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ABSTRACT. We consider the obstacle problem under Dirichlet boundary con-
ditions for Euler’s elastica functional in the class of one-dimensional symmetric
graphs over the real axis. We prove the optimality of a previously obtained
smallness condition on the size of obstacles such that the obstacle problem
possesses a minimiser.

1. INTRODUCTION

The paper is concerned with the obstacle problem under Dirichlet boundary con-
ditions for Euler’s elastica functional. More precisely, we consider the minimisation
of Euler’s elastica functional among symmetric graphs with Dirichlet boundary
conditions under a unilateral obstacle constraint.

Recently the obstacle problem for the elastica (or the one-dimensional Willmore)
functional among graphs of functions over the real axis has attracted much interest,
e.g., with Navier boundary conditions ([II 2] [7, [8, [12]) or with Dirichlet boundary
conditons ([]).

First we mention the case of Navier boundary conditions. Let ¢ : [0,1] — R be
a given continuous obstacle function, which is assumed to satisfy ¥ (0),1(1) < 0
and max,ep,1] ¥ (x) > 0. The aim is to find a function u : [0,1] — R such that u
attains

1.1 inf W(v),
(1) nf W)

where

W) m /Oln(x)2\/mdx:/ol (%)md

1 " 2
- / Y@,
o (14+v'(x)?)>/2
is Euler’s elastica functional and

K($) = {ve B2(0,1) [ v(0) = v(1) =0, v > in [0, 1]}
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is the class of admissible functions. One should have in mind that it is important to
work in classes of graphs (which is somehow a further obstacle condition) because
otherwise, thanks to the scaling behaviour of the elastica functional, one may have
sequences of arbitrarily large nonprojectable curves with “very small” elastic energy.

Problem was first studied by Dall’Acqua and Deckelnick [I] and they proved
that W has a minimiser in K (¢) under an explicit smallness condition on ¢. In view
of this result it is an obvious question whether there is a threshold for the obstacles
beyond which they no longer permit a solution of the minimisation problem for W
in K(¢). In order to have a complete picture it is at this stage suitable to pass
to symmetric obstacles (i.e., Vo € [0,1] : ¢(z) = (1 — z)) and to symmetric
admissible functions:

Koym () :={v e K() |v(z) =v(l —z) for all = € [0,1]}.

In such kind of problems the following constant

dr I'(3/4)
1.2 = = = 2.396280469. . ..
2 o= [ = Ve
is ubiquitous as well as the corresponding function

t
co Co dr

1.3 G:R -, = G(t) = —_ .
(13) +(-3.9). c0= [ a3

For symmetric cone obstacles 9, i.e., ¥(x) = (1 — z) for all x € [0,1] and 9 is
affine on (0, 1), such that ¥(0) = (1) < 0 and ¢(3) > 0, the mentioned question
was completely solved in the symmetric setting as follows: (i) If 1(3) < 2/co, then
there exists a unique minimiser of W in Ky, (1). (ii) If ¢(3) > 2/co, then there
is no minimiser of W not only in Ky, (1) but also in K ().

We note that the existence of a minimiser in the first case follows from Dall’ Acqua—
Deckelnick [I]. Its uniqueness was independently proved by Miura [7] and Yoshi-
zawa [12]. The non-existence of minimisers in the case ¢(3) > 2/co was proved
by Miiller [§] and in the critical case 1(3) = 2/cy independently by Miura [7] and
Yoshizawa [12].

Recently we have extended the studies of problem to the case of Dirichlet
boundary conditions ([6]), where minimisers look rather different from the Navier
case. Although not only symmetric graphs but also non-symmetric graphs and
surfaces of revolution have been considered in [6], here we focus on the case of
symmetric graphs with Dirichlet boundary conditions

(1.4) w(0) =u(l)=0 aswellas u'(0) =/(1)=0.

We describe now our main results in some more detail. We assume that the obstacle
1) satisfies

Y € CO([0,1]), (x) =1(1—x) forall z € (0,1),

¥(0) =(1) <0, Fzg € (0,1):(xg) > 0.

