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Introduction

We are concerned here with the flow of n-dimensional hypersurfaces M, C R"*! by their
mean curvature vector. That is, we look for a family of hypersurfaces { M; } which
represent a smooth flow of the surface M, with time, such that at time t, each point p;
on the surface M; is moving in the direction of the unit normal to M;, with a speed equal
to H(p;), the mean curvature of the surface M, at the point p;.

Mean curvature flow has a very real physical realization. It is a well known physical
phenomenon that if a piece of metal is heated up to such a high temperature that it
liquefies, and then allowed to cool so that it becomes solid again, then the metal will
form grains during the cooling stage (see diagram 0.1). These grains are irregular in size
and shape and so make the metal irregular and more prone to break under stress. If
we heat the metal up again, the grain boundaries begin to move, and it is known that
these boundaries evolve in such a way that after some time the grains become reasonably
uniform in size and shape, thus getting rid of a number of the structural problems that
the metal had before. It has been shown that the way these boundaries move is very well
approximated by mean curvature flow. (See diagram 0.2.)

Mean curvature flow can also be used as a tool for solving certain existence problems in
the field of Partial Differential Equations (P.D.E.). The method by which we do this gives
us a good idea as to what the resulting solution actually looks like. This is in contrast
to standard P.D.E. existence and uniqueness theorems (see for example [11]), where often
no real information as to what the solution looks like is made available.

We present this method here:

Take an initial surface M, and evolve it via mean curvature flow. If M, — M, as
t — oo (for some hypersurface M) then M., will have mean curvature 0 (if the flow is
smooth) and hence M., will be a minimal surface. Thus evolving Mj, under boundary
conditions that we choose, may lead us to a minimal surface M,, with certain desired
boundary conditions. This property of mean curvature flow is well explained by A. Stone
in Chapter 1 of [10].

In the first chapter, we see that mean curvature flow is interesting from a geometrical
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point of view, in that it reduces area as quickly as is possible via a smooth flow. (See

Theorem 1.5 of Chapter 1 for a more precise description of this property.)



Summary of contents

We are in particular interested in the mean curvature flow of surfaces which are rotation-
ally symmetric. Our interest in the flow of such surfaces is largely a result of the paper
by G. Huisken [2] where singularities occurring under the flow are investigated using ro-
tationally symmetric surfaces. A rotationally symmetric surface M, is a surface obtained
by rotating the graph of some function gy, : R — R around the z-axis (see diagram 0.3).
Yo is known as the “generator” function of the surface M,.

We concern ourselves mainly with the existence of solutions M; to the flow, given
initial data My, where M, is a rotationally symmetric surface (Chapter 4). We are also
interested in “pinching” of such surfaces M,. We say that a barbell like surface M,
“pinches” off at time T" < oo, if, as t approaches T, the neck of the barbell pinches off
and we are left with two sphere-like shapes on either side of the neck (see diagram 0.4).

If My is a rotationally symmetric surface, then by symmetry of the surface My, and
uniqueness of the flow for rotationally symmetric surfaces, M; stays rotationally symmet-
ric while solutions M; exist. In our main theorem (Chapter 4, Theorem 4.3) we prove
existence of solutions M, for some short time interval ¢ € [0,7"), whenever: the initial data
My is a rotationally symmetric surface generated by some function yq, and M, is smooth
(C**(€2)), and M, has height strictly bounded away from 0 (ie. infr yo > 0). We also
show there, that if [0,7") is the maximal time interval for which we have such solutions
M,;, and T' < oo, then infg y(-,t) — 0 as t — T (where y(-,t) is the generator of the
surface M;), and so the evolving surface M, pinches off as t — T

This existence result is much better than we can usually hope to get using the parabolic
theory, since we start off with no assumptions whatsoever on the growth of the initial
surface near oo. Usually some sort of growth assumption near oo is needed in order to
obtain existence via parabolic theory.

Chapter 1 is concerned with formally introducing mean curvature flow and presenting
some of its well known properties. In particular: convex surfaces shrink to a point in finite
time under the flow, surfaces which are initially disjoint under the flow stay disjoint under

the flow, and mean curvature flow reduces area as quickly as is possible via a smooth flow
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(as mentioned above).
In Chapter 2 we define what a rotationally symmetric surface of dimension n is, and
calculate the evolution equation for rotationally symmetric surfaces evolving under the

flow:
Yza (n - 1)

PO Ty

where y(-,t) is the generator of the surface M;.

An interior height estimate and an interior gradient estimate for rotationally symmetric
surfaces evolving under the flow is derived in Chapter 3.

In Chapter 4 we prove existence of solutions M; to the flow when the initial data M,
is rotationally symmetric (as explained above). To do this we use the interior height and
gradient estimates of Chapter 3.

Pinching is examined for general surfaces in Chapter 5. We present some geometrical
criteria there with the property that any initial surface M, satisfying these criteria will
pinch off in finite time under the flow, and M; will not have shrunk to a point when it
does so.

A certain class of surfaces known as “self-similar” surfaces are defined in Chapter 6,
and we point out there some of the interesting properties such surfaces have while evolving
under the flow.

In Chapter 7 we show that if an initial surface M, is rotationally symmetric, and M)
has polynomial growth of order p, then M, has growth less than or equal to polynomial
growth of order p.

The evolution equation for the gradient /1 4 (y,)? of a rotationally symmetric surface
evolving under the flow is calculated in Chapter 8. We also obtain there the gradient
estimate: f < % for some constant C' < oo independent of ¢, whenever sup,, fy is

bounded initially.
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Notation

i1,...tnt1: The standard euclidean basis in R" .

x: The position vector of R"*!. Given p € R*"!, z(p) = (z'(p), ..., 2" (p)) = X,(p, &7)¢;
Q: An open set of an n-dimensional hyperplane sitting in R**!

D;: Differentiation in 2 with respect to the hyperplane in which it sits.

M = M™: a base Riemannian manifold of dimension n.

My = M} an initial n -dimensional hypersurface sitting in R"*.

Fy: a smooth immersion F, : M — R"! describing the initial surface M, by
Fo(M) - M(].

F = F(-,t): F is a smooth immersion F(-,t) : My — R™"! describing the surface M; at
time ¢ under the flow, by F(M,t) = M,.

M,;: The surface at time t under the flow with initial data M.
S™: The n-dimensional unit sphere with centre 0 sitting in R"*!,
v =1(+,t): The outward unit normal to the surface M,.

H = H(-,t): The mean curvature of the surface M.

H = H(-,t): The mean curvature vector of the surface M,. H is defined by H = —H - 7.
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hij = A = A(-,t): The second fundamental form of the surface M;. We define
hij = (@6717, é;) for a choice of unit normal 7, where €j,...,¢€, is an orthonormal ba-
sis.

gi;: The first fundamental form. g;; = (é;, €;).

g: The determinant of the first fundamental form. g = det(g,;).

m: w(Y,) is the orthogonal projection of the vector Y, € R™™ onto the tangent space
of M; at p.

V: gradient of the surface M, (inherited from the space R™1).
V: tangential gradient of the surface M, (V = 7o V).

A: Laplace- Beltrami operator on the surface M;.

X



Chapter 1

Formalization of mean curvature flow

1.1 Introduction

In this chapter we present a formal definition of what it means for a surface to be evolving
under mean curvature flow. We also derive a number of important properties that surfaces
evolving under mean curvature flow have. In particular convex surfaces shrink to a point
in finite time, surfaces stay disjoint under the flow, and the flow reduces area at a rate

which is faster than the rate at which any other flow reduces area.

1.2 Formal introduction to mean curvature flow

Definition 1.1 Let Fy : M™ — R™"! be a smooth immersion with Fo(M) = M,. If 3
smooth immersions F(-,t) : M™ — R" 1 such that

F(-,0) = R, (1.1)

0 -
and EF = H (1.2)

then we say that My evolves under mean curvature flow, and that the surface at time t
under this evolution is My = F(M,t)r.

H is the mean curvature vector on the surface M;,
H(t)=H=—H(-t)-7(-,t)=—H -7,

where v/ is a choice of unit normal for the surface M;, and H is the mean curvature of the

surface M;. In particular, given our choice of unit normal 7, we give H the sign so that

Axr=H



is true. (That this formula is true up to the sign of H is shown in Appendix 3, Lemma C.2.)
We shall refer to 1.2 as the evolution equation or the flow equation or the flow

problem. Note that 1.2 is equivalent up to tangential diffeomorphisms to the equation

0
(3¢

Fyr=H (1.3)
i.e. the surfaces we get under 1.2 and 1.3 are the same at each time.

Given some initial surface My, it is not immediately clear that a smooth flow exists.
We break this existence problem up into two cases:
Problems:
i) Can we find solutions M, for t € [0,T") for some maximal time interval [0,7"), for some
T < oo (short time existence)?

ii) Can we find solutions M, for t € [0,00) (longtime existence)?

1.3 Discussion of short time existence

Here we would like to discuss the first of the above problems — short time existence.
A question that immediately arises when considering this problem is “does a short time
existence solution imply a long time existence solution?” The answer is a categorical no.
(See Example 1 below.) Here we consider an initial surface My which can be written as a
graph and show that we do have short time existence. We consider this example initially
because it powerfully illustrates the link between the flow problem and the theory of
parabolic equations.

Let Q be an open domain in R". Let ug be a C*%(Q) function ug : 2 — R (for some
a > 0), and let My = graph(ug). So here M = R", and Fy(z) = (x, up(z)).
Problem: Can we find a C**(Q x [0,T)) function u, such that u : Q x [0,7) — R

satisfies

u(-,0) = wpg (1.4)

and 1, = «/1+(Du)2Di(ﬁ) (1.5)

From Appendix 2 we see that if we can find such a u, and if we let F'(z) = (z,u(x)),
then F' satisfies equation 1.3. Hence we have solutions M; = graph(u(-,t)) to the flow
problem for some short time interval [0, 7).

Remark: From Appendix 2, we see that the mean curvature of a hypersurface written

as a graph u (note: all hypersurfaces can locally be written as a graph relative to a suitable



choice of co-ordinate axes) depends on the second spatial derivatives of u. So in order to
obtain a smooth solution to the flow we need u to be at least C%%(Q x [0,T)).
Equation 1.5 is a quasi-linear parabolic equation (i.e. it is of the form u; = Qu, where
@ is a quasi-linear elliptic partial differential operator). Let us impose the Dirichlet
boundary conditions
u(-,t) =b(-,t) (1.6)

on the boundary 92, where b is some function € C**(9€ x [0,T)), along with our initial
condition u(+,0) = up on 2. Then by the theory of parabolic equations, (e.g. see [8]), 1.5
has a unique solution for some short time interval [0,T].

