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The diffraction of light is considered for a plane screen with an open bounded aperture. The
corresponding solution behind the screen is given explicitly in terms of the Fourier transforms
of the tangential components of the electric boundary field in the aperture. All components of the
electric as well as the magnetic field vector are considered. We introduce solutions with global
finite energy behind the screen and describe them in terms of two boundary potential functions.
This new approach leads to a decoupling of the vectorial boundary equations in the aperture in
the case of global finite energy. For the physically admissible solutions, that is, the solutions with
local finite energy, we derive a characterisation in terms of the electric boundary fields.

1. Introduction

This paper deals with the classical diffraction problem for electromagnetic waves passing a
bounded aperture in an ideally conducting plane screen. We treat the problem within the
exact theory, that is, we consider the corresponding solutions of the time harmonic Maxwell
equations that fulfil the correct boundary conditions on the screen.

The problem of diffraction of electromagnetic waves by an infinite slit has been
treated by the Fourier method in the papers [1, 2]. In [1] especially representations of the
solutions that fulfil a certain energy condition have been given in terms of distributional
electric boundary fields satisfying special regularity properties. In [2] mapping properties
of the corresponding boundary operators between Sobolev spaces have been studied. These
Sobolev spaces have been chosen such that the corresponding diffraction solutions satisfy the
correct physical energy condition.
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While the slit problem treated in [1, 2] can be decoupled into two scalar problems by
considering two kinds of polarisations of the electromagnetic field, in the case of a bounded
aperture such a decoupling is not possible in general. However, for the latter case we derive
a new kind of decoupling of the vectorial system which can be performed if and only if the
condition of global finite energy in part (b) of Definition 2.5 is fulfilled, see Theorem 3.2.

Finally we study the condition of local finite energy which covers all physically
admissible solutions. Here we give a characterisation of solutions with local finite energy
in terms of a regularity property of the electric boundary fields, see Theorem 4.1. This is done
in a self-contained way by using the Paley-Wiener theorem for distributions defined on the
bounded aperture as well as a special contour integration method in the Fourier domain.

2. Electromagnetic Diffraction by an Aperture in a Plane Screen

We start with an informal physical description of the electromagnetic diffraction problem
and fix some notations which will be used in the sequel. Then we will develop a more
general mathematical frame with boundary distributions in Sobolev spaces in order to obtain
diffraction solutions satisfying physical energy conditions.

Monochromatic light waves with a fixed wavenumber k > 0 satisfy the first-order
system of Maxwell-Helmholtz equations

lkE* (E) + v X E* (E) = Q’

kB, (x) + ¥ x E, (x) = . 2D

In the whole paper we consider a real wavenumber k > 0, although the results can be
generalised to the case of a complex wavenumber k#0 with Rek > 0 and Imk > 0. We
assume that the electromagnetic field with components ej, b]-, =123,

e1(x, x3) by (x, x3)
ez(x, x3) = E*(x/ X3), bZ(xr x3) = E*(xl X3), (22)
e3(x, x3) bs(x, x3)
consists of functions defined in the upper half-space
H:={x=(x,x3) € R} | x € R? x3>0}. (2.3)
The diffraction problem is considered for an open bounded aperture

Qc {(x,0) | xeR?} (2.4)

in the screen plane x3 = 0. In the sequel we will suppress the notation of the third component
0 for the points in the screen plane, and interpret Q as well as the screen Q° := R?\ Q as subsets
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of R?. For describing the whole electromagnetic field in terms of its boundary values, for the
moment we assume that these are functions, given for x € R? by

e10(x) bio(x)
exo(x) | = liflf(} E,(x,x3), bro(x) ) = liﬁ(} B, (x,x3). (2.5)

e30(x) ® bso(x) .

The screen Q¢ is assumed to be an ideal conducting wall. This implies the physical
boundary conditions

elro(x) = 62[0(.’)(') =0 VxeQ-. (2.6)

In the general case the boundary fields (2.5) have to be replaced by appropriate distributions,
and the limit x3 | 0 will be performed in the Fourier domain instead of the half-space .

For this purpose we write again x = (x,x3), with x = (x1,x2) € R? and fixed x3 > 0,
and assume that each field component u(-, x3) represents a tempered distribution in .$'(R?)
with Fourier transform

_ 1 .
U(é1, 8, x3) = Ejjkzu(xlllex3)€_l(§1x1+§2x2)dx1dxz, &6 eR. (2.7)

Then we obtain from the first-order Maxwell-Helmholtz equations the following Fourier
transformed Maxwell-Helmholtz system: for all x3 > 0 and fixed ¢;,¢ € R we have

Lod -
El 1§;b3—d—x3b2 0
ikle ) +| 24 7 ..7 =(0]),
o) a7
ig1by —iéoby

d

ljl i§;§3 - d—x322 0
ikl by |+ 24 5 ., o =(0]).
53 dx361 iée3 0

ig1er —ide;