The latter condition is imposed to avoid u(x) = 0 as a possible trivial minimiser.
The negativity condition is only needed to ensure existence of admissible functions

and higher regularity of minimisers up to the boundary {0,1}. For such ¢ we
consider the minimisation problem

1.5 inf W(w
(1.5 nf W)

(A)
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with
(1.6) M(¢) :={u € HZ(0,1) | u(z) = u(l —z), u(z)>1p(x), for all z € (0,1)}.

Note that u € HZ(0,1) encodes the Dirichlet boundary conditions in (1.4)).
In [6], Theorem 1.1] we proved the existence of minimisers of problem (1.5):

Theorem 1.1 ([6]). Assume that ¢ satisfies conditions and

B inf W(v) < 4c2.
(B) ot (v) < 4ch

Then there exists u € M(3)) such that

W(u) = ueb\r}tf(w) W (v).

In order to get an idea how the constant cy enters the reasoning and how admis-
sible obstacles may look like the reader may see Lemmabelow and [6, Figure 2.1
and Remark 2.4]. Theorem below shows that condition is not optimal. In
view of the results in [7) [8 [I2] it is an interesting question whether also in the case
of Dirichlet boundary conditions, pointwise bounds on the obstacle are necessary
in order to have existence. In [6] Theorem 1.2] we proved indeed necessity of the
following smallness condition:

Theorem 1.2 ([6]). We assume that the obstacle ¢ satisfies condition and
that there exists a minimiser uw € M(v) of W(.). Then the obstacle has to obey
the following bound:

1 1 2\—1/4
A7) vee[01]: )< max ~EEFY) T g00464540.

velo,d]  co — G(y)

We derive as a universal bound for all sufficiently smooth supersolutions of
the elastica equation under Dirichlet boundary conditions. The function G, which
appears there, is defined above in .

Theorem says that for any obstacle ¢ violating the minimisation prob-
lem has no solution in the class M(1). We are confident that a close inspection of
the proof of Theorem would yield even strict inequality in .

The main result of the present paper asserts that the universal bound given by
Theorem [I.2]is optimal:

Theorem 1.3. For any § > 0 there exists an obstacle 15 satisfying condition
and

L+ (1+y)" 1"
Ys(3) > max ————
(2) velo.e] o = G(y)
such that the minimisation problem (L.5)-(1.6) possesses a solution.

-9

Here we define
2+ 2(1 4 22)"1/4
z€[0,00) Co — G(Z)

(1.8) 2 = = 2.3780929080.. . .,

which is the unique solution zy € (0, c0) of the equation
Zo(CO - G(Zo)) =2+ 2(1 + 2(2))_1/4.

Theorem together with Theorem asserts that the number % is optimal.

As it is shown in Theorem [3.2] below, the minimal energy goes to oo for the
obstacles constructed there as ¢ N\, 0. At the same time their maximal slope
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becomes very large and the analytical existence proof is somehow delicate. The
same observations were also made in numerical experiments by Klaus Deckelnick:
For 1/)5(%) close to 2 it was almost impossible to design initial data for which the
numerical procedures were convergent.

The unboundedness of the minimal energy as shown in Theorem is in sharp
contrast to the Navier case. There, Dall’Acqua and Deckelnick proved in [I, Lemma
2.4] that inf,e g () W (v) < ¢§ for any admissible obstacle 1.

A result related to Theorem was obtained in [6, Remark 2.16], but with
prescribed boundary angle. This made it possible to apply an energy argument
similar to that used in the proof of Theorem[I.1} The main difficulty here is to gain
control of the “high energy part” of minimisers where their slope increases from 0
to almost the optimal value zy on a very small interval. The obstacles used here
and in [0, Remark 2.16] are slight modifications of the graph displayed in Figure

FIGURE 1. How (almost) optimal obstacles may look like.

The gradient flow for W defined on graphs with a unilateral constraint and sat-
isfying homogeneous Navier boudary conditions has also recently been studied in
[9, 10 111, [T2]. Tt would be also interesting to investigate gradient flows correspond-
ing to problem .