So this takes care of short time existence for a surface which is a graph, flowing under
Dirichlet boundary conditions.

Parabolic theory can also be used to show [3] that:

Theorem 1.1 Let My be a smooth compact (without boundary) initial surface. Then for
initial data My we have short time existence (and uniqueness) of a solution to the flow

problem.

Example 1.

Let S% (2) be an n-dimensional sphere of radius Ry, with centre z, sitting in R**'. The

surface at time ¢ under mean curvature flow is M; = Sp,(2), where R(t) = |/ R§ — 2nt.

So Mj shrinks to a point at 7" = ;ié under the mean curvature flow. (See diagram 1.1.)
It was shown by Huisken [1] (n > 2), and Gauge/Hamilton [9] (n = 1) that the

behaviour of a convex surface under the flow is the same as it is for the

sphere. That is,

Theorem 1.2 If My is convez, compact, smooth (without boundary) then My shrinks to

a point in finite time under mean curvature flow and it becomes sphere like as it does so.

(See diagram 1.2.)

This might lead one to conjecture that all smooth compact closed surfaces will shrink
to a point in finite time. This is not the case as will be shown shortly.

For the case n = 1, (i.e. My is a curve in the plane), non-embedded smooth closed
curves My can develop singularities before shrinking to a point. (See diagram 1.3.)

But Grayson [6] shows that:

Theorem 1.3 Embedded smooth, closed curves in the plane become convex in finite time

and then by Theorem 1.2 shrink to a point in finite time.



For n > 2 3 embedded compact surfaces (without boundary) My sitting in R"! such
that M, develops a singularity under mean curvature flow at a finite time 7" and at time

T the surface M, has not shrunk to a point. This fact is shown in Chapter 5.

1.4 Area reducing property of the flow

Now we wish to discuss the area of a surface which is evolving under the flow. Clearly
for convex surfaces evolving under the flow, the area is being reduced at some rate, since
after finite time a convex surface will shrink to a point under the flow (as is shown in

Theorem 1.2). We show here that mean curvature flow reduces area for any smooth initial
data Mj.

Lemma 1.4 Mean curvature flow reduces area.

proof: This can be easily seen by noting that locally

| M| = Area(M;) = /M ldu; = /Q\/ﬁdx

(where here we have used a local co-ordinate chart (z,U C M;), x : U — Q C R" to
describe the surface M, (locally), and we have written the metric g;; in terms of this

co-ordinate chart) so that

0 0

g

— 1 -0 d
1 .
= / —\/gg”(—Qth)dl'
Q2
(since in [1] Lemma 3.2, it is shown that 2¢;; = —2Hh;;)

— / JiH dz
Q
= — H2dut

My
< 0. =

So we have calculated the rate at which the area of a surface reduces as it evolves under



mean curvature flow. In fact mean curvature flow reduces area as quickly as is possible.
That is,

Theorem 1.5 Given an initial surface My, and a function f € L*(M;) such that
| flle2ar) = 1 H || 2(an), and such that f # H, then the flow given by

0 =
b =—1v (1.7)

has the property that it reduces area at a rate which is strictly less than the rate at which
mean curvature flow reduces area. i.e. if M are the surfaces we get under the flow given
by 1.7, then %|Mt*|t:0 > %|Mt|t:0 with strict inequality if f # H.

proof:
9|1
§|Mt ||t:0 = —/Ma fHdut

= — fHdUt
My

since by an almost identical calculation to [1] Lemma 3.2 we have that % gij = —2fh;; for
a surface under evolution by 1.7.
But

(f,H) = » fHdu,

< (/M f2)1/2(/M H?)\?
= [ fll=llH]l2
= | HI3

From analysis, this inequality is strict unless f = aH for some constant o. But

f=aH = |fl2=alH];

= a=1

So the inequality is strict unless f = H. =

1.5 Disjoint surfaces under the flow

Here we show that two initially disjoint surfaces evolving under the flow stay disjoint.



Theorem 1.6 If My and Ny are two initially disjoint surfaces, then they will stay disjoint
under the flow or they will touch at some first time and they will do so on the boundary
of at least one of the surfaces. (If a surface is non-compact, then the boundary includes

00.)

proof: Assume the surfaces touch at some interior point z € R"*!, at some first time 7.
Now at time T we can write a small portion of the surface M containing z in it’s interior,
as the graph of a function u(-,T") defined on some hyperplane ). Assuming z is not on
the boundary of either surface, then we can write a small portion of Ny containing z in
it’s interior, as the graph of a function v(-,T") defined on the same hyperplane Q. Then
for a small time interval ¢t € [T' — €, T], the portion of the surfaces M;, and N, sitting
above 2 can be written as the graph of functions u(-,¢) :  — R and v(-,¢) : @ - R
(respectively). Without loss of generality u < v on [T' —¢,7). Now as shown earlier in

this chapter the equation for flow of a surface written as a graph is:
D;g
g = Qg =1+ (Dg)*Di(————)
y1+|Dgl?
So both u and v satisfy this equation.

Now Qu = a“(x, Du)D;;u where

(14 [Dul?)

a’(x, Du) =
So
Qu—Quv = a’(x,Du)D;j(u—v) + [a”(z, Du) — a” (x, Dv)]|D;;v
= (u—v),

Setting w = u — v, a¥(z) = a"(x, Du), and [a¥(x, Du) — a"(x, Du)|Dyv = b(x) D;w,
and Lw = a"(z)D;jw + b'D;w, we see that Lw — wy = 0, and w < 0 on [T —¢,T) on
the whole of Q. The existence of the smooth functions b can be seen by use of the mean

value theorem for functions going from R™ to R :

. . 1 .
a’(x, Du) — a"(z, Dv) = / %[a”(m, tDu+ (1 —t)Dwv)ldt
0
L 9a¥ —
_ / 0a" (z,tDu + (1 —t)Dv) Di(u — v)dt
0 Opr

1 0a¥(z,tDu+ (1 — t)Dv
= Dy(u —v)ay

dt



so bF = agDijv.

Invoking the parabolic strong maximum principle, we see that w cannot achieve it’s
maximum in the interior of Q x [0,77]. So since w < 0 on [T' — ¢, T] then if w(z) = 0 at
time 7' then z must be a maximum of w on Q x [0, 7], and so x € Q. This contradicts
the fact that z is in the interior of u(2, 7). m

1.6 Barriers

We now discuss a class of natural barriers for surfaces evolving under the flow. If M, is
an initial surface disjoint from a surface My, and M, has everywhere > 0 (< 0) mean
curvature, and if the mean curvature vectors of M point towards M, then M, will serve

as a barrier for the surface M,.

Theorem 1.7 If My and My are two initially disjoint surfaces, and My has > 0(< 0)
mean curvature, and the mean curvature vectors of My point towards My, then My will
stay disjoint from My under the flow, or the surfaces will touch at some first time and
they will do so on the boundary of at least one of the surfaces. (For non-compact surfaces

the boundary includes cc.)

proof: The proof is essentially the same as for the previous theorem. The only change
that needs to be made is: we let v(-,t) = vy where vy denotes a portion of M, where the

surfaces are assumed to touch at time 7. Then we get the parabolic equation:
Lw —w; >0,

and w < 0 on [T —¢,T], and so the strong maximum principle is still valid. m

1.7 The monotonicity formula

It is shown by Ecker/Huisken [5] (in Section 1 of this chapter) that if M is an initial
surface which does not rise too steeply (e.g. has polynomial growth), and f is function
f(Z,t) defined on M, which does not rise to steeply (e.g. f has polynomial growth), then

we have the monotonicity formula:

0 = 0 7 | NINT:
E/Mt foduy = /Mt(af A f)pduy /Mt folH + Z(x 20)~ |“duy,

where 7 =ty — t, and p is the "backward heat kernel”:
— |2 — 2

7 t) = (drr) "2
p(%,t) = (4m7) """ exp( e

)7t0 > tv



for a fixed point (2, to). From this Ecker/Huisken then obtain the monotonicity formula:

Theorem 1.8 Suppose the function f = f(Z,t) satisfies the inequality

(o~ M) <T-V

for some vector field @. If ag = sup o4, @] < 0o for some t, > 0, then

sup f < sup f
My My

Vit € [0, tq].

The surfaces and functions we are going to consider will have (assumed or explicit)

polynomial growth.



Chapter 2

Rotationally symmetric surfaces

2.1 Introduction

In this chapter we introduce rotationally symmetric surfaces. We derive the equation

ST y

for flow of a rotationally symmetric surface, (where y(-,t) is the generator of the surface

M) and a number of other evolution equations for interesting functions defined on the
surface M;. (e.g. we derive the evolution equation for the curvature A = h;; where h;;
is expressed with respect to a particular co-ordinate frame { €; } chosen by us.) In the
last part of this chapter we show that for a particular class of initial surfaces M, we can
derive a time independent gradient estimate for the surfaces M; obtained under mean

curvature flow.

2.2 Formal introduction to rotationally symmetric

surfaces
Definition 2.1 A surface My is said to be rotationally symmetric if
My = f(R x S"™1)
x
Yo(z)s1

where f(x1,81,...,8,) =

Yo(x)sn



for some 15 : R — R.

Yo is to be thought of as the graph which generates the surface. e.g. for n = 2 we just
rotate the graph of yy around the z-axis. (See diagram 0.3.) The mean curvature of a

rotationally symmetric surface is

o1 ()2 (L ()22

(as shown in appendix 1), and the outward unit normal is given by

-
14+(y=)?
S1

7= Vi) (2.2)

Sn

14+(y=)?

(also shown in appendix 1).

2.3 Mean curvature flow of rotationally symmetric

surfaces

In this section we wish to examine the behaviour of rotationally symmetric surfaces evolv-
ing under mean curvature flow. In particular we will derive the evolution equation stated
at the beginning of this chapter.

By symmetry, a rotationally symmetric surface will stay rotationally symmetric under
mean curvature flow.

