of existence and contains the point 0. The existence
of such a solution follows from Peano’s theorem and Zorn’s lemma, see e.g. [17, Theorem 3.22].
Outside of By (0) we have to choose a Holder continuous extension of |v“| The chosen extension
will, however, not be relevant for our argument as we will only look at values s such that

x,(s) € B1(0). Notice that for all s <0 one has that z,(s) € B1(0) since B1(0) = {u < up} and
js (22(s)) = |Vul|(x(s)) > 0 for all s € J,,s < 0. From now on let J, = J, N (—oc0,0]. We
compute for s € J, that

d ! (s) = — u(z,(s)) - 2 (s) =

Notice that for all s1,s9 € jz one has

ED) 52
/ 2(s) ds| < / 12 (s)] ds
S1 S1

[ Sobten(6)) ds| =[0G (51)) — S (s2))| < laslon) — (o))

S1

[22(51) — @2(52)] = = |51 — s9]

where we used in the last step that |Voé(z)| = u(x) |Vu( )| =1 for all x € B1(0) \ Q9. We
conclude that for all s1,s2 € J, one has |z.(s1) — z.(s2)| = |s1 — s2|. By virtue of the triangle
inequality this implies that x| 7, 1s a straight line and is moreover parameterised with unit

speed. Therefore there exists v € R” such that [v| = 1 and z,(t) = z +tv for all t € J.. Looking
at (1) at s = 0 we infer also that

Vu Vu

v =20, = Ty (=0 = 7

(2) = Vju=uo} (2) = Vo, (0)(2) = 2. (48)

Hence z,(s) = (1+s)z and for all s € J, and (since |[Vu| > 0 on {u # 0}) maximality of J, yields
J, ={s € (—-1,0) : u((1+s)z) # 0}. For each z € 0B;(0) we define f, : J, = R, s — u((1+s)z).
To prove radiality it suffices to show that f, does not depend on z. For all s € J, one has

Lul(145)2) = =+ 52) = u(ea(s) = Vulea(s))24(s) (19)
= [Vu(z:(s))] = n(u(z=(s))) = n(u((l + 5)z)). (50)

Therefore for any z, f, is a solution of

{f’(s)z n(f-(s)) (s € ),
fz(o):

As 7 is not Lipschitz continuous, no general uniqueness result is applicable to show that f, is
independent of z. However, we can still obtain uniqueness by separation of variables. Indeed, If
7 is a primitive of % we obtain that

LN /1 C) N ccJ o PfAs)) — Alu) = s
Sn(fz( ) 1(£2 () 1L = Vseld.: n(fs)) —n(uo) = s.
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Using that 7 is strictly increasing and hence invertible we obtain that

fo(s) = 7 (fi(uo) +5) (s € ).

We infer that f, (and also .J., since J, = {f. > 0}), are independent of z. Hence z — u((1+s5)z)
is independent of z on the annulus {u > 0}. We infer that u is radial and {« > 0} is an annulus
with centre zero. The radiality is shown. This completes the proof of Claim 3 and also the proof
of the theorem. O]

As a consequence we obtain the optimality of the C'“regularity of minimisers, which we
already mentioned in the introduction.

Corollary 2. There exists a smooth domain B1(0) C R™ and a smooth boundary datum ¢ €
C>=(Q) such that each Navier minimiser u € .4 does not lie in C?().

Proof. Let n =2, Q = B1(0) C R? and ¢ = const = ug > 0. By Example E it is clearly possible
to choose ug so small such that

inf Flv)<m = inf F(v)<m.
VENad vEN

This implies that for any minimiser u € .4 the flat set Qp = {z € Q : u(z) = 0} is not empty.
The previous theorem yields that each minimiser is radial. Since nonconstant minimisers in
Nad are not in C? by Remark g we infer that no minimiser can lie in C?. ]

Remark 13. This regularity behaviour is fundamentally different from the Alt-Caffarelli-type
problem in [4], where C?-regularity can be expected and has already been proved in the case of
n =2 in [14].