This paper is organised as follows: Section [2]is devoted to collecting preliminar-
ies which are used in this paper. First we introduce the relation between functions
satisfying the elastica equation and the function G which is introduced in .
Moreover, we outline the proof of Theorem which is used in the proof of Theo-
rem We prove Theorem [I.3] at the end of Section

2. PRELIMINARIES

2.1. Explicit solutions for the one-dimensional elastica equation. We first
collect some facts concerning the elastica (or the one-dimensional Willmore) equa-
tion without obstacle which were already known to Euler [5, pp. 231-297] (see in
particular pp. 233-234) and which will be relevant also in order to understand the
shape of admissible obstacles in what follows. For a more convenient reference one
may also see [3].

For u € HZ(0,1), i.e. a sufficiently smooth function subject to homogeneous
Dirichlet boundary conditions (horizontal clamping), we recall the one-dimensional

elastica functional: W(u) = fol k(z)%/1 + u/(x)? dz. Its critical points are smooth,
cf. e.g. [Il Theorem 5.2] plus classical linear elliptic regularity. They satisfy the
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elastica (or one-dimensional Willmore) equation, see [3, Lemma 2] for an easily
accessible reference:

L i K () lli z)? = T
(2.1) NiEsTORE ( 1+u’(:c)2> + 8@’ =0, @€ (0,1).

For the graph of u : [0,1] — R, its curvature is given by
u”(l‘)
(1 +u/(2)2)3/2"
Symmetric solutions to equation are known explicitly. Here the function

G defined in (1.3) plays an important role. This function is smooth and strictly
increasing and so is G711 (—co/2,¢0/2) — R.

K(x) = Ky () =

Lemma 2.1. ([3l Lemma 4]) Let u € C*([0,1]) be a function symmetric around

T = % Then u solves the elastica equation (2.1) iff there exists ¢ € (—co,co) such

that
u'(r) =Gt (g — ca:) in [0,1].
For the curvature, one has that

c
k(z) = — =
</1+G_1 (& — c)
Moreover, if we additionally assume that u(0) = u(1) = 0, then one has
2 2

= = — , c¢#0.
c{l/l—i—G*l(%—cx) cy\/1+G 1 (&

Finally, if one additionally assumes also that v'(0) = u/(1) = 0, then one has

u(z) =0.

~—
[}

Theorem 2.2. ([3| Theorem 2]) For every § € R, the Dirichlet boundary value
problem

1 d K (2) lﬁ?) o N
(2.2) V1+d(z)2de ( 1 +ul(x)2> T3 (z) =0, € (0,1),
u(0) =u(1) =0, w(0)=—v(1)=45

has precisely one smooth (graph) solution w in the class of smooth functions that

are symmetric around T = % This solution is the unique minimum of the elastica

functional in the class {v € H*(0,1)|v(0) = v(1) =0, v'(0) = —v'(1) = B}.

This result on unique minimisation is used below in the proof of Theorem [3.2
to get control of the slope of a suitable element of a minimising sequence in the
case that it is “paralle]” somewhere to the special obstacle considered there. This
obstacle is constructed gluing together pieces of the explicit solutions discussed
above.

Theorem is also remarkable in so far as the symmetric solution is minimising
even in the class of nonsymmetric functions, which is shown by exploiting the
explicit formulae for solutions. Due to the lack of maximum principles, such kind
of symmetry results are in general hard to obtain in higher order problems and rare,
see e.g. []. Presumably Theorem will be useful in future research on obstacle
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problems in a nonsymmetric setting, where so far only relatively restricted results
are available, see [0, Section 2.5].

Remark 2.3. Thanks to its geometric nature, equation is scaling invariant.
To see this we consider a solution « on [0, 1] and define for 8 > 0, € R
b oal-a
Uq,B - [_Ba ﬁ
The crucial point is that

uy g(x) =u'(Br+a) andso ke, ,(x) = Bru(fz + ).
This yields that uq, g solves (2.1) on [—%’ 1—711]

| — R, Ug,g(x) 1= %u(,@x + ).