In Chapter 2 we noted that the evolution equation

8 s
—F)=H 2.3
( g ) (2.3)
is equivalent up to tangential diffeomorphisms to the mean curvature flow equation
a o
—F=H 2.4
P (2.4)

If our initial surface M = M, is rotationally symmetric, and F' is a solution to 2.3 which

preserves the x; co-ordinate, then we have

F(xl,(), .- .,O,yo(l'l),t) = (1’1,0, . .,O,y(l'l,t))

10



for some function. y : My x R — R, with y(-,0) = yo.
y(-,t)generates the surface M, at time t. Note that for points p = (z1,0,...,0,y,1),
o =0,...,2, = 0 is preserved under the flow by symmetry, and uniqueness of the flow

for rotationally symmetric surfaces. Hence, %F = (0,0,...,0,y:(x1,t)). Hence, by 2.2,

we have 9
o Yt
(5 FV) = —F—s (2.5)
ot 1+ (y)?)
But by 2.3 we have
0
—F ) =—-H 2.
(S F.7) (26)

Hence, combining 2.5, 2.6, and 2.1, we see that

1+ (y2)?) IRCENCSEECE Y/ 1+ (ya)?

and hence we have the evolution equation for the flow of a rotationally symmetric surface:

. Yza . (n - 1)
NN y

Existence of the flow for rotationally symmetric surfaces will be shown in Chapter 4.

2.4 Evolution equations

Now we wish to derive certain evolution equations for rotationally symmetric surfaces (of
dimension n) evolving under mean curvature flow. We do this by generalizing [1], where
in Chapter 5 (Lemma 5.1), evolution equations are derived for rotationally symmetric
surfaces of dimension n = 2 evolving under the flow. Let 1y : R — R be a smooth positive
function. Let M, be a rotationally symmetric surface of dimension n > 2 generated by
the function 1. Let 71,..., 7,41 be the standard basis in R™™! and let €5, ..., ¢, be the

local orthonormal frame on M, such that

(ej,Z'1> = OV]:Q,,TL

e.g. along the top ridge,



(the top ridge of a rotationally symmetric surface My generated by a function g is the set
of points {p € My : p = (21,0,...,0,y0(z1)) } ). (See diagram 2.1.) Clearly the vectors
€1,...,6€, are orthonormal and there are n of them. They are also in the tangent space,

as can be seen by a quick examination of the definition of what a rotationally symmetric

surface is. So €1, ..., €, is a well defined local orthonormal frame. Introduce the notation
p = (&,
= <77> Z)1>y_1-
- oo\ 1 ooy 2., .2 _ -2
Then (e3,11) = WEromy and from 2.2 we see that (I, 1]) = m Sop®+q° =y °.
Also V;y = —d;1qy. If f is a function defined on a rotationally symmetric surface M,

such that f(p) = f(z1,y081,...,y0S,) is a constant for fixed values of z;, then clearly
V.if = 01 V;f, for the local orthonormal frame { ¢é; } we have chosen. So we need only
calculate V f = é1(f) for such functions.

The second fundamental form A = h;; is defined by h;; = (V7, €;). Using our choice

of { € }, and the calculation of ¥ for rotationally symmetric surfaces (2.2), we calculate,

k=hn=(Var,ei) = —yu(l+ (yx)2)_3/2
hii :pf0r2§1§n,
hij = 0 forq §£ j,

where here we have introduced the notation £ = hy;. Now evolve My by mean curvature
flow. As we have stated before, M, stays rotationally symmetric. The position vector

I = 7 of the hypersurface satisfies

%f:Af:ﬁ:—H-ﬁ (2.7)

as is shown in Appendix 3 Lemma C.2.

Define the function
y = (|2 — (&, i)|)"? (2.8)

At time t = 0 it agrees with yq.

note: y as we have defined it here is not the same as the y defined by 2.3. y(p,t) as we
have defined it here measures the height of a point F(p,t) above the zl-axis at time ¢
under the flow for a fixed p: i.e. we take a point Fy(p) on the original surface and follow
it through time, as the surface flows, and calculate its height above the z;-axis at time
t. y(x) as defined by 2.3 measures the height of the surface at time ¢ above x on the

xl-axis. The function y defined by 2.3 will be known as the generator function , and

12



the y defined by 2.8 will be known as the height function . It should be clear by the
context which y we are talking about.

Lemma 2.1 Let y be the height function. Under mean curvature flow we get the following

evolution equations.

) O@n) =A@

ii) %yzﬁy—(n—l)y !

iii) %q = Aq+ |APg +q((n —1)p* + (n — 3)¢” — 2kp
) = Dp+|APD+ 2%k~ ).

v) %k = Ak + |APk —2(n — 1)¢*(k — p).

vi) %H:AH+HW?

proof:

i) is immediate from 2.7.

ii):

9 0, < o\ 1241/2
Sy = (@) P)

L0 L, 0.
=Y 1((']:7 §x> - <ZL’, 1><ax7 L1>)
= y_1(<']‘_:7 H> - <fu _i><H7F1>)

Let al,...,a, be a Riemannian orthonormal frame on M;. Then
Ny = a(ai(y))
= a(a((17)? - [(7,0)})"?)
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using Vgd; = H and Vi Z = @, (both from Appendix 3)

=y VYRt (s @) + () —
= —y VY +y M n+ (@ H) — (@, > (Z,01)

a — — =
= —y+y  (=|Vyl* +n— (@, 0)?)
ot
Now (b;, 1)? is independent of any orthonormal frame { b; } we care to choose (this is so
because for any orthonormal frame { b; }, (b;, 11)b; is the projection of 77 onto the tangent
space, and so (b;,1)%is the length of this projected vector). Hence (a;, 1) = (&;,11)?,

where ¢; is our specially chosen orthonormal frame. Hence using

(€5,01) = 0Vj=2,....n

(&,0)° = y*p°
— 1_y2q2
= 1-|Vyp,

we see that

0 1
Ey—ﬁy—(n—l)y

iii): To derive iii) we infer from [1] Lemma 3.3 that

0

50T = (VH.T)

= A7) +|AF(@, &)

The last identity is shown in appendix 3 Lemma C.8 (the identity is shown using the

Codazzi equation). Combining this with equation ii) we get

0 o oL 3,5 5
—q=NAq+2y Vi Vi(7,01) — 2y (7, 0)|Vy]* + (n — D)y *(7,11) + |A%q.

ot
The result then follows from the identities V;y = —d;1qy, V1 (¥, 11) = kpy, and y =2 = p*+¢>
iv):
O 0, 5  aup

(using ii) and iii))

= Ap =3y~ *p | Vy* + p 7 Va|* + p 7| VD)?
+(n—1)p~ 'yt —plPAP
—p'¢*((n — 1)p* + (n — 3)¢* — 2kp)
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Now substituting in

Vip = duq(p—k)
Vig = 6a(q*+ kp)
AP = K+ (n—1)p°
y o= p' 2’ + ¢
Viy = —ougy,

and collecting like terms, we get

= Ap + plAP +2¢°(k — p).

vi):
9 2

was proved in [1] (Lemma 3.5).
v): Using H = k + (n — 1)p, we have
0 0

0

then from iv) and vi) and H =k + (n — 1)p,

= Ak+ kAP —2(n—1)¢*(k—p). = (2.9)

2.5 Gradient estimates

Now assume that M, is a periodic surface, and that M, has positive mean curvature.
Then applying the strong parabolic maximum principle to the evolution equation vi) for
H (and using the fact that the surface stays periodic under the flow, and hence any
maximum is an interior maximum), we see that H > the minimum of its initial values.
So H stays strictly greater than 0. From the previous section, we see that y, = — g. We
wish to show that y, stays uniformly bounded. Also note that since My lies beneath an
infinite cylinder (see Chapter 6 on self-similar solutions), and since surfaces stay disjoint
under the flow (by Chapter 1, Theorem 1.6), we see that My must develop a singularity
in finite time, since in finite time the cylinder collapses to the xj-axis (see Chapter 6 on
self similar solutions).
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Lemma 2.2 [fn = 2, then 3 a constant Cy depending only on My such that
q
| = =] < G (2.10)
p
independent of time.

proof: We calculate from [1] Lemma 5.2 the evolution equation for a general surface under
the flow)

0 |A|? |A|?

— <A H 2.11

5 < A+ SV 2.11)
Hence, by the strong parabolic maximum principle, —1‘3‘22 < the maximum of it’s initial

values. Hence |A|> < (C3)2H? where Cy depends only on the initial surface (i.e. it is
independent of time). Furthermore we calculate from the previous lemma that

9 .q q, 2 a,, 4

=AY+ ZVEHY(S) + L (0= 1)p? —3)g* =2
Assume n = 2. Then in view of 2.11, the last term is negative if 7 > 2C; and it is positive

if & < —2C,. Thus (by the maximum principle again)
lq] < CsH, (2.12)

with a constant C3 depending only on C; and the maximum of % at time ¢ = 0. Note
this argument relies on the fact that for n = 2, and hence (n — 3) = —1 < 0. We cannot
use the same argument for n > 3. We will comment on this at the end of the proof. So

keep assuming n = 2, and finally consider the evolution equation

dk k k
—— =N~ + V pVi— +2 (p — k%),
ot p D
which also follows from the previous lemma. Now the last term on the right hand side of

the above equation is negative if % < 1, hence (by the maximum principle)

k k
— < max(1, max(— 2.13
< max(L max()) (2.13)

So combining 2.12 and 2.13 we get
gl < C3H = Cs(p+k) < Cyp

as desired. =
Huisken then shows [2] that the upper blow-up estimate then follows from this lemma
(for n = 2):

1
2
IIJl\%X|A| < CS(T — t)Vt <T.
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(See [2] for a discussion of the blow up estimates.) (Also see Chapter 6 on self similar
solutions where it is noted that curvature blows up as t — 7T', and where this blow up
rate is discussed.)
Remark .
Using the maximum principle of Chapter 1, we can prove Lemma 2.2 under the weaker
assumptions that
a) My is an entire surface with polynomial growth,
b) infy, H > 0 on M,
¢) the quantities @I—f ‘—I‘fl‘, % are bounded on M,.

Can we expect a gradient estimate for n > 27 Well, for n > 2 notice that we have
H = (n— 1)p+ k, and so now, e.g. for n=3, we have twice as much curvature pulling
the surface downwards. Perhaps this means that some sort of cusp like singularity could
occur as the singularity occurs at time T on the zj-axis. This an area that has not been
investigated fully. In Chapter 8 on gradient estimates, the evolution equation for the
gradient is calculated. It is shown there that for entire rotationally symmetric surfaces
My which initially have Cy = sup Mply.|y < oo, then we have the gradient estimate
ly.| < % while the solution exists. This is true for all n > 2. It seems possible that
some sort of interior gradient estimate could be calculated (similar to that calculated by
Ecker/Huisken in [4] where the local properties of surfaces evolving under the flow are
investigated) using this global gradient estimate, by modifying the calculation by which

it was derived.
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Chapter 3

Interior estimates

3.1 Introduction

Here we wish to prove a couple of interior estimates for rotationally symmetric surfaces
evolving under mean curvature flow. The first theorem is an interior height estimate,
derived by placing a ball above the initial surface and using the fact that surfaces stay
disjoint under the flow.