(2.8)

Here we have replaced the partial derivative with respect to x3 by the ordinary derivative
d/dxs.
We define

2 2
axaéx B <k2 N %>
C:= 1 /. (2.9)
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With the two-dimensional Laplace operator A we have

2= —(k2 + A) (é (1)> (2.10)

For the action of C in the Fourier domain we obtain multiplication by the matrix

Aoy L —ti& (K -&) _
co=¢(@% ) rawer @)

We replace (2.8) with the ordinary differential equations

i 51 _ A Bl i Bl _.A<§1>
2@ -(®) A(0)-e(2) -

and the two algebraic conditions
e = l(ézlgl - §11A72> by = 1(§152 - &er). (2.13)
k ’ k

For all fixed ¢ € R? we supplement the system of differential equations (2.12) by the initial
conditions

€i0(¢) = 8j(&,0), bio(@):=b;(¢,0), j=12, (2.14)

and put

2 _ || k
) ::{\./k e Bk 015
iVIgP -k, > k.

Then the general solution of the homogeneous linear system (2.12) is

2% 2; cos(m(¢)xz)E  —i —sin(Z((g))xS) é(g) Z;ggg (2.16)
bi(g,xs) | T osin(m(@)xs) A bio(é) '
ba(é, x3) Ty ) costmom)E Bao(d)

with the 2 x 2 unit matrix E.

But the terms cos(m(¢)x3) and sin(m(¢)x3) are exponentially increasing for fixed
x3 > 0and |¢|] — oo. For avoiding that the Fourier transformed fields are also exponentially
increasing we have to require the following algebraic conditions for |¢| > k:

m- <131'°> = C‘@W). (2.17)
bz,o €20
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By using (2.17), for x3 | 0 and |¢| > k we can replace (2.13) with
A 1, N = 1., .
€30 =~ (q1e10 +e2e20),  bso =~ (8210~ &i120). (2.18)

From the general solution and (2.17), (2.18) we obtain the following decay conditions for
x3 > 0:

8j(¢,x3) = €™0e;0(8),  bi( x3) = €M bio(E), j=1,2,3. (2.19)

With x = (x1,x2) € R?, x = (x, x3) € R and x3 > 0 there holds the important and well-known
Sommerfeld-Weyl integral representation

1k\x| 1x3m(§)+1<x &)
Fi(x,x3) == =5 IIRZ ) dé. (2.20)

The left-hand side in (2.20) is the singular solution of the three-dimensional Helmholtz
equation (A + k?)Fi = —4or6. For this reason it is natural to require the algebraic conditions
(2.17), (2.18) also in the case |¢| < k, such that (2.19) is generally valid for x3 > 0 and ¢ € R?,
&1 # k.

Distributions u € ®'(R?) with compact support in the screen plane are tempered, and
it follows from the Paley-Wiener theorem that # is a smooth function which has polynomial
growth on R2. This is used in the following theorem, which results if we regard (2.17), (2.18),
and (2.19) and apply the Fourier inversion formula for x3 > 0 to each component ¢; (-, x3) and

E]'(-,X3).

Theorem 2.1. Let there be given e19,e09 € S' (R?) with support in the bounded region Q. Then the
following functions ej, bj : £ — C constitute a C*-solution of the Maxwell-Helmholtz system (2.1)
in the upper half-space K, j =1,2,3;

1 p ixam(&)+i(x,é)
, = —_— / d ,
e1(x, x3) o ffRzel,o(g)e ¢
1 ) .
ex(x,x3) = _jf 52,0(§)€Ix3m(§)+l(x,§>d§,

1 &i&ae1o() + (k2 = &1)eénn (@) pixam(@) it
by(x,x3) = _Zﬂkf . - ©®) §>d§, oo
_ 1 (k2 §2)€1 0(‘;) + §1‘§2320(§) pixam +i(x,8) .
by(x, x3) = T kijz @ ©Orixd) ge,
3(%,23) = — f N glelO(ér)nJ(rgé)zeZO(é) prem @A) ge

bs(x, x3) = —mHRZ [62810(8) — &182,0(8)]e™m@ixd) gg.
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Proof. The calculation of the partial derivatives of e; and b; can be interchanged with
integration. This can be used to check the Maxwell-Helmholtz equations independent from
the previous representations of the Fourier-transforms e; and b; in terms of €19 and e;9. [

Definition 2.2. The electromagnetic field in the half-space x3 > 0 behind the screen is
completely determined by the electric boundary components ey o, e20. We call ej, bj : £ — C,
j =1,2,3, the half-space solution determined by the boundary distributions e;, ez € S'(R?)
with compact support in Q.