A  Proof of the local BMO-estimate

Proof of Theorem . We choose some Ry € (0, %TQ) and keep it fixed in what follows. Let
0 < r < R < Ry be arbitrary. We pick an arbitrary admissible g € Q (i.e. Bar(zg) CC
Bsr(zo) C Q) and keep it fixed in what follows. By minimising v +— [ BQR(J:O)(AU)Z dz on

u + HZ(Bar(z0)) we find
heu+ H2(Bor(z)): A%h=0 weaklyin Bog(zo).

By elliptic regularity h € C°°(Byg(xq)). We define h € A (or respectively h € Z) via

ha) m {B(x) for @ € Bag(zo),
u(z) for x € Q\ Bagr(zo).

By minimality of v we have that F(u) < F(h) which implies that

/ (Au)?dz 4+ |{z € Bag(xo) : u(z) # 0} < / (Ah)?dx+ |{z € Bag(xo) : h(z) # 0}].
Bar(z0) Bar(o)

This yields
/ ((Aw)? — (AR)?) de < CR (51)
Bar(z0)
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with a universal constant C' > 0. Since A?h = 0 in Bag(zo) and v — h € HZ(Bag(z0)) we
observe that

/ ((Au)® — (AR)?) dz = / (Au — Ah) (Au+ Ah) dz
Bar(z0) Bar (o)

= / (Au— Ah) (Au— Ah) dz = / (Au— AR)? dz.
BQR(IQ) B2R(IO)

With this, we conclude from (@) that
/ (Au— ARY? dz < CR™. (52)
Bar(20)

By means of Holder’s inequality

2
(A2 r — (Ah)go > < ][ |Au— Ahldz | < f |Au — Ah|? dz,
By (o) By (zo)
we conclude from (@) that

/ (AU g — (AR) gy |* da < / |Au — Ah*dz < CR™. (53)
B'r(x(]) B”‘(wo)

From here on one may conclude the proof by putting U := Au und H := Ah and then copying
word by word the proof of Theorem [, starting with the line below (@) O

B Symmetric decreasing rearrangements in domains with holes

In the present article, we use a special type of rearrangement, namely a symmetric rearrangement
in annular regions. In this appendix we introduce the rearrangement procedure and discuss all
important needed properties.

A fundamental observation that is needed throughout this appendix is that a function f :
A — [0,00) (A arbitrary set) is uniquely determined by its superlevel sets, i.e. sets of the form
{r € A: f(z) > t}, t > 0, which we call for short {f > ¢} in the sequel, if A is clear from the
context. Indeed, once all superlevel sets {f > t} are known f can be retrieved by means of the
formula

/() 00
flz) = /0 1dt = /0 1oy () dt. (54)

We recall the notation e, := |B1(0)|. Throughout this section we let C C Bi(0) be a
closed set such that 0 < |C| < e, and f : B1(0) \ C — [0,00) be a measurable function. We
let 79 € (0,1) be such that |C| = eyr{. We now define the annular symmetric decreasing
rearrangement f* : B1(0) \ By, (0) — [0, 00) via its superlevel sets, demanding that for all ¢ > 0,

{z € B1(0) \ By, (0) : f*(2) >t} = By1)(0) \ Bry (0),
is satisfied, where r(t) € [rg, 1] is the unique solution of
enr(t)" —enrg = {x € B1(0)\ C: f(x) > t}.

From this we conclude that for all t > 0

{z € B1(0) \ Bry (0) : f*(2) > t}] = [{z € B1(0)\ C': f(x) > t}].
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This yields for all ¢ > 0 and x € B1(0) \ By, (0

~—

[z <r() = en(lz]" —rg) <en(r(t)" —r5) = {y € B1(O)\ C: f(y) > t}].
More compactly one can write, making use of (@)

* Oo f>t N "
fe) :/0 1Br(t)(0)\m(x) dt, where r(t) = <|{} +7"o> .

€n

Combining this with (@) we find further for = € B1(0) \ B,,(0) that

() :/OOO L, o5 (@) 4t = {1 € (0.00) :v(t) > al}
=sup{t € [0,00) : r(t) > |x|}
=sup{t € [0,00) : [{y € B1(0)\ C: f(y) > t}| > en (|2[" —rg)},

which may have served as an equivalent definition of f* : B1(0) \ By, (0) — [0, c0).
Example 5. For a set £ C B1(0) \ C we define

E n
E* := B4(0) \ By,(0) where s = <H + 7“6‘)

€n

One readily checks that then |E*| = |E|. We claim that

(1g)* = 1g-.