The next theorem is an interior gradient estimate for rotationally symmetric surfaces,
derived using the interior gradient estimate for graphs calculated by Ecker/Huisken in
[4]. The interior gradient estimate derived here should be compared with the gradient
estimate calculated in Chapter 8, Lemma 8.4, and the gradient estimate of Chapter 2,
Lemma 2.2.

Both of these estimates are crucial to the main existence heorem 4.3 of Chapter 4.

3.2 Interior height estimates

Theorem 3.1 Let My be an entire rotationally symmetric surface generated by the func-
tion o : R — R.
Let

h = sup yo
a,b)

Then for 58> 0,8 < |“gb|, we have

sup y<h+p
[a+8,—B]x[0,22]

where y s the generator function of the surface M;.
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proof: Choose some € > 0 such that § > e. Choose some z; € [a + §,b — (]. Place an
n-dimensional sphere S% = of radius Ry = f — € and centre (1,0,...,0,h + 3) above
the point p = (x1,0,...,0,90(z1)) on the surface My = rotationally symmetric surface
generated by 7. Then note that the sphere S, is initially disjoint from the rotationally
symmetric surface My generated by yy. By Theorem 1.6 of Chapter 1, surfaces stay disjoint
under the flow. Hence M; and Bp() remain disjoint under the flow, while solutions to
both flow problems exist. The sphere collapses at time T = %21, so while t < 2%21 we have
y(z1) < h+ B (since the centre of the sphere has height h + [3). Letting ¢ — 0, we see
that y(x;) < h+ g for t < % Since x; was an arbitrary point x; € [a + §,b — (] we are
done. m

In Chapter 4 we need an interior height estimate of a slightly different form. The

required height estimate is an easy corollary of the above theorem:

Corollary 3.2 Let yy be a rotationally symmetric surface with boundary generated by the
function yo\m;], where d < a, b > b. Assume that the surface evolves under mean curvature
flow in such a way that points p on the boundary on the left satisfy the condition (p,11) < a
for all time, and the right hand boundary satisfies (p,t1) > b for all time. Let

h = sup yo
[a,b]

Then for 5> 0,5 < |a;b|, we have

sup y<h+p
[a+8,6—8]x[0,22]

where y s the generator function of the surface M;.

proof: The proof is the same as the proof for the above theorem. m

Now we prove our interior gradient estimate for rotationally symmetric surfaces evolv-
ing under the flow.
3.3 Interior gradient estimates

Theorem 3.3 Assume y > o on the xy - interval [a,b] and the time interval [0,T], for

some o > 0. Then we have the interior gradient estimate:

2
Yye(1,8)] < Ci(n)(n+—= sup  [(¥o)el-  sup  (%0))
0 [z1—Ro,21+Ro] [z1—Ro,z1+Ro]
exp[Cy(n) Ry sup (yg + T2n)]

[{E()—R()—\/ T2n,x0+Ro+V T2n] X [O,T}
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a

where Ry = 2.

proof: Choose an n-dimensional ball B (x¢) of small radius Ry sitting in the (z1, ..., z,)-
plane, with centre 5 = (1,0,...,0) (remember the rotationally symmetric surface M
is an n-dimensional surface sitting in R"*1). If we choose Ry = &, then for any given
t € [0, 7] the portion of the surface M; which lies above B™ covers the whole of B" (when
projected onto B™) and hence can be written as the graph of a function u(-,t) : B™ — R.

u is defined by u(zy,...,x,) = \/y(x1)2 — 23— ... — a2
Hence
D1U(.f1}'1, o ’xn) _ y(xl)yw(xl)
V(@) = (22)2 — ... — (2,)?
and
Diu(xy, ..., x,) = : for 2 <i<n.
\/y(:cl)2 —2i— ... a2

In particular
Dlu(xl, O, e ,O) = ym(x1>7

and
Diu(x1,0,...,0)=0.
Now the gradient estimate for graphs derived by Ecker/Huisken in [4] (Theorem 2.3) is

V1+[Du(e,t)2 < Ci(n) sup \/1+ [Dugl?

Brg (o)

exp[Co(n)Ry?( sup  (u(z,t) — u(wo, 1))’

BR() ({Eo) X [O,T}

Put
co=C1(n) sup /14 [Dugl|>.
Bpr (o)
Then since zg = (21,0,...,0) we have the estimate

Yo (21, 1)] < coexp[Ca(n)Rg*( sup  (u(x,t) — u(wo, 1)))?]
By (20)x[0,T]

Remembering that Ry = 7, we have

IN

IA
Qo
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Hence

sup ‘DZUO‘ <1
Ro
fort=2,...,n, and
2
sup [Diuol < = sup  |(wo)z/ - sup  (vo)
BRO o ["El—Ro,IE1+R0} [:Bl—Ro,IErl-Ro]
Hence 9
co<Ci(n)(n+—= sup  |(¥o)el- sup  (w0)) (3.1)
0 [z1—Ro,x1+ Ro) [#1—Ro,x1+Ro]
Now
sup (U(I, t) - U(.ﬁ(fo, t))>2 < 2 sup y(v t)2
BRO (z0)x[0,T] [xo—Ro,z0+Ro]Xx[0,T]
< sup yg +12n

[to—Ro—VT2n,x0+Ro+VvT2n]x[0,T]

by the interior height estimate of the previous theorem. Hence

2

[Ye(z1,8)] < Ci(n)(n+—= " sup  |(yo)o/-  sup  (v0))
0 [21—Ro,z1+Ro) [x1—Ro,z1+Ro)

exp[Cy(n) Ry sup (yg + T2n)]
[to—Ro—VT2n,x0+Ro+Vv1T2n]x[0,T]

as required.
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Chapter 4

Short time existence

4.1 Introduction

In this chapter we derive the main result of this essay. That is: if M, is a rotationally
symmetric surface generated by a function yo : R — R, then under the assumption that
infg o is bounded away from 0, we have solutions M, generated by some y(+,t) for as long
as infr y(+,t) is bounded away from 0. This is a better result than that which can usually
be obtained by parabolic theory, since here we make no assumptions about the growth
near oo (usually such existence results obtained via parabolic theory do require some sort
of growth assumption near oo). The catenoid barriers used here were a suggestion of

Huisken.

4.2 Short time existence

Let My be an entire rotationally symmetric surface generated by a positive function
Yo : R — R. We wish to show that there exist solutions M; to the flow problem for some
maximal short time interval [0,7").

Assume that y, € C*%(R) and that infgr yo > 6, for some § > 0, and some « > 0.
Firstly let us restrict our attention to the x; -interval [—m, m]. Remember the parabolic

evolution equation for a rotationally symmetric surface is

L () y 1)

Yt

(as derived in Chapter 2 on rotationally symmetric surfaces). We look for a solution

y™(x,t) to this equation, defined on the z;-interval [—m, m] and some short time interval
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[0,7™], for some T™ > 0. Then M;® = rotationally symmetric surface generated by

y™(-,t) is a solution to the flow on [—m,m] x [0,T™]

Theorem 4.1 Assume that yo € C**(R), and that minj_,, ,,j yo > 9, for some § > 0,
some a > 0.
Then equation 4.1 has a unique solution y = y™ € C%*([~m,m] x [0,T7™]) for some

0 < o < a, and some T™ > 0, satisfying the boundary conditions

y"(m,t) = yit(m), (4.2)
y"(=m,t) = yp'(=m) (4.3)

and initial conditions
y(+,0) = yo on [=m,m] (4.4)

proof: The proof follows from the Theory of parabolic equations. e.g. See [10] Theo-
rem 2.3.0. Modifying the proof there to suite our particular evolution equation 4.1 we are
done. =
In fact

Proposition 4.2 We can choose aT' such that each solution y™ of the above theorem is

defined on some time interval [0,T], for some T > 0 where T' is independent of m

proof: Initially assume n = 2. We will prove this theorem by constructing barrier surfaces
By,Cy and D,,, as follows:
First let [0,7™) be the maximal time interval for which we have a solution y™ to 4.1
,satisfying the specified boundary (4.2,4.3) and initial conditions (4.4).
Let ¢"* : R — R be the function defined by

¢ (x) = Aeosh((T))
for some [ € R, A > 0. Let G"* be the rotationally symmetric surface generated by the
function g'*. H = 0 everywhere on G** as can be seen by appendix 4. Now if we choose
A very small, the surface will become steep very quickly as we move away from the base-
point xy = [, and it’s height at the base point x; = [ will be very small: the height at the
base point I is h = Acosh((n — 1)(5)) = Acosh(0) = A.
To construct the barrier By, we are going to cut off a portion of the surface G** for some
[l € R, some A > 0.

Likewise we will construct the barrier Cy by cutting off a portion of the surface G for
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some I’ € R, some X > 0.

Our third barrier D,, will be the infinite cylinder of radius 7o = g.

Now we go ahead and construct these barriers rigorously.

Let D,, be the 2 dimensional infinite cylinder of radius ry = %. (i.e. the 2-dimensional
rotationally symmetric surface generated by the constant function y = %) Evolving D,,
under the flow, we see that at time ¢ the surface is D, (), where D, is the infinite cylinder
of radius r(t) = \/r§ — 2t (D, collapses to the z; axis at time ¢ = gl ). Now initially M{"
(= the rotationally symmetric surface generated by 1o|(—m,m]) is disjoint from the surface
D, , since by assumption infryo = o > 0, and we chose ry = g. Thus, since surfaces stay
disjoint under the flow (by Theorem 1.6 of Chapter 1), we see that the surface M" (=
rotationally symmetric surface generated by y™(-,¢)) will stay disjoint from D, under
the flow, while both solutions M and D, exist. (Note: they cannot touch at the
boundary since M;™ has fixed boundary under the flow, and D, is a shrinking towards

the z; axis.)

Let t; = (o) g m > t; Vm then we are done. So assume t; > T™ for some m. Fix

8
this m. Let o = Z2. Then on the time interval [0, ;] we have

y" > o, (4.5)

3(ro)?
3

since at time t; = , we have

() = oo - 208 -

and y™(-,t) > r(t1) on the interval [0,¢;]. (The last statement is true since
a) the surfaces M;" and D, stay disjoint under the flow, and hence

b) y™(-,t) > r(t), and hence

c) y"(-,t) > r(ty) for t < tq since r(t) is strictly decreasing.)