Remark 2.3. Assume that e, €5 are smooth functions with compact support in Q and that

E,, B, is the corresponding electromagnetic field with the components given in Theorem 2.1.
Then we obtain from Fourier’s inversion formula that for all x € R?

}éﬂ% ej(x,x3) =ejo(x), j=1,2. (2.22)
Remark 2.4. Assume again that e;p, ey are smooth functions with compact support in Q.

Then we obtain from Theorem 2.1 and the Sommerfeld-Weyl integral (2.20) for all x € R? and
all x3 > 0 that

i 0?
bi(x,x3) = —mmffgew(yﬂ:k(x -y, x3)dy
(e & ”e (y)Fi(x -y, x3)d
2k axf o 20(Y)Fk y,X3)ay,

i o2
by(x, x3) = o <k2 + 6_x§>”‘gel'0(y)[:k (x-vy,x3)dy

i 0?
+ mmj‘jgezo(y)ljk (x — y, X3)dy.

(2.23)

Equations (2.23) involve the boundary conditions (2.6) for the electric field components
on the ideal conducting plane screen Q°. In order to obtain a coupled system of boundary
integro-differential equations we pass for x € R? to the limit x3 | 0 and obtain

b . » eiklx=yl J
10(x) = “oxk mjf@é’m (y)m !
i P eiklx=yl
+—|( K+ = II PRl

(e E o
bz/o(x) = 2k <k + ax§>IJQ€1,O (y) |x - y| d]/

i aZ eik\x—y| 4
" 277k 0x10x, IIQBZ,O(y) |x -y ¥

(2.24)

In general the electric boundary fields e;y and e, are unknown distributions with compact
support in Q, whereas b1y and b, are given distributions in the aperture Q. In order to
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select physical admissible solutions of the diffraction problem we need some conditions for
its electromagnetic energy content, especially in local volume elements G C <#. Recall that
H = R% x R*.

Definition 2.5. Let ej,bj : £ — C,j = 1,2,3, be the half-space solution determined by the
boundary distributions ey o, ez € .'(R?) with compact support in Q.

(a) The solution is called physical admissible if and only if it satisfies the local energy
condition

%g”fc@%‘ @) + b (x) ") dx < o0 (2.25)

for every bounded domain G C .

(b) The solution satisfies the stronger global energy condition if and only if
13 2 2
52 ﬂ (lej(x)[* + [bj (x) |*)dax < o0 (2.26)
j=1 .

for some h > 0, and therewith for all h > 0, with the layer

Ly = {(x1,x2,x3) €EH | x3<h }.

In the following two sections we determine the solutions with global as well as those
with local finite energy in terms of an appropriate functional analytical setting for the electric
boundary fields e o and ey .

3. The Global Energy Condition

Throughout the rest of this paper let the open aperture Q := U}‘:l Q; c R? be a finite union of

nonempty bounded Lipschitz domains €; in the screen plane, such that the compact sets ﬁj
are pairwise disjoint.

By H*(R?), s € R, we denote the Sobolev space of tempered distributions h, for which
the Fourier transform  is locally integrable with

e = ([[ @ (o) ae) " <oo (31)

(cf. [3], Chapter 8.8). || - |
For s € R the Sobolev space H*(Q) is given by

Hs(R2) is the norm on the Banach space H® (R?).

H5(Q) = {h € H* (]R2> | supp h C ﬁ} (3.2)
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Here supp h denotes the support of the distribution h in the compact set Q. The space H*(Q)
is equipped with the norm of H*(R?), which makes it into a Banach space (cf. [4, Chapter 3]).
The Lipschitz property of 0Q2 guarantees that Hs (Q) is the closure of D(Q) in H%(R?). For a
more general result see [4, Theorem 3.29].

Theorem 3.1. Let ej,bj : H — C, j =1,2,3, be the half-space solution determined by the boundary

distributions 1, ez € 8'(R2) with compact support in Q. Then the diffraction solution has global
finite energy if and only if

eweso Vo () eHQ) (33)
1,0

and &19(§)é1 + €20(8)& = 0 for all & = (81, &2) € R? with || = k.

Proof. In order to perform the energy evaluation with Parseval’s theorem we define with the
Fourier transformed electromagnetic boundary fields €;o, b0, j = 1,2,3, the quantity

m«@:%i(@ﬂ@ﬁﬂ%@ﬁ) (3:4)

j=1

It follows from a lengthy calculation with |z|*> = zZ for the values z € C of the Fourier
transformed boundary fields as well as from the algebraic relations (2.17), (2.18), which are
valid for |¢| #k, that

Woe) = 4 OO+ 220@F +leso@F, 1<k,
¢ > k.