2.2. Outline of the proof of Theorem For the reader’s convenience we
outline the proof of Theorem because these arguments will be used in the

proofs of Theorem and of Lemma (see Sectio.
A)

Let v be an obstacle function satisfying condition (|Al). In this section, we assume
further that 1 satisfies condition , ie.,

inf  W(v) < 4c2.
veM() (v) < e

First we prove a universal bound for the derivative of v € M(vy) with “small

energy”.

Lemma 2.4. ([6, Lemma 2.2]) Assume that v € M(y) satisfies W (v) < 4c? for
some c1 € [0,¢9). Then

;&%ﬁ] [v'(z)] < G™1 (%1) < 00.

The strategy of the proof of Lemma [2.4] will be used in the proof of Lemma (3.1
More precisely, let zpmax € (0,1) be such that

V' (Tmax) = max, W' ()],

and prove the inequality
4GV (Tmax)) < 2¢1
by using the symmetry of v. Then we obtain the desired inequality.
The preceding estimate is the key to prove Theorem [1.1
Proof of Theorem [1.1] Let {u;} C M() be a minimising sequence, i.e.,
lim W(u;) = inf W(v).
Jim W (u;) el (v)
Thanks to condition we find a constant ¢; € [0, cy) and a subsequence so that
we have

(2.3) W(u;) <4c} for any j €N,

where for brevity {u;} denotes also the subsequence. Then, thanks to Lemma
we obtain
1

()] + | ()] < / * (€)1 de + o) < St ()
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for any # € [0,1]. Thus {u;} is bounded in C*'([0,1]). This together with (2.3)
implies that {u;} is also bounded in H?(0,1). Indeed, we have

1 ! " 2
dx.
T e ),
Thus we find u € H3(0,1) such that

dc} > W (uy) >

(2.4) uj —u weakly in H3(0,1),

up to a subsequence. Since the embedding HZ(0,1) ¢ C17([0,1]) is compact for
any v € (0, 1), we have in particular that

(2.5) uj —u in C([0,1]).

Then it follows from (2.5) that we have weak sequential lower semicontinuity on
{u;} in HZ(0,1), cf. e.g. [I, Lemma 2.5]. Hence (2.4)) yields

liminf W (u;) > W(u).
j—oo

Recalling that (2.5)) yields u € M(¢), we see that u is a minimiser of W. The proof
is complete. O

3. PrROOF OF THEOREM [LJ]
We recall from (|1.8) the definition of

2+2(1+ 22714

= 2.3780929080....
z€[0,00) Co — G(Z)

zZ0 =

242(142%)"1/4
co—G(z)
on [0, zp] and strictly decreasing to % on [zp,00), where 2z is the unique solution

in (0, 00) of the equation
(3.1) z0(co — G(z0)) =2+ 2(1 + 25) /™.

This equation shows further that the maximal value of this function, which is
attained in zg, is also equal to zg.

The purpose of this section is to prove: for any J > 0 there exists an obstacle
satisfying Condition and

By discussing the function z — , one finds that it is strictly increasing

HOEE TS
such that the minimisation problem — has a solution.

In the proof of Theorem below we possibly need to replace an element of the
minimising sequence on some interval [z, 1—xz¢] by a minimiser of the corresponding
obstacle problem with prescribed boundary angle. This works somehow along the
lines of [0, Remark 2.16]. After introducing some notation this issue is addressed
in Lemma [3.7] below.