Now we construct By and Cj.
First choose A so that 0 < A < . Let 2™ be the unique point in R~ such that

g)\,O(:L,)\,U) =0

Ao

Such an M7 exists since

g (x) = )\cosh(%)

grows exponentially as we go from 0 — —oo, and at 0,

a?0)=A<o
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The derivative of g is

92" (x) = sinh(5)

Hence, choosing x < 29 (remember 2° < 0) we have

92%(x)] = |sinh(3)]

o2
Hence choosing A > 0 small enough we have
192°(2)] > sup [(y0)s] (4.6)

[_mvm}

Vo < 229, Now let 2% (=™) he the point on the x; axis such that
PU) = go(—m).

Such an 2% (=™ exists since
a?0)=A<o< i%f Yo

and ¢™° grows exponentially as we go from 0 — —oo. Clearly 2% (™ < 247 Now we

are in a position to choose [. Choose

| = —gMwol=m) oy
Then (_";_l) = ””A'yo/\(*m), and so

-m — 1
gM(—m) = )\cosh(%) (4.7)

l’)‘vyo(_m)
= )xcosh(ﬁ) (4.8)
= () (4.9)
= yo(—m) (4.10)

Now we choose our barrier By to be the rotationally symmetric surface generated by the

function g™ on the interval [z»°, —o00). Note that
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a) this generator function g’\’l|[mx,57_w) has gradient everywhere negative and less than
— SUP[_m,m) |(Y0)| by 4.6, and
b) it has mean curvature 0 everywhere, and
c) it is disjoint from the rotationally symmetric surface MJ" generated by yo|[—m,m],
except at the left hand side boundary of M/["* where the two surfaces meet.
Hence by Theorem 1.6 of Chapter 1, the surface M{" stays disjoint from By on the
time interval [0,7™) under the flow, since M{" has fixed boundary under the flow and
inf[_p, mjy™ > o on [0,7™). Using the barrier By we see that |y*(—m)| is bounded by
|92 (—=m)| < k(m) < oo on any time interval that a solution y™ exists.

Similarly we construct a barrier G so that |y (m)| is bounded by |g}"™ (m)| < k(m)
< 0o on any time interval that a solution y™ exists. (See diagram 4.1.)

Now, by the flow equation 4.1, we see that y!"satisfies the equation

We)er  20ym)y | YE

I 7 (e e

= (letting ¢ = yxme;_;)

where
1

a=——
1+ (yi)?

m

(L+ (y)?)*

L1 <y

S ym? (02T
< 0 on [0,7™) by 4.5). Now equation 4.12 is a uniformly parabolic

b=

: 1 1
(SIIICG W — =

o2

equation, and ¢ < 0, so we can apply the parabolic maximum principle to it to obtain the

inequality
sip | < € suplg (4.13)
[=m,m]x[0,T™) P
< C(T)Sgplyﬁl (4.14)
< O(T)k(m) (4.15)

(where P is the parabolic boundary: P = {—n} x[0,7™)U{n} x [0,T™)U[—m, m] x {0})
The last inequality follows since at m and —m the barriers By and Cj stop the gradient of
y getting worse than k(m), and also, k(m) satisfies k(m) > sup_,, .y [¥.| by construction.
So the equation 4.1 is strictly parabolic on [—m, m| x [0, T™), so by the theory of parabolic
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equations, we see that y” can be extended to the time interval [0, 7™ + ) for some o > 0.
(e.g. See [8].) But [0,7") maximal, so we have a contradiction. Hence T™ > t; VYm.
For n > 2 there is strong numerical evidence that a rotationally symmetric catenoid like
surface exists, which becomes vertical if we move a finite distance from the origin in the
x1 direction. By rescaling this surface (in the same way that we rescaled our surfaces GM,
by varying A) we can use it as the barrier By (likewise for Cy). The same argument then
follows through for n > 2.

Having obtained a common time interval for which the surfaces exist, we have done
most of the hard work.

Now we show that there is a solution y to 4.1, defined on the whole of R for some
short maximal time interval [0,7), which satisfies the initial condition y(-,0) = yo. We

do this via the Arzela-Ascoli theorem. This result is the main result of this essay.

Theorem 4.3 3 a solution y to 4.1 (defined on the whole of R) for some mazximal short
time interval [0,5), and infr y(-,t) = 0 ast — S if S < 0.

proof: Let y™ be the y™ of Theorem 4.1. Extend each y™ in a C*® way to the whole of
R.
Let k be a fixed integer, k > 8/T2n, where T is the T of the above theorem. We will be
concerned with the compact interval [-kk].

Let d = %. From Chapter 3 Theorem 3.2 we see that

sup y™ < Co(sup yo,d).
[—k+d,k—d] x [0,43] [—k.k]

Note: % > T, by choice of d, and stipulation on k. Also from that chapter, we have the

interior gradient estimate:

m g
‘ygc (Ilv t>| < Cl(nv g, RO = 57 Tv sup ‘(y0>r>|v sSup (y(]))
[k—Ro,k+Ro] [k—Ro,k+Ro]

on the interval [—k, k] x [0, T]. Then using the evolution equation for y™:

Yt

L4 (ym)? ym

Y

and remembering that y™ > o = 2 = g on the time interval [0,7], we see that y™ is

strictly parabolic on the interval [—k, k], with ellipticity constant A\ = miny_ xx(0.7) W
> H% > 0 independent of m and ¢t € [0, 7T]. Hence by the standard induction argument
1

on i in C%* we have that y™ is C*([—k, k] x [0, T]). Now since we have a uniform height
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estimate on [—k + d, k — d] for each y™ independent of m, we can use parabolic theory

(e.g. see [8]) to obtain the interior estimates:

||ym||C2»a([—k+2d,k—2d}><[0,T]) < 02(00, T,M, € A, T)

The Schauder theory (see [8]) then gives us

Hym||Cj’“([—k+2d,k—2d}><[0,T]) < C(Cy,o,n,6,\,T,j)

Hence y™ is a bounded set (for example) in C*([—k + 2d,m — 2d] x [0,T]). Hence,
by the Arzela-Ascoli theorem (e.g. see [11] Lemma 6.36), 3 a subsequence y™ of y™
such that y™ converges in C3([—k + 2d,k — 2d] x [0,T]) to some function y say. Then

" contains terms of at most order 2, we see, letting

since the evolution equation for y™
m/ — oo, that y satisfies the same evolution equation as y™ on [—k + 2d, k — 2d] x [0, T].
Clearly y is C*°([—k + 2d,k — 2d] x [0,T]). Now let us consider the interval [—2k,2k].

" "in place of y™, we obtain a subsequence y"”

Repeating this argument, only using y™
which converges to some y in C3([—2k + 2d, 2k — 2d] x [0,T]). y agrees with the previous
y on [~k + 2d,k — 2d] x [0,T7]), and satisfies the evolution equation 4.1.

Continue in this way out to co. Now take a diagonal subsequence a; given by: al =y,
a2 = y?", ... Then clearly the function y = lim,,_, a,, satisfies the flow equation and
satisfies the initial conditions y(-,0) = yo. The flow lives for at least [0,7]. Once the
flow has begun it is analytic, and so there is always only one possible extension to the
flow. Hence the flow lives for some maximal time interval [0,S5). Note that we can al-
ways extend the flow for some short time interval past a time ¢ if infg y(-,t) > 0, by just
repeating the argument we have used here. So the flow lives always while it is bounded

away from 0. So we are done. =
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Chapter 5

Pinching

5.1 Introduction

We say a barbell like surface “pinches” off under mean curvature flow, if, at some finite
time, the surface pinches off somewhere along it’s neck, leaving a sphere-like shape on
either side of it’s neck when it does so. (See diagram 0.4.) In this chapter we present
geometrical criteria that ensure that an initial surface satisfying these criteria will pinch
off in finite time under the flow.

First we construct a barrier surface (suggested by Ecker) which we know will pinch off
in finite time (under mean curvature flow). Then we see that a barbell-like surface which
can be placed inside this barrier surface will also pinch off in finite time as long as it has

large enough bubbles on either side of its neck.

5.2 Pinching criteria

First we construct our barrier surface M. Let Mj be the rotationally symmetric surface

given by:

My ={Z e R (22)?+ -+ (2n41)? = e+(x1)*(n—1—f)} for some (n—1) > 5 > 0.
Then e = |Z]* — (n — ) (21)? on M.

Now
% A)(EP — (n — B)(0)? + 261
= (2~ A)(P) - % D)= @)+ (2 — )26
(see appendix 3: (2 — A)(|Z]?) = —2n and (£ — A)Z = 0)
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=—-2n—(n— B)(Qxl(% — Nz — 2|V ?) + 28

— —2n+2(n — B)|Va|” + 28 (5.1)

Also |[Vz|*> <1 (from appendix 3), so 5.1 < 0.

Hence, (by the monotonicity formula of Chapter 1), on M} we have

Z* = (n — B)|z|*

71" = (n = B)aa]* + 28t < supag(

= €

In particular at zo = -+ = x,,1 = 0, we have 27 < ¢ — 23t, so that (n — 3)a? < 0 at
¢t = 53, and hence the surface Mg must have pinched off by ¢ = ;5. (Note: In the chapter
on short time existence, it is shown that the only way a rotationally symmetric surface
can develop a singularity under the flow is if it pinches off. i.e. infgr — 0 ast — T, where
T is the blow up time.) Now let My be an initial closed surface, and let V; = volume of
solid contained in M;, V;* = volume of solid contained in M. Assume M, C int(Vy).
Then if we can put a ball Bg, of radius Ry on either side of the neck of M such that
each Bg, C int(Vy) and such that %3 > 55, then My will pinch off in finite time under
the flow. This can be seen as follows: First note that surfaces stay disjoint under the flow
(see Chapter 1 Theorem 1.6). So each

B C int(V;) C int(V;) (5.2)

But M} pinches off at a finite time 7" < ﬁ So M; must develop a singularity at a time

S<T <L % by 5.2. But the balls blow up at a time 1;;5 > %, so a portion of each ball
must still be alive at time S. i.e. M, has not shrunk to a point at time S. If the surface
M is also
a) {smooth, embedded, simply connected } (e.g. a rotationally symmetric surface)
then it seems almost certain that the singularity that occurs at time S is due to “pinch-
ing”. i.e. I am conjecturing that generally, for initial surfaces M, satisfying condition (a),
the only singularities that can occur under the flow are due to pinching or the surface
shrinking to a point, and since we have excluded the last possibility for the M, we are
presently considering, My must have pinched off at time S.