~ 3.5
e30@F + [Bao(@)| 49

With Vi = {& € R? | |¢| < k}, Vo := {& € R? | |¢| > k} we conclude from Parseval’s
theorem, (2.19) and the definition (2.15) of m(¢) for h > 0

E(h) = %i J: IIRZ<|ej(x,x3)|2 +|bj(x, x3)|2>dx dxs
=1

. (3.6)
1 - e2n/ieFe
=h d _— dé.
ffwma@)§+ffw e Wo(2)dé
Using for all ¢ € R? with |¢| # k the estimate
5 (1800 @F + 0@ + 230 @ + [Baa @] ) .

N S PRI SN, S EI I
< Wo(8) < 1810@) + 1e20 @)1 + 1830@)F + [Bao(@) |
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and observing that we have uniformly in r > k for appropriate constants a, f > 0

_ ,2hVr2-k2
«  loe < F_ (3.8)
VI4r2 T 2Vr2-k2 T V1472
we conclude from (3.6) that £(h) is finite if and only if
_ig [—exp -1/2 (2
€1,0,€2,0,€3,0,b30 = 2 \Y ( ero > €H <R > (3.9)

Note that with e and ey also V - (—ez, elro)T has support in Q.

Assume first that £(h) < oo and that e10(¢)é + €20(¢)&#0 for a certain ¢ =
(é1,8&) € R? with |¢| = k. Since ey, ex0 have compact support, we conclude from the
Paley-Wiener theorem that e, : R> — C are smooth and especially continuous. Thus
|610(¢)é1 + €20(8)éa)* > 6 > 0 in a bounded domain

(é1,&) =r(cosy,sing) with g1 <p <@y, k<r<k+g, (3.10)

and hence |e3|*> because of (2.18) is not integrable. Due to (3.1) this violates the necessary
condition ez € H'/2(R?) in (3.9).
For showing the other direction of the equivalence stated in the theorem we assume

that
e0,e20, V- <_62'0> € E_l/z(g)/ (3.11)
€1,0
e1,0(81,&2)é +ex0(é1,é2)é =0, (3.12)
for all ¢,& € R with & + ¢ = k% In order to prove (3.9) it remains to show that

e30 € H'/2(R?). Since ey, €29 have compact support in Q, we obtain from the Paley-Wiener
theorem that the Fourier transforms é;y, €29 can be continuated to entire functions. We also
denote these entire functions by éj o, €29. We define the entire function f by

f(z1,2z2) = e10(z1, z2)z1 + €2,0(21, 22) 22. (3.13)

Using (3.12) and (2.18), it follows for example from Theorem A.1 in the appendix that |e3[?
is a locally integrable function.

From the first equation in (2.18) and the Cauchy-Schwarz inequality we obtain the
estimate

8
18I — k2

les0(@)” <

(1210@ P + B0 @)F), 121>k (3.14)

Now e3g € HV2(R2) follows from the assumption e1,e20 € H /2(Q), because |esp|? is
locally integrable and [¢|?/ (|¢|* — k?) is bounded for sufficiently large |¢|. O
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Next we present a characterisation of the global finite energy solutions in terms of two
boundary potential functions. In the following we use the vectorial differential operator (2.9)
satisfying (2.10).

Theorem 3.2. Boundary potential functions

(a) Given are two functions wy,uy € HY*(Q), in the following called boundary potential
functions, satisfying the reqularity condition

U2 71/2
\Y <u1>eH Q). (3.15)

Define
() =) o6

Then the corresponding electromagnetic field ej, bj, j = 1,2,3, determined by ey and e
according to Theorem 2.1, has global finite energy.

(b) Let eq, exo be given such that the half-space solution in Theorem 2.1 has global finite
energy. If the set R?\Q is connected, then the boundary fields e o and e can be represented
by two boundary potential functions uy, uy € HY?(Q) satisfying (3.15) and (3.16) in part
(a).

(c) From the assumptions of part (a), or alternatively part (b), one obtains in the distributional
sense

bio(x) = 2 J‘ J' (y) Sy

lx-y| yI

) (3.17)
by (x) = L(k%A)” s ( )ﬂd
W 2 o Y
on the whole screen plane R? with
_bZ,O -1/2 2
bio,byy, V- ( b ) e H2(R?). (3.18)

Proof. Part (a) follows in the Fourier domain by representing e, €2, €30 and Eg/o in terms of
11 and 1, as

610 = —kily - %(f;zﬁl _ai),

600 = +kily - %(gzﬁl _ni),
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—~ m ~ —~
€30 = _?(EEZul —&1ilp),

by = &1y + &ailn.
(3.19)

These equations and the assumptions imply that ej, e20,b30 € H™/2(R?), and regarding
Im(&)| < ay/1+|¢? uniformly in ¢ € R? for a certain constant a > 0 also e3g € H™'/2(R?).
Since ey 9, €20 have compact support in Q like uy, uy, the proof of part (a) follows from the
fact that condition (3.9) is equivalent to £(h) < co.