To this end we observe that for all z € B1(0) \ B,,(0) one has

(1p)*(z) = ; 1Br(t)(0)\7BT‘0(O)($) dt,

where we have for ¢ > 0:

ent (1) — enrlt = |{z € B1(0)\ O : 1p(z) > t}] = {\E\ t€10,1),

This is equivalent to

r(t) = (LEJ +T6‘)i te[0,1),

70 t> 1.
Using this and (@) one readily infers (@)

(56)

Remark 14. The previous example and (@) show that for each measurable f : B1(0) \ C —

[0,00) one has

fH(x) = /0 T (1gan) (@) dt.

In order to prove Theorem B we need a rearrangement inequality for annular symmetric
decreasing rearrangements. The proof is completely anlogous to the classical case of rearrange-
ments in balls, cf. [13, Theorem 3.4]. We present it for the sake of the reader’s convenience.

Lemma 3 (Rearrangement inequality). Let f, g : B1(0) \ C' — [0,00) be measurable functions.

Then
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/ fPdz = / (f*)? da;
B1(0)\C B1(0)\Br, (0)

(b)

/ fgdz < / frg" dz.
B1(0)\C B1(0)\Br, (0)

Proof. (a) This claim follows from the equimeasurability of the level sets of f and f* and
Fubini’s theorem:

/(@)
/ \f\de—/ / 2t dt dx
B1(0\C B1(0\C J0

[e.e] -

:/Ooozﬂ{xeBl(O)\C: 7] >t}|dt:/0 2| {x € Bi(0)\ Bro0) : f* > t}] dt

= / fH(x)? da.
B1(0)\Br, (0)

(b) We first assume that f = 1p and g = 1p for some measurable sets £, F C B;(0) \ C.
Without loss of generality we may assume |E| > |F|. Using (@) we infer that then
E* D F*. This together with (b§) from Example Eimplies that

(1) (1p)* = lgelpe = Lp-.

Integrating we find

/ (1p)*(1p)* dz = |E*| = |E| > |EN F| = / (1p)(1p) do.  (60)
B1(0)\Br, (0) B1(0)\C

The claim follows therefore for characteristic functions. Now let f,g: B1(0) \ C — [0, c0)
be arbitrary. Using (@), (@) and Remark @ we find

da::/ </ 1 xdt)(/ 1 s:cds)da;
/131(0)\0 1o Bio\e \Jo (r>4() , o> 3(2)
= 1 T)lisa(x) do dt ds
/0 /0 /B1 one (>0 (1)1 {g>s} (7)
S/ / / _ (Igpsn)" (@) (1ggsey) (z) dz dt ds
0 Jo JBi(0)\Br(0)
[ ([Cagar@a) ([T as) a
B1(0)\Bro(0) \J0 0

-/ f*(@)g (@) de.
B1(0)\Bro (0)

C Stampacchia’s lemma for second derivatives

In this appendix we prove an analogue to Stampacchia’s lemma, cf. [12, Chapter II, Lemma
A 4] for second derivatives, which will prove helpful for the argument.

30



Lemma 4. Let Q C R” and u € H*(QY). Then D?*u =0 a.e. on {u = 0}.

Proof. Let u € H%(Q). By [12, Chapter II, Lemma A.4] one has that Vu = 0 a.e. on {u = 0}.
In particular there exists some null set N C €2 such that {u =0} C {Vu =0} U N. Now notice
that for each j = 1,...,n one has that 9;u € H'(Q). Hence [12, Chapter II, Lemma A.4] yields
that

{Oju =0} C {Vaju =0} U N; Vj=1,..,n

for a null set N;. Defining M := Jj_; N; we obtain
{u=0} c{Vu=0}UNC (V{ou=0}UNC [|{VOu=0}UN;)UN
j=1 j=1

n
c ({Voju=0} UMUN ={D*u=0}U (M UN).
j=1
Since M U N is a null set we infer that D?u = 0 a.e. on {u = 0}. O
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