Grayson [7] uses a similar argument: Choose r > 0, [ > Z'. Let 0D be the 2-

2
dimensional rotationally symmetric surface generated by

r , otherwise

fa) :{ reosh(UE=0y i fla| > 1
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after mollifying at the point x = 1. Then any smooth surface My C D (such that M,

has bounded height - i.e. |x3| is bounded) which contains a ball of radius Ry (such that
R_% > 20r?
4 20—mr
not have shrunk to a point at that time

) on either side of the neck will develop a singularity in finite time and it will
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Chapter 6

Self-similar solutions

6.1 Introduction

In this chapter we wish to examine what sort of similarity a surface might maintain under
the flow. We examine a number of the different ways a solution M; to the flow might be
“self - similar” and present examples of such “self-similar” flows were appropriate. In the
last part of the chapter we define a very special kind of “self-similar” flow and present

there some interesting properties and examples of such flows.

6.2 Self-similar flows in general

Let My be an initial surface. Assume for the moment that M, is compact. Let us consider
the two cases of short time existence and long time existence separately.

short time existence:

M, exists for some short maximal time interval [0,7"). It is shown in [2] that the curvature
blows up as t — 7. i.e.

max |A|? — oo
My

as t — T. So how fast is |A|?> blowing up? Well in [2] it is shown that U(t) = max,y, |A|*
is Lipschitz continuous, and

Ut) > ; ! (6.1)

(T'—1)
So we have a lower bound for this blow-up rate. As we mentioned before at the end of
Chapter 2, in [2] it is shown that for n = 2, periodic rotationally symmetric surfaces

satisfy the blow up rate



So in this case we have an upper and lower bound for the blow up rate. This blow up rate
is also the blow up rate for convex surfaces. Now, in order to see what sort of singularity
occurs at t = T, it is first necessary to locate a point in R"*! where a singularity occurs
at t =T (there could be many such points) - call such a point a blow up point. Then we
translate the surface so that, without loss of generality, 0 € R"*! is this blow up point.
Then at each time ¢ we wish to magnify the surface (around this blow up point 0) in
a way that will ensure that the resulting magnified surfaces converge to some limiting
hypersurface as ¢ — T'. Well we now make this method rigorous. An obvious candidate
for a blow up point would be:

Definition 6.1 We say that 25 € R™ is a blow-up point, if there is p € M™ such that

—

F(p,t) = xp ast — T and |A|(p,t) becomes unbounded ast — T.

But do such zg exist? Well, note that if we assume the blow up rate of the curvature also
satisfies the upper bound
Co
U(t) = max |[A]? < ——— 6.2
(1) = mgx A < g (62)
(from now on assume that this blow up estimate is satisfied for the solutions M; we are

considering) then

- - o
Fp.t) = Flp.s)| < [ 1H(p.7)lar
< CHT =)V = (T -t)"*WpeM",0<s<t<T

Thus F(-,t) converges uniformly as ¢ — T, and so such Z, do exist (else U(t) would be
bounded by a constant independent of t, contradicting the lower bound 6.1) and so our
definition is a good one.

Now we will rescale our surfaces so that the resulting surfaces have the property that
|A]? doesn’t blow up, and this natural choice of rescaling turns out to be the right one.

1.e. we define the rescaled immersions

Flp,s) = (2T — )" F(p,¢),

where s(t) = —3log(T —t) is a new time parameter. The resulting rescaled surfaces
M, = F(-,s)(M") are then defined for —1log T < s < oo and satisfy the equation
0=

gF(p, s)=H(p,s) + F(p,s),

where H is the mean curvature vector of M,. (This choice gives |A(-, )2 < Cp, indepen-

dent of time ¢, where A(-,t) is the curvature on M;.)
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Huisken then shows that for a given sequence s; — oo, 3 a sub-sequence s, such that

M,

s, converges smoothly to an immersed non-empty limiting surface M., and that each

limiting hypersurface M., obtained in this way satisfies the equation

H=(X,7) (6.3)

Natural open questions are the uniqueness of M., and the number of solutions to 6.3.
Using the fact that periodic surfaces with positive mean curvature satisfy the blow up
rate 6.2, we may use the argument sketched here to obtain a limiting hypersurface M.
Huisken then shows that an entire rotationally symmetric surface satisfying 6.3 must be
an infinite cylinder of radius 1 (see end of this chapter where the infinite cylinder of radius
r is introduced). It is also shown in [2] that if M is a compact (without boundary) surface
with positive mean curvature, which satisfies 6.3 then M is a sphere of radius \/n.
Long time Existence We have solutions M; for ¢ € [0, 00). There are a number of
things to look for as ¢t — oo. Firstly does M, converge to a limiting hypersurface M,
as t — o0o. If not, can we follow the procedure given for the short time existence case to
show that rescaled surfaces Mt converge to some Moo as t — o0o? If not let us look for
other classes of self-similar solutions -
i) translating self similar solutions: There are symmetrical surfaces which move via
translation under the flow. e.g. see diagram 6.1.
ii) rotating self similar solutions There is a family of curves M, sitting in the plane
such that M; is a rotation of My ([3]). e.g. see diagram 6.2

6.3 A special self-similar flow

Here we will consider the particular class of self-similar solutions given by the following

definition.

Definition 6.2 Given an initial surface M° C R, we say that My has a “self-similar
solution” to the mean curvature flow problem, or that My is “self-similar”, if the surfaces
M, we obtain under the flow satisfy My = c(t)My, for some c:[0,T) — R.

e.g. M = S§,(0) - the n-dim sphere sitting in R™*! with centre 0. Then M{ has a

self-similar solution as shown in Example 1.1, Chapter 1 with

2n
= 11—kt
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_ 20 _ __ 2H(po)
where k = R2 ™ (po,7(po))gn+1

initial surface My, and /(pg) is the outward unit normal of the initial surface M, at this
point pg.
Without loss of generality assume that H(py) # 0 for some pg on the original surface Mj.

, where H(po) is the mean curvature of any point py on the

For if H = 0 everywhere on the original surface then the solution is trivial: M, = M,.

Lemma 6.1 If H(py) # 0 for some py € My, and M} C R"™ has a “self-similar
solution” under the flow, then

i) Ipo € My such that (po,V(po)) # 0, and

i) k = % is a constant ¥Ypy € My such that (po, 7(po)) # 0 (i.e. k is independent

P0,7(po)) gn+1

of such pg) and
iii) c(t) = v/1 — kt and
iv) H(po) = 0¥pg such that {py,(po)) =0

We will need a preliminary lemma to prove the above lemma:

Lemma 6.2 If M is a hypersurface, and M is the hypersurface defined by

M=cM

for some ¢ > 0, then

. where H denotes the mean curvature on the hypersurface M, and p = cp.

proof: Let (z,U) be a local co-ordinate chart on M. Then (i, U) is a co-ordinate chart
for M, where

Calculate g%:

Hence

Calculate 712-]-:
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Then using the fact that

, we see that

Hence

Now we prove the first lemma stated.
proof: Let py be an arbitrary point in M. Then follow py through time under the flow
given by M; = c(t)My- i.e. put p(t) = ¢(t)po. By our definition of what a self-similar
solution is we see that:

'), v(pt)) = (c(t)po, ¥(po))
= (t){po, 7(po))
= d(t)(po, ¥(po)) = —H(p(t))
_ _H(Po)
- (6.4)

(by the above lemma)

So since by assumption Jpy such that H(py) # 0, then by 6.4

(po, 7(po)) #0

for this pg. Hence we have proved 1i).

Still using this py, we see from 6.4 that we have

—H (po)

O = G500

By the theory of O.D.E ’s, this equation together with the initial condition ¢(0) = 1 has
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1— 2H (po)t

a unique solution. Put ¢(t) = IR

Then
1, —2H 1
C/(t) _ _( _}(pO)
2" (po, ¥(po)) \/1_ 2H (po)t
{po, vecv(po))
—H (po)

{Po, V(po))c(t)

as required, and ¢(0) = 1 as required. Note

¢ (0) = —Hpo) £0 (6.5)

(o, 7(po)

since H(pg) # 0 for our special choice of py.
Now let gy be any point on My with (py, 7(po)) # 0. Then by 6.4, and following the exact

reasoning above for pg, we see that

C(t) — J 1— %H(]ﬁo)t

<P07 ﬁ(ﬁo))

Since py was an arbitrary point on M, satisfying (po, 7(po)) # 0, we have proved ii) and
iii).

To prove iv) note that ¢ (0) # 0 (by 6.5) Hence by 6.4 we have that

H(po) = 0¥py such that (po, v(po)) = 0. Hence we are done. m

Remark1:If M, is a surface with properties i), ii) and iv),

then M, = /1 — ktM, is a solution to the flow problem, since

(0. 70)) = (o (VT Fipo), 7))

1kpo
= <—§@7V(Po)>

= —H(p(t))

where the last identity follows by considering the two cases

i) (po, 7(po)) = 0

and

i) (po, ¥(po)) # 0

(and using the fact that H(py) = %) Hence the problem of finding non-trivial self-

similar solutions is a Differential Geometry one:
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M, self similar and Ipy € M, such that H(py) # 0 <= M, satisfies conditions i), ii), and
iv) and Jpy € M, such that H(py) # 0
Remark 2 Surfaces stay disjoint under the flow (Theorem 1.6, Chapter 1). For this
reason general self-similar solutions are particularly important, as we can use them as
barriers for other surfaces under the flow.
e.g. if My has a self-similar solution, then often we know explicitly how the surface behaves
under the flow (e.g. S%,) and we can calculate explicitly a blow up time 7" for the surface.
Then if M, is a surface such that the volume of M, is contained in the volume of M, then
M, must blow up at or before the time that M, blows up at under the flow (i.e. at or
before time t = T).

Here we present a number of self-similar flows:

Example 1: Cg, The infinite cylinder of radius R, dimension n.
Let My be the rotationally symmetric surface generated by the function y = Ry, for some
constant Ry > 0. Then the surface at time ¢ under the flow is the infinite cylinder of

radius R(t) = /1 —2(n — 1)t. (See diagram 6.3.)

Example 2: S}, () The n-dimensional sphere of radius Ry, centre z. Then the surface
at time ¢ under the flow is S, (2), where R(t) = |/ R§ — 2nt. (See diagram 1.1.)

Example 3: The catenoid surface Cy generated by the surface y = cosh. Then the
surface at time ¢ under the flow is Cy. (See diagram 6.4 and appendix 4.)