For proving part (b) we assume that the diffraction solution corresponding to
e1,0,e20 € HVY 2(Q) has global finite energy. We conclude from Theorem 3.1 and Theorem A.1
in the appendix that we obtain entire functions vq,v; : C? - C by

& e()ér +exn()s
K gk
& enp(d)é +exp (é)éz_ (3.20)

v(é1,&2) = —%51,0@1,@2) e 242k
1 2

o1, &) = +zeant do) -

7

From (3.20) we get for j = 1,2 that
1/2
H |v]-(§)|2<1 + |§|2) dg < oo. (3.21)
R2

Thus for j = 1,2 the inverse Fourier transform u; of v; lies in H'/?(R?).
Now we show that u; and u, have their support in Q and hence, by reason of (3.21),
w1, up € HY2(Q). To this aim we choose some R > 0 such that

Q ¢ By :={xeR2||x|<R}. (3.22)

Since e, 2 are supported in Q, we have supp ei,0,supp ezo C Bg. Therefore we obtain
from the Paley-Wiener theorem and (3.20) that u; and u;, are also supported in Bg, because
v1, Uy, as €1, €20, are of exponential type not larger than R.

Equations (3.20) can be resolved with respect to é1, 2. This gives (3.16). Together
with (2.10) it follows that in the complement of Q there holds

(o) ()= () =c(22) = (o) 62

Now we make use of the fact that the complement of Q is connected. Since supp uj C Bg
for j = 1,2, Holmgren’s unique continuation principle, applied to the two scalar Helmholtz
equations in (3.23), implies that 11, u, have their support in Q.



12 ISRN Mathematical Physics

Finally, since v; = u; for j = 1,2, from (3.20) we obtain for ¢ € R?

&1e1o + &80

—&ily + bty = -k .
‘;12 §21 §%+§§_k2

(3.24)

The asymptotic behaviour of this expression for [¢| — oo shows the validity of the regularity
condition (3.15).

The convolution integrals in part (c) can be rewritten in the Fourier domain by using
the Sommerfeld-Weyl integral representation (2.20) in the limit x3 | 0. The resulting relations
in the Fourier domain follow from the representations of the components b; and b, in
Theorem 2.1.

The validity of (3.18) is a consequence of the algebraic relations between i, iy, 51,0,

and BZ,O . O

Remark 3.3. Consider the Sobolev spaces H*(€2) given for s € R by

HY(Q) = {F|Q | F e H* <R2> } (3.25)

with the restriction F|g of the tempered distribution F : S(R?) — C to the subspace .$(Q) of
the Schwartz space .S(R?), where $(Q) is the closure of the set (Q) in .$(R?) with respect to
the topology of S(IR?) [5], §1 in Section 5.

H?(Q) is a Banach space with respect to the norm || - || (@) given by

£l sy = inf{ I Fllgrs ey | F € H <R2> is a continuation of f} (3.26)

The magnetic boundary fields in part (c) of Theorem 3.2 corresponding to global finite energy
solutions may also be reinterpreted as distributions restricted to Q. In this case we obtain

-byp

big, bry, V- ( br

> e H2(Q). (3.27)

In general the conditions (3.27) are weaker than the conditions (3.18) in Theorem 3.2, and we
assume that they are fulfilled for diffraction solutions with local finite energy.

The conditions (3.27), where by g and b are considered only in the aperture €2, reflects
the physical fact that b1y and b, are only prescribed in Q. Namely, b1y and b, are the
tangential magnetic components of the incoming electromagnetic wave in the aperture Q.

4. The Local Energy Condition

In this section we derive the following characterisation for the diffraction solutions of local
finite energy.



ISRN Mathematical Physics 13

Theorem 4.1. Let be e19,e20 € S'(R?) and supp ei,0, supp ez C Q. Let ej,bj: £ — C,j=
1,2,3, be defined as in Theorem 2.1. Then the diffraction solution e;, b;, j = 1,2,3, has local finite
energy if and only if

e10, €20, V- <_ee2,0> c ﬁ_l/z(Q), (4.1)
1,0

For proving Theorem 4.1 firstly we formulate the subsequent Lemma 4.2. Then, using
this lemma, we give the proof of the theorem. Afterwards we prove the lemma.

In the sequel we will make use of the following notations. For > 0 we define the open
ball B, by

B, := {xeR2||x|<r}. (4.2)
For r > 0 and k > 0 the open cylinder Z, , is defined by

Zyp = {g:(x,xg)eRerBr, 0<x3<h}. (4.3)

Lemma 4.2. Let be e, ex0 € S (R?) and supp ei,0, Supp €20 C Q. Let ej,bj:H — C,j=1,23,
be the diffraction solution given in Theorem 2.1. Let be R' > 0 with Q C Br and let be R > R’ and
H > 0. Then one has the following equivalences and implications.