As we stated in [6l Remark 2.16], we take any 8 € (0,00) and ¢ € (0,¢g) close
enough to ¢g, which is defined by , and find then

1 1

(3.2) vy € (0,1): g —a1=G(B) & @m=;--G(@).
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Let uc : [0,1] — R denote the solution of (2.1 obtained by Lemma [2.1} As in [6],
4]

Remark 2.4] we define U, € H?([—3, 3], R) by
—tue(—x) T € [—%,0],
Ue(x) := < ue(z) x € [0,1],
—ue(2 —x) ze(l,?],

and we shall rescale and translate Ue|(_z, 144,) to the interval [0, 1]:

1

ﬂﬁ,c : [O, 1] — [O, OO), aﬁ’c(ﬂf) = m

[UC( -z + (14 221)z) + Uc(azl)].
Since Uc(.) is even around % the same holds true for @g .. Moreover

_ - L /cC
li5.o(0) =0, 10(0) = Ul(—a1) = 1) = G~ (5 — 1) = B,
where we used Lemma, Defining

(3.3) ¢[37C,8 : [O, 1] — R, 1/1@6,5(:8) = ﬂﬁyc(x) — &,
for € > 0 and sufficiently close to 0, we observe that 13 .. satisfies Condition
and that
Ug.e € Mg (Vp.ce),
where
(3.4) Mp(¥) = {u € H*(0,1) |u(0) = u(1) =0, u'(0) = (1) = 5,
w(z) =u(l — ), uw(z) > P(x), for all z € (0,1)}.
In the following lemma, we take a symmetric part of g ., rescale it to the

full interval [0,1] and solve the corresponding obstacle problem with prescribed
boundary angle.

Lemma 3.1. Let 3 € (0,00) and c € (0,co) close enough to co and set z1 € (0, 3)
as in ([3-2). Choose any xo € (0, %) and let
T:= T, — (1 + 21’1){1?0.

Depending on & we define » € H> N Hg(0,1) by

7[}( ) = ﬁ [QZJ&QS(IO ™ (1 B 21’0)(£) - wﬁ,c,s(mo)] Zf .’2 € (07 %)7
: m[uc(‘£|+(l—2|.@‘)x)—uc(lj;D] if @€ (—%,O].

Then for any 6 > 0, W(.) attains its minimum on Mg (1) — 0) in some u €
M, (¥ = 0) with By = '(0) = uj (w0) and

/ —1(€

(3.5) max, lu'(z)] <G (2) < 00.

Since 1(0) = ¥ (1) = 0, Condition is violated in this respect in the case
0 = 0. However, throughout the whole work [6] the condition ¢(0) = (1) < 0 was
mainly needed for showing higher regularity at the boundary. As for existence it
was used only to always have nonempty sets of admissible functions. The obstacle
1 defined above satisfies all the smoothness assumptions, symmetry and boundary
conditions needed to have ¢ € Mg, (). Hence, the following proof works also in
the case § = 0.
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The meaning of & and of the distinction whether £ > 0 or £ < 0 will become
clear from the first part of the proof below.

Proof. We first show that this ¢ is of the same form as the obstacles in [6, Re-
mark 2.16]. We calculate, observing that U, is an odd function on [—3, L]:

272
1
1— 27 [(wﬁ»C,E(xO + (1 - 21‘0)17) - W,c,a(xo)]
= 1 712x0 [a[j,c(ﬂfo + (1 - 2370)37) - aﬂ,c(-ro)}

- = 2:60)1(1 — |:Uc(—$1 + (14 221)a0 + (1 — 220)(1 + 221)2)

—Uu(—21+ (1+ 2x1)x0)}

- j% [Ue(= (= (1+ 221)20) + (1 +28)) + U (w1 — (1+ 221)0) |
=1 Jrl% [Uc(—:ﬁ + (1+22)z) + Uc(gz)],

where we used
(1 —2x0)(1+2x1) =14 227 — 2(1 + 2x1)x9 = 1 + 22
with
Z =z — (1 4+ 2z1)x0.
We observe that

R 1 1
5 > T Z$>$1—§(1+2$1):—§
One may further notice that £ > 0 means that on ug . one is left from the “gluing
point”, while in the case & < 0 one is on the right side and may directly work with
Ug.

In case that & € (0, 1) we could directly refer to [6, Remark 2.16] with & instead
of z1, with Sy instead of § and with e = § > 0 and would obtain the claim. However,
in order to keep the exposition self-contained and readable also when not having
[6] at hand, we recall the arguments from there - in parts word by word.