Example 4: Angenent [12] shows that there is torus 7j which has a self similar solution.
(See diagram 6.5.)
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Chapter 7

A-priori height estimates

7.1 Introduction

Here we aim to prove a-priori height estimates for rotationally symmetric surfaces evolving
under mean curvature flow analogous to those proved for entire graphs by Ecker/Huisken
in [5]. In particular we wish to show that if the initial surface M, is generated by the
positive function yp, and (yo)? < e(co + (71)%)?, then y* < c(co + 2% + at)? (where y is the

generator of the surface M;).

7.2 An a-priori height estimate

For convenience sake we first prove a Lemma.

Lemma 7.1 Let ¢ = ¢y + (21)* + ot
Then (2 — A = =2V > + a

proof:
(@~ 8 = 2~ B)e) 2V o &
((£ — A)z =0, from appendix 3 Lemma C.5) (7.2)
= =2|Vzi’+a = (7.3)

Now we prove the desired height estimate.

Theorem 7.2 Assume
(y0)? < c(co + (21)?)?
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for some p > 0. Then
y* < c(co+ (w1)% + 2t)P

proof: Let a = 2. By Lemma C.4 of appendix 3 we have that |Vz;|?> < 1. Hence by the
lemma above,

0

—(5; AW =2Van[* =2 <0 (7.4)
by assumption (%2 <ec.
Now
0 2 p
(5 = D)
0 0
=y — AT (5~ D)D)~ V)
0
=y (=P (G = A —plp+ DY VYP)
0
+7P(2y(5; — D)y = 2|Vy[*) + dyp P ViyViy)

ot
(then by 7.4 above, and the evolution equation for y calculated in Chapter 2)

< —plp+ Dy*Y P2 VY [ = 2(n — 1)y P
=20 P|Vy|* + dpyy P V,y Vi

We estimate the last term by Young’s inequality:

Apy PV iy Vg

< PPy TPV + 49T Vy

<plp+ 1)y* P2 VYP + 207P|Vy P + 2(n — 1)7?
(since |Vy| = | =&=]| < 1)

V 1+(yx)2

and hence we obtain 9
(5 — M)y P) <0

Then using the monotonicity formula of Chapter 1 we see that y?1 =7 < ¢ V time, and so

we are done.
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Chapter 8

Evolution of the gradient for a

rotationally symmetric surface

8.1 Introduction

Let My, be an entire rotationally symmetric surface generated by a positive function .
Here we wish to derive estimates for the gradient y(-, %), of the rotationally symmetric
surface M; (where y(-,t) is the generator function of M;, and M, is the surface at time t
under the flow (for initial data Mj)).

To do this we must calculate the evolution equation for y, under the flow.

First we prove a number of lemmas about the Laplacian A of a function on a Riemannian

manifold, which will be useful in this calculation.

8.2 Preliminary lemmas

Lemma 8.1 Let gy, g2 be two functions defined on a Riemannian manifold M. Then for

a local orthonormal frame { é€; } we have
A(g192) = 1092 + g2Dg1 +2Vig1 - Vige

proof: Choose a local orthonormal Riemannian frame { a; } on M (so Vgza; = 0,
(@i, d;) = d;5). Then

A(g192) = ai(@i(9192)) — (Vi) (9192)
(by definition)

—

= a;(ai(g192))
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= di(91ai(g2) + g2di(g1))
= 910;(dig2) + dig1 - dige
+924i(@ig1) + @iga - aigy
= 1g2 +2V,g1 - Viga + 2Aq1

(Note: the term 2V,;g; - V,;go is independent of any orthonormal frame {ei} we care to

choose, since for an orthonormal frame {ei} we have

VigiVige = €i(g1)€i(g2)
= <d91>d92>

) and so we are done. =

Lemma 8.2 Let g be a function defined on a Riemannian manifold M. If g # 0 locally,

then for a local orthonormal frame { €; } we have
Ng~t=—g P+ 2970Vl
proof: Choose a local orthonormal Riemannian frame { a; } on M (so Vgza; = 0,

(aj, aj) = 6ij).

Then

=29 %aig - dig — g 2ai(aig)
=2¢"%|Vg|* — g7 Ag

and so we are done. =

So now we are in a position to calculate the evolution equation of y,.

8.3 Evolution of the gradient
In fact we will calculate the evolution equation of the function
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We choose to concentrate on the function f rather than y,, since f is a more geometrical
quantity. This can be seen as follows:

Consider the top ridge of a rotationally symmetric surface M. The top ridge of a ro-
tationally symmetric surface M is the set of points { p € M : p = (21,0,...,y(x1)) },
where y is the generator of the surface M. We see by appendix 1 (where ¥/ is calculated
for rotationally symmetric surfaces in terms of the generator y and the derivatives of y)
that f =< 1,1, > on this top ridge. Hence f is a geometrical measure of the slope of the
surface M. Given a point p on the surface M, we may rotate the surface so that p lies
on the top ridge, so the quantity f = /1 + (y.)? is just as geometric no matter where we
are on the rotationally symmetric surface M.

So now we will calculate.

We use the orthonormal frame {¢;} calculated in Chapter 2. We use the notation of
that chapter here. Note then that

f:\/1+(yx)2:piy

where p is defined in Chapter 2.

Lemma 8.3 The function f = /1 + (y.)? satisfies the following evolution equation under

mean curvature flow:

0

(5= D) = — [k = 2k (o) f + (n — 1) ()2 f 'y~

where k is as defined in Chapter 2.

proof: From the lemmas above we calculate.

1

p—y)

= p Ay +y T AP 2V ) Vily )

= p 2y VYl =y Ay) +y T (2070 VP = pT Ap)
+2Vi(p ) Vily ™)

= 27|yl —y P Ay 4+ 2p 0y VP —p Py Ap
+2p %y VipViy

Af = A

Now

0, 00, _ 10 10
o’ ot py’ ypzﬁtp y2p8ty
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(using the evolution equations for p and y calculated in Chapter 2)

=~y 'p 2 (Dp+ [APp + 2¢°(k — p))
—y 7 (Dy = (n—1)y )
=—y P hp—y p AP
=2y~ 'p 2P (k—p) —y T Ay

+(n— 1)y ?p"
Hence
a -1 -1 2 -1 -2 2
(Q—A)f = —y p A" =2y p "¢ (k—p)
+(n— 1)y 3pt =2y~ |VyPp!
—2p~ %y Vp|* — 2p 2y P VipViy
Then using
=y -p
and

A =k + (n — 1)p*
(see Chapter 2 where these two facts are shown) we see that

(% —A)f ==y p U —(n—= 1)y 'p -2y p k4 2y p!

+2y 'k =2y 'p+ (n— 1)y °p!
—2y 3| Vy|Ppt — 2p Py Vp|? — 2p 2y PV pViy

Now substituting in

p=rf""y"
we see that
(% —AN)f = —fk2 - 2f2y_1k + 2y_1k
=2|Vyl*fy~> = 2f°y*|Vp]* — 2f*VipViy
+(n+ 1Dy 2f —(n+1)f 1y ? (8.1)

Now we explicitly calculate the gradient terms in the above formula.

Viy = 5i1ymf_1:>
=2VylPfy? = —2(y.)*f 'y (8.2)
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and

Vip = Vily 'S
= —f Ty Vi —y VLS
= =W e T =y T Yl S
= — 7y ey T R

(Note here we have calculated V,f = —d;1ky. f.)

= |Vp]?
= T W) = 2y ey T R
+y 2R (ya)?
= [ ) = 27y (0) R
+y 2R ()

= 2% Vp|* = —2(y.)°f 'y + 4(y.)ky !
2k (y2)* f (8:3)

and hence also,
—QfQVz’pViy
= _2f2(y_1ky:c.f_l - f_2y_2yx)(yx.f_l)
= (_2fy_1kyx + 2y_2yx)(y:c.f_1)

= =2y h(ya)® + 2y (y)* f (8.4)
So substituting in 8.2, 8.3, and 8.4 into 8.1 we have that
0 1 -
(5 = O = =1 = (a2 + (0 = 1) ()2 g (35)

this is the evolution equation for the gradient. m

Note that as n increases, this evolution equation gets worse - i.e. the positive term
(n —1)(y.)?f'y~? increases. This is due to the fact that for e.g. n =3 we have twice as
much downwards curvature (p) acting on the surface under the flow, and so the gradient
should change at a faster rate. We conjecture that this term could (for certain initial ro-
tationally symmetric data M) cause the gradient to blow up (approach co) in finite time
for n > 2. Geometrically this suggestion as backed up by the existence of rotationally

symmetric catenoid surfaces for n > 2, which become vertical a finite distance from the
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origin along the x-axis (see the note at the end of appendix 4 where the catenoid surfaces
of dimension n;2 are discussed). In Chapter 2 it was shown that, for n = 2, if a) M, is
an entire surface with polynomial growth,

b) infy, H > 0 on M,

¢) the quantities @I—f ‘—I‘fl‘, % are bounded on M, then we have a time independent gradient
estimate. It was also pointed out there, that the argument we used to obtain this gradient
estimate breaks down for n > 2. Perhaps this term (n — 1)(y,)?f 'y ~2 is just too big for
n > 2, and as a result we will not obtain a time independent gradient estimate under the

assumptions a),b),c).

8.4 A height dependent gradient estimate

We now wish to obtain a gradient estimate depending on the height of the surface above

the x;-axis, independent of n, for rotationally symmetric surfaces.

Lemma 8.4 If Cy = sup,,, yf < oo,
then

yf < Cy

V time t that the flow exists. Hence we have the estimate
C
f<=
Y
Y time t that the flow exists.

proof: We calculate the evolution equation for y f and then use the monotonicity formula

(see appendix 5)

0
@
= f(a — Ny + y(a —A)f =2VifViy

= —fln =Dy~ +y(=fk* = 2k*(v.)* f
+(n =D ()’ f 'y %) — 2V fViy
(using Vi f = —y.kf,

Viy =y.f")
= —fn =1y —yfk® = 2uk*(y.)*f
+(n = 1))y + 2(ye)k
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=—fln—1Dy " —yfk* — 2yk*(y.)* f
(=1 fy = (n—=1)f "y +2(y.)k
= —yfk* = 2yk*(y)f — (n — ) f 'y + 2(ya) K

Now note
Vl(f?/)
= fViy +yVif
= Yo — YYuk f
Hence

a-Vi(fy) = 2(y)"f 'y 4+ 2(y.)’k =0

where a = 2y, f~'y~!. Hence

0

(5= A)fy) = —uf K =2 () = (1= 1) f Y™ 0Vl fy) =20y A

Estimating the last term by Young’s inequality:

Ayo)’k < 2(y.)* FEy + 2(ya) 2 f 1y,

we finally obtain

0

(5 = O)fy) < —yfk* = (n—1f "y +a-Vi(fy) <a-Vi(fy).