(a) ej € LX(Zgu) © ej € L*(R* x (0, H)) for j € {1,2}.
(b) by € L2(Zg 1) < bs € L2(R? x (0, H)).

(c) ej € LX(R* x (0, H)) & ejo € H/*(Q) for j € {1,2}.
(d) bs € L2(R2 x (0, H)) & bsg € H/2(Q).

(e) ero, €20 € HY2(Q) = e3 € L2(Zr ).

(f) erp, 20,V - (&) € HYX(Q) = by, by € L2(Zr ).

)
)
)
)
)
) €10

Proof of Theorem 4.1. Let there be given e, ex9 € $'(R?) with support in Q and let ej,bj, j=
1,2,3, be defined as in Theorem 2.1.

Firstly, we assume that the diffraction solution e;,b;, j = 1,2,3, has local finite
energy and show the validity of (4.1). Since the diffraction solution has local finite energy
especially we have ey, e, b3 € LZ(ZR,H). From the parts (a) and (b) of Lemma 4.2 we find
that ey, e, b3 € L?>(R? x (0, H)). From the parts (c) and (d) of the lemma we thus obtain
e10,e20,bs0 € H1/2(Q). Now the validity of (4.1) follows from

byo =~V - <—e2,0) (4.4)

k €10

(cf. (3.9)).
For proving the other direction, we assume that relation (4.1) is valid. Because of (4.4)
from the parts (c) and (d) of Lemma 4.2 it follows that e;, 5, by € L*(R? x (0, H)). Regarding
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the other three field components, from the parts (e) and (f) of the lemma we obtain e3, by, b, €
L*(Zg,u). Since R > R and H > 0 can be chosen arbitrarily large, the diffraction solution e;, b;,
j =1,2,3, has local finite energy. O

We have yet to prove Lemma 4.2.

Proof of Lemma 4.2. Let the assumptions of Lemma 4.2 be fulfilled.

Proof of Part (a)

Letbe j € {1,2}. Obviously we have only to show the validity of the implication
ej € [X(Zru) = e; € L2 <R2 x (o,H)). (4.5)

Wesete = (R-R')/2and R" = R +¢. For ¢ € [0,21r) we consider the rotation matrix

Ay = <cos ¢ —sin (p) (4.6)

sing cos

and define the function e](.lp) :H — Cby e](.(p)(x, x3) = ej(Apx, x3) for x € R? and x3 > 0. We
show that

el € L*((R",00) xR x (0, H)) for ¢ € [0,27), (4.7)

regardless of whether e; € L?(Zg i) or not.
From (4.7) we have

ej € L*(A,((R",0) xR) x (0,H)) for ¢ € [0,27), (4.8)

where A, ((R", ) x R) is the image of the set (R”, o) x R under the linear mapping A,, that
is, the set (R”, o0) x R rotated by the angle ¢.

Since R" < R, by considering a sufficient number of angles ¢, from (4.8) we find that
there is a polygon P C Bg with e; € L2((R? \ P) x (0, H)). Thus

ej € L2<(]R2 x (0, H)> \ zR,H), (4.9)

and therefore (4.5) holds true.
It remains to prove (4.7). To this end we use a contour integration technique which
one of the authors had already used earlier in the treatment of diffraction problems [6, 7].
From the representation of e; given in Theorem 2.1 we conclude that

1 . .
e]('(p) (x1/x2/ x3) = EJ‘J‘ Y(p (é)elxsm(§)+l<x’§>d§1d§2/ (xlleI x3) € JZ, (410)
R
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where the function y, is given by
Yo (2) = €j0(Ayé). (4.11)

By assumption, it holds that suppe;jo C Q C Bg. Thus, from the Paley-Wiener theorem and
the fact that A, is an orthogonal matrix it follows that

@ <c(1+1e7) erime, gec?, (®12)

for some constants ¢ > 0 and N € Nj.

We split the inner integral in (4.10) into one integral over the interval (-oo,0) and one
over (0, o0). Firstly we consider the integral over (—oo,0).

For r > 0 we define the curve 7, by

i“|%§a§7r}. (4.13)

Let I', be the closed contour consisting of the parts {it | 0 < t < r}, 5, and (-7,0). By Cauchy’s
theorem we have

f Yp(8)e™ e dz =0, (4.14)
rr

here for nonreal values of ¢; the function m is defined by analytic continuation of the function
¢1 > m(é1, ), where & <0and [¢|#k, and (x,§) = x181 + x25>.
Because of (4.12), for x; > R’ it holds that

r— o

lim f Yo (&)e™mErixd) ga, = 0. (4.15)
Mr
From the last two equations we obtain
0 ico
f Yo(§)em T dg, —j Yp(@e™m O dg, x> R (416)
o 0

Now we treat the integral over (0, o0). Let ,/~ * be the principal branch of the square
root function (branch cut (~oo,0)). For z < 0 we set 1/z * = —i1/|z], that is, /" isthought to
be defined on the negative real half-axis by continuation from the lower complex half-plane. In
what follows, the function m* is defined by m*(¢) = 1/k? — & — ¢ *. Regarding the integration
variable ¢ we distinguish the two cases |¢,| < k and |&| > k.
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Firstly we assume that |¢;| < k. We have

j Y (@) mOHed) gy
0
IM

(g)eiX3m*(§)+i<xr§>d§1 + f (é)e—iX3m*(§)+i<X,§>d§1 417
Yo \/@ Yo ( )

- f Yo(&)e M ©ited) ge, 4 o f Yo (&) sin(azm* (8))e' ) dgy.
0 0

By contour integration analogous as in the derivation of (4.16), applied to the next-to-last
integral, eventually we get

f Yo (€)emed) gy,
0

= f Y(,,(§)e‘ix3m*(§)+i<x"5>d§1 (4.18)
0
J‘\/ k2-¢;

+ 20 Yo () sin(asm®(8))e 4 dg  for |&| <k, x1 > R.
0

In the case |&| > k it holds that m(¢) = —m*(¢) for §; > 0, and contour integration
yields

J Yo (&)e ™M+ g = f Yp(@)e ™M OrA dE for &> k, x> R. (4.19)
0 0

In the following, for ¢; e R or ¢; € {it | 0 <t < oo} we set m(¢) = 4/k? - §% - 53, where
the square root is chosen in the way that Rem(¢) > 0 and Imm(¢) > 0. This definition is in
accordance with (2.15). In this notation, from (4.18) and (4.19) we obtain

j f Yq)(é)eixsm(§)+i<x,§>d§1d§2
RJO
k ico
= I kf Ylp(§)e_lx3m(§)+l<x’§>d§1d§2
-kJo
€ (VEE |
i T @ sinceom(@)e did (4.20)
-kJo
in/&-k? . .
+ f J‘ Yo (§)elx3m(§>“<x’§>d§1d§2
R\[-k,k] YO

100
+ Yo(&)e Xm@rixe) ge s, for x; > R.
I]R\[—k,k] .L/gg-W v
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Together with (4.16) we thus find

[[ ro@emecdagag,
R

¢ FE |
=2ij f Yol@) sin(eam (€)' 8 dey dly
k7o (4.21)

k ico )
i f f Yo (@) sin(xsm(@))e' D de i,
-k J0 )

—ZiJ‘ f (&) sin(xsm(¢))e’ P dg dg, for x; > R
Rkl iy /BT Y(pﬁ 3m(é &déy 1

Now we show that each of the three addends in the right-hand side of (4.21),
considered as a function of x = (x,x3), lies in L?((R”, %) x R x (0, H)). Then, because of
the representation (4.10), the stated relation (4.7) is proved.

We begin with the first addend. Let A = {¢ € R? | |¢| < k, & > 0}, let ya be the
characteristic function of the set A and let ” denote the inverse Fourier transform. There is a
constant ¢ > 0, which does not depend on x3 € (0, H), such that

“ [xayy sin(xsm()] = [lxaye sin(eam() || g2 < c. (4.22)

L?(R?)

From this it follows that the first addend in the right-hand side of (4.21) is quadratically
integrable over the set R? x (0, H) and thus especially quadratically integrable over (R”, o0) x
R x (0, H).

Now we come to the second addend. We define R by R = (R +R")/2 =R + (¢/2).
From (4.12) we find that there is a constant ¢; > 0 with

[y, (it, &) | < c1e™  for & € [~k k], t > 0. (4.23)

Since for & € [-k,k] and t > O the quantity m(it, &) is a real number and therefore

| sin(xsm(it, &))| < 1 for x5 € (0, H), we conclude that

Uoo Y:p(it’ &) sin(xsm(it, gZ))e—txldt
| (4.24)

© jad ~
< le e ®xtgr = U for & e [~k k], x3 € (0,H), x1 > R.
0 X1 — R

Thus we have
Ik 2kc?
—k 5

2
dé < 5

J‘:’ Yo(it, &) sin(xsm(it, &))e ™ dt

for x3 € (0,H), x1 > R (4.25)
(- F)
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Because the inverse Fourier transform (here with regard to the variable ¢) is isometric on L?,
we see that

2

k poo
I f I Y(p(it/éz) Sin(X3m(it,§2))e‘tx1dtei§zde§2 dxy
r|J-kJo
4.26)
4orkey N (
< jr_cj 5 forxz € (0,H), x1>R.
<X1 - R>
It follows that
H %) k o) . P
I f ’[ J‘ ’[ Y(P(it,éZ) Sil’l(JC3m(ii’,52))e*tx1dtel§zx2d§2 dx,rdxidxs < oo. (4.27)
0 7 R —k 0

The substitution t = —i¢; in the innermost integral now shows that the second addend in the
right-hand side of (4.21) indeed lies in L?>((R", o0) x R x (0, H)).
Regarding the third addend, from (4.12) we find

J‘jsz Yo(it, &) sin(xsm(it, &) )e ™ dt

(4.28)

o0 N/2
< cJ‘ (1 24+ gg) e ®=Dtdt for & e R\ [k, k], x3 € (0, H), x1 > R.
VER

Now letbe R = R’ + (¢/2) as above. By reason of
N/2 N/2 N/2
(1 +2+ .;g) < (1 + t2> (1 + gg) , (4.29)

we conclude that there are constants ¢;, c3 > 0 such that

J‘W Y‘P(lt, §2) Sin(x?,m(it, éz))e—txldt

N/2 5
<o <1 + é%) J‘ (R0t g4
VER (4.30)

xl—R

< %8_(5/4)\/5{3—7 for & eR\ [k, k], x3€ (0,H), x; > R'.
X1 —

This estimate corresponds to formula (4.24), used in the case of the second addend.
Continuing as in this latter case, it is seen that the third addend in the right-hand side of
(4.21) lies in L?((R", »0) x R x (0, H)) too.
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Proof of Part (b)
The preceding proof of part (a) is based on the fact that for j € {1,2} it holds that

&j(¢,x3) = e™"Ve;(¢) for § € R?, x3>0, (4.31)

supp ejo C Q. (4.32)

The relation (4.31), which is equivalent to the representation of e; given in Theorem 2.1, has
led to (4.10).

Since the third magnetic component b; fulfills conditions which are analogous to (4.31)
and (4.32), the proof of part (b) of the lemma is completely analogous to the proof of part (a).
The condition for b that is analogous to (4.31) is given in (2.19); note that (2.19) also holds
for |¢| < k. The condition supp b3 o C Q is a direct consequence of

i —€20
=V (% 4.
b3 X < e1o )/ (4.33)

following from the second equation in (2.18), and supp e; o, supp ez C Q.

Proof of Parts (c) and (d)

These parts of the lemma can be proved along the lines of the proof of Theorem 3.1. For
example, with respect to e;, j € {1,2}, one has

" ei(x,x3) 2dx dxs
J JJ Jete
= [ ] lerte w0 Pz
oot ],
e 2HVP-k2

- 5. 2d 5. 21 - de.
H f f @l j j el BN ¢

o, (4.34)
e @) dxsdg

The condition (3.12), used in the proof of Theorem 3.1 because the factor m(¢)~" is not locally
square integrable, is not needed for the special field components ey, e;, and bs.

Proof of Part (e)

From the first equation in (2.18) and the first equation in (2.19) we obtain

(g x) = s hE @) +baE ], FeR x>0 (4.35)
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Thus for (x, x3) € H we have
exte, ) =5 [ e + (e w)le g, (4.36)
Now we define the function m : R> — C by
mo(&) = i\ k2 + ¢ (4.37)
and the function eéo) :H — Cby
ey’ (x,x3) = ‘LJ‘J‘ ;Bla(é, x3) + &8 (&, x3)] "V S dé. (4.38)
20 ) ) 2 mo(8)

Using (4.36), we find

1 2
e (x,x3) - ea(x,x9)| < 5= 35 (V) + 1P (), (4.39)
j=1

with

I].(l)(x3) B jj|§|<2k

1 1 ~ N
W(g)‘@‘ |&] |ej(¢, x3)|de,  j=1,2,

o 1 1 (4.40)
1% (xy) = ”w e WllEe L, =12
From (4.31) we see that there is a constant ¢; > 0 such that
|1]?”(x3)| <o forje (1,2}, x3>0. (4.41)
For |¢| > 2k it holds that
‘%@_%|:o<#>. (442)
Therefore with some constant ¢, > 0 we have for j € {1,2} and x3 >0
1P| <ef] o | )|d (443)
g2k 6™ | 1¢]
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From this we get from the Cauchy-Schwarz inequality that

1/2 1/2
@ S 1 2 4.44
E <x3>|5’32<ﬂg,>2k|g|3d5> <”|g|>2k|§|'ef@’x3)'d‘§> S

Using the fact that the first integral in the right-hand side of the last expression is finite and
using (4.31), we conclude that there is a c3 > 0 with

el <e(f] g

Since |e™™@)| < 1 for |¢| > 2k and x3 > 0, from the assumption e; o, e,9 € H/2(Q) of part (e)
of the lemma it now follows that there is a ¢4 > 0 