As remarked right below Lemma [3.1| we have for any § > 0 that

(GRS Mﬂo(z/} - 6)a

in particular also for § = 0. As for the elastic energy we calculate by making use
of [6, Lemma 2.1] or [3| Lemma 4] and the choice of &:

W () =(1 +28) - (W (uclio,) +2 - Wuclio,ar))
=(1+2%) - (¢ +2°%) = (1 +22)%c® = 4(c — G(Bo))*.
Here we used that 8y = ¢/(0) = UL(—2) = ul(&) = G~ (§ — c&). This shows that

inf W(v) < 4(c — G(Bo))? with equality iff ¢ is minimal.
vEMg, (¢p—9)

This implies that when investigating minimising sequences it suffices to consider
v € Mg, (1 — 6) with W(v) < 4(c — G(B0))*.

For such v we mimick the proof of [6, Lemma 2.2] and pick Zmax € [0,1) such
that v'(2max) = maxgep,1] [v'(x)|. This is possible since v is an even function. We
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consider first the (presumably most likely) case where Zpyax € [0, 2). By Holder’s

2
inequality, we have

4G(U/(xma)c)) —2G (o)
Vo) dr Vleme) gy V() dr
T
v’(0) (1 + 7-2)1 v (1= Zmax) (1 + TQ)Z v (1= Zmax) (1 + 7—2)1

Tmax " 1—ZTmax /] 1 "
:/ _v\m () = d;v+/ 7 - (z) = da:Jr/ SV (z) = dx
0 (14 '(z)?)a tmax (L HV(2)?)7 1-zmax (1 +0'(2)?)7

= / [0 (@) (1 + ' (2)*)/* de < W (0)'/? < 2(c — G(5))-
0

We obtain G(v'(Zmax)) < § and hence that
(3.6) £ﬁmwmn:uumgga4(g)<m.

We discuss now the case Tmax € (%, 1). In this case we have 1 — zpax € (0, %) and
V(1 —2Zmax) < 0. Since By > 0 this yields a point zg € (0,1 —Zmax) With v'(z¢) = 0.
Similarly and somehow simpler as above we have:

4G (V' (Tmax)) — 2G(Bo) < 4G (V' (Tmax))

_/—v/(l—a;max) dr +/—v’(1—$max) dr +/—v'(1—1‘0) dr
e A Sy G iy ()

1—Zmax oy Tmax " 1—x¢ o
:/ V=) = dx—i—/ _ ) B dx—l—/ _ V=) = dx
v @) i (@2 e (@)

max

. /1—zo |k ()| (1 4 0/ (2)2)Y* dz < W (v)Y? < 2(c — G(Bo)).

0

As above the estimate (3.6) follows.
Basing upon this estimate we find as in the proof of Theorem some

u € Mg, (¢ —96) with W(u) = veMianw—é) W(v).

We consider now the case & € (f%, 0], which turns out to be much simpler. We
shall rescale and translate uc|(jz|,1-|z) to the interval [0, 1]:

~ N 1
Tpo.c 0,1 = [0,00), Tpoel@) = T—5pr

We observe that now uUg, () = (), i.e. ¥ itself solves the elastica equation
according to Remark [2.3] and

Ugy.c(0) =0, W, (0) = ¥'(0) = fo.
Theorem shows that ¢ is minimising the elastica functional W (.) in the class

{v e H*(0,1)|v(0) = v(1) = 0, v/(0) = —v/(1) = B} and in particular in Mg, (¢ —
d) for any 6 > 0. Hence we may put in this case

e (121 + (1 — 2[2)a) — ue(j2])]-

U=
which has the desired properties, because we also have
(3.7) max |u'(z)] < Bo < ul(0) = G (f) < .
z€[0,1] 2
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This completes the proof. ([

Theorem 3.2. We consider co as in (1.2)), zo as in (1.8) and 14 co—c,e asin (3.3).
Then for € > 0 sufficiently small there exists ue € M(Wz,,co—z,e) Such that

W(ue) = inf W(v).
(o) = W)

For the minimal energy we have

(3.8) 611\1}(1) W (ue) = 0.
Proof. First we observe that any element of a minimising sequence v may be re-
placed by a polynomial with arbitrarily little more elastic energy: One adds an
arbitrarily small multiple of 22 - (1 — x)? and then applies density of polynomials
in H2(0,1).

Hence, for proving existence it suffices to show that for any polynomial v €
M (12 co—c,e) (an element of a minimising sequence) there exists w € M (¢, co—c.c)
with

(3.9) W(w) <W(v) and max |w'(z)] < G Y(
z€[0,1] 2

Co — €&

).
We make sure that w.l.o.g we may assume that
vz e0,3]: '(z)>0.
Otherwise one could draw horizontal lines between consecutive zeros of v’, where
this is strictly negative, and lift—if still present—the central part of v appropriately.

Because the original v was a polynomial, this procedure terminates after finitely
many steps.

First case: Yo € [0, 3] : v/ () < ¢, . _..(z). In this case we may simply conclude
that
Ve e(0,4]: 0 0(@) S, .o (0) S GTHELT)
and leave v unchanged, i.e. we put w = v.
Second case: Jx € [0,3]:  v'(x) > YL, .. .(x). We define
wo :=sup{z € [0, 5]+ VEE€[0,2]:v'(§) <UL ooc ()} €(0,3),
because v/(0) = v'(3) = 0. We observe that v'(zo) = ¢, ., _..(%0). Applying a

rescaled version of Lemma [3.1| on [z, 1 — 2] and find w € H?(zg,1 — z¢) with
W(xo) = v(wo), @'(w0) =" (w0) =Vl co_c.(0),
Va e [‘rOv 1- xo] : QE(&L‘) = @(1 - 1’), w > 1/)20’00*6,6(1.)’
such that W (w) is minimal in this class of functions and that

).

max |@'(z)| < GH(2—_E
z€[xo,1—x0] 2

We put then

w(z) = v(x), if x € [0, z0] U[1 — xo, 1],
' w(z), if © € [xg,1 — o).

This function has the desired properties: The boundary conditions are inherited
from v, w is H?-smoothly glued together of H?-functions and lies by construction
above the obstacle.
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It remains to prove ([3.8)); for this we prove first:
Claim. For € > 0 small enough, we find x. > 0 with u.(z.) = %> and lim.\ g z. = 0.
Indeed, we first choose € € (0, %) small enough such that

Z < Yzgc0— 66( ) < ua(%)‘
The intermediate value theorem shows the existence of z. € (0, 2) with ul (z.) = 2.
In view of u.(0) = 0 we can choose this z. minimal, so that we have

Vz €[0,2:): ul(x) < %,
Since 1/120 co—¢, -(0) = zp, we find uniformly in € a sufficiently small § > 0 such
that we have:
/ 21 21
Vo € (0,(5) : wZO,CD—é?,E( ) > 52’0 = sz’cO_&E(Q;) > —c + ﬁzox

We assume further that € < § and claim that x, < e. Otherwise we would conclude
that

€ z 21
ue(e) = /o ul(z)de < ?06 < —e+ ﬁzoe < Yz co—s,e(€)

and obtain a contradiction to u. € M (95, co—e,e). This yields that also lim.\ o z. =
0; the claim is proved.
We find with the help of this:

z0/2 1 Te u//()
L armir= | g < V)

1 [ [=/? 1 ’

as € N\, 0. O

The proof of Theorem [L.3] now follows from the previous result because we have
with T = xl(Co,Zo)I

wzo,co,O(%) uzo,co(%) = +1 <Uco <;) + Uco(x1>>

i o (3) o)

1
(1+2x1) ( + (14+ G~ Hep/2 — cozr)? )1/4>

N S SO S
760 —G(Zo) (1+Z )1/4 27
In the last step we used (3.1)). O
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