Hence by the monotonicity formula (see Chapter 1) we have fy < Cj as required.
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Appendix A

Notes on rotationally symmetric

surfaces

Let y : R — R generate the rotationally symmetric surface M. We wish to calculate the
mean curvature of this rotationally symmetric surface M in terms of it’s generator y, and
the derivatives of y. To do this we choose a local co-ordinate map for M defined in terms
of y, and calculate the metric g;;, and the second fundamental form h;; of the surface M
with respect to this co-ordinate chart. Then we use the formula H = ¢ h;; to calculate

the mean curvature of the surface M.
Let f: R x S™! — R™"! be the function defined by

f(@,51,...,8,) = y(z)s1

for some y : R — R. Then M = f(R x S*') ¢ R"*! is the n-dimensional rotation-
ally symmetric surface sitting in R"™!, generated by the function y. A differentiable
structure is given to M by composing f with charts from the differentiable structure for
S"~1. e.g. for points on the top ridge of the surface (the top ridge is the set of points {
pE€M:p=(x1,0,...,0,y(x1))}) we have

fzys1,...,8,) =




is (the inverse of) a local co-ordinate map. Now we calculate:

1
s1y' ()
D\ f= :
Sn_1y!(z)

y'(x)V'S

Dyf =

y(x)

—y(z)sn—1

where S =1 — 52 — .. —§2 | =52
case 1 j,i # 1:
92(52'3'331 + 5;-15j-1)

s

9ij =Dif - D;f =

case 2i=1,j#1ori#1,57=1:

gir = g1j = Dif - Dif = sj 1y’ (2)y(x) —y(x)s;1y/(x) =0

case 31 =j5=1

gu=Dif -Dif =1+ sty (x)’ + - +si_y(2)" + 59 (x)” =1+ y(z)

_y’

e
51

L= le X 8nf _ /1+(y)2
[Dyf >+ Duf] :

Sn
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Now h;; = D;v - D;f. So calculate:
case 14,5 # 1:

o — y(siéij + Si_lsj_l)
=

VI+ W) sy
case 2i=1,j#1(ori#1,j=1)

1,11

h1j = hjl = (1 + (y’)2)3/2
case 31 =j5=1
B —y"

SN E
Calculations give g~ is defined by:
casel 1 =75 = 1:

gl = 1

1+ (y')?
case 2i=1,j#1(orj=1,i#1)
g9 = gt =0

case 31,5 #1
g _ 1
g7 = E(% — 5i85)

Then H =} eigen values of h;; with respect to g;;

—si1Y'Y"y +ysiayy”

= h;ﬁ
= gijhij
_ (n-1 y"
st A+ )
Note: Define
T
oot
g = My( A),

for some A > 0. Then
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ﬁ](l’) _ (n — 1) g”(l’%

Ga)/1+ (§(x)2 (14 (7 (2))?)3?

~—

(n—1) - y'(
A(2) /14 (y(£)2 AL+
1 (n—1) y"

~—

T i wer 0w

>8|>8 >I8

(A.6)
(A7)

(A.8)

(A.9)

(A.10)

(A.11)

This is in fact true for hyper-surfaces in general, as is shown in Chapter 6, Lemma 6.2.

i.e. if M = cM for some ¢ > 0, then H(p) = H(p).
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Appendix B

Notes on graphs

Let u be a C?(Q) function u : Q — R for some hyperplane Q C R""!. We wish to calculate
the mean curvature of the surface M = graph(u) in terms of u and it’s derivatives. To do
this we define a co-ordinate chart for M in terms of u and calculate the first and second
fundamental form (g;; and h;;) of M in terms of this co-ordinate chart. We then use the
formula H = g"h;; to calculate the mean curvature of the surface M.

f:Q — R"!, the graph of the function u, is given by

f~!is a co-ordinate chart for the surface f(€). We calculate:

0

Dyf =

where the 1 is in the &% spot. Calculate

9ij = Dif - Djf = 0ij + Dyju- Dju
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and

—Diu
1+|Dul?
Dif x---xD,f :
v= = D (B.1)
[Dif % -0.] D

And so H =} Eigenvalues of h;; with respect to g;;
= h
= gijhij

Diu
- fm(JLHDMJ 2

How do graphs act under the flow? Well as mentioned in Chapter 1 the equation

9 - -
SF =1 (B.3)

is equivalent up to tangential diffeomorphisms to

0
(5

i.e. the surfaces we get under B.3 and B.4 are the same at each time. Now assume M, is

—

=0 (B.4)

an initial surface that can be written as the graph of a function ug € C*°(Q),uy : Q — R,
for some hyperplane Q. If F is a solution to B.4 (with M™ = Q, Fy(M = Q) = M,)
which preserves the z-co-ordinate, then F(z,t) = (x,u(xz,t)) for some function u defined
on Q x [0,7), u(-,t) : @ - R. So %ﬁ = (0,u¢(z,t)). Using the calculation of v above
(B.1) we see that

0 = Ut
(LR v) = = (B.5)
ot \/ 1+ [Dul?
But from B.4 we have that 5
—Fv)=—H B.
(o Fv) (8.6
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So using the calculation of H above (B.2), and B.5 and B.6 we see that
Du
u; = /1 + |Dul]2D;(——=)
/14 |Dul?
This is the equation for the flow of a graph. Evolution of graphs has been extensively

studied in [5] (where entire graphs are studied) and [4] (where interior estimates for

surfaces are calculated using graphs to represent the surface locally).
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Appendix C

Technical lemmas

As usual M" is an n-dimensional surface sitting in R"*!, Z is the position vector in R"*!.

Lemma C.1 If T is the position vector in R"*!, then

for any vector Yi, € T,M.

proof: Choose a : R — R™! such that: a(t) € M, and a(0) = p, and o/(0) = Y,,. Then

A g,
Vi = o (#a)es

= ga(t)‘tzo

= a'(0)

=Y
Vy, 7 = 1(Vy, ),

where 7(Y,) is projection of the vector Y,, onto the tangent space at p. So we are done. =

Lemma C.2 If {a;} is a local Riemannian orthonormal frame on M,
(i.e. gij = (i, a;) = 05, and T}; = 0), then

Ve, = H=—Hv (C.1)
proof: Since the frame is Riemannian, we have Fﬁj =0, and so
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Hence

Then note that

So

Note: Mean curvature, H, as is defined generally in Differential Geometry is not given a
sign. Here we give H the sign so that the above formula C.1 is true. So for a choice of

unit normal 7, given our definition of h;; = (a;, @(;j V), we see that H = gh;;. =

Lemma C.3
AT =H (C.2)

proof: Choose a local orthonormal Riemannian frame {a;}; on M. Then using the

previous two lemmas where appropriate

AT = vaa;l'—va;&il’
\Y

= @V,;:c
(since the frame is Riemannian =
=TI —
Vg a; =Ia; =0)
= V ;A
= H

(from the above lemma)). m
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Lemma C.4

(% )2 = —2n (C.3)
proof: Choose a local orthonormal Riemannian frame {a;}? , on M. Then
0,0 0,
am = E@"J)
= 2(%17, )
= 2(H,x)

= 2(Vad;, Z) + 2(d, Vi)
= 2H, D)+ 2(a, )
= 2(H,T) + 2n
So (& — A)|Z? = —2n.
Lemma C.5
Vol < 1 (©4)

proof: Let { ¢ } be a local orthonormal frame.

Val]* = > (6(27))?

= |n(yy)I?

where Wp(?) is projection of the vector Y € R"! onto the tangent space of M at p. So

we are done. =

Lemma C.6
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proof:

0 o

—7=H

ot T
and

AT =H

from a previous lemma. =

Lemma C.7 Let { ¢ } be a local frame on M. Then we have
Vg.ﬁ = hlke_]; (C6)

proof:

~ ~

Vgilj = <Ve-,217,6_];>€_];

(by definition). m

Lemma C.8 Let {a;} be a local Riemannian orthonormal frame on M. Then we have

~

Vg ar = —hyv (C.7)
proof:
Var = (Ve dp, 17 + Vg dj,
In a Riemannian orthonormal frame the last term is 0 (since all the Christoffel symbols
are 0). Also, see that



Hence

Lemma C.9

(VH, 1) = N7, 1) + |A]P (T, 1) (C.8)

proof: As usual let { @; } be a Riemannian orthonormal frame. Then

A(lj, L1>

Now

So we are done. =

a;(a;((7, 1))
(Va7 u))
( then using Lemma C.6
a;((hixa, t1))

Vi (hikd), 1)
a;(hix) i, 11) + (haVa: di, 1)
Vi(hig)dr, 1) + (ha(=hi??), 1)
(since by Lemma C.7,

(V
{
{

A

Vaar = —hyv
and also V;(hjx) = a;(hjx)

since the frame is Riemannian)

Vi(hax) (di, t1) — (har)* (7, 1)

Vi) (di 01) = [APP(7, 1)

(using the Codazzi equations: V;hj, = V h)
Vi(ha)(di, t1) — |AP(7, 1)

VH = Vi(H)d
= Vi(97hij)di
= ¢"Vi(hij)di. + hi;Vi(g"7)di
= vk(hii)a_l;
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Appendix D

Catenoid surfaces

In this appendix we present the well known family of catenoid minimal surfaces of dimen-
sion 2. Each catenoid surface in the family is rotationally symmetric, has mean curvature
0 and hence remains stationary under mean curvature flow. Catenoid surfaces behave
exponentially as we go out towards oo on the x-axis. They can be explicitly described as

follows.

Let fy : R — R be the function defined by
fo=r cosh(z)
,

for some r > 0. Let M, be the rotationally symmetric surface generated by rotating f

around the z; - axis.

Now
x
— sinh(Z
fo, = sin (r)
and .
T
— Z cosh(Z
fOx:c TCOS (T)
so that
Jo 1
CH 1+ (fo)2 = 0= = D.1
L cosh(%) 1
= T L _ D.2
1+sinh*(Z)  rcosh(%) (D-2)
cosh(%) 1
= r-_ _ D.3
rcoshz(%) rcosh(%) (D-3)
=0 (D.4)
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So f = fp is a solution to the evolution equation for a rotationally symmetric surface:

ffE"E 1

T+ ()T

(calculated in Chapter 2 “Rotationally Symmetric Surfaces”). Numerically it has been

Ji

shown that for dimension n > 2 there is also a family of rotationally symmetric catenoid
like surfaces with mean curvature 0. It has been shown that for n > 2 each catenoid

surface becomes vertical at finite distance from the origin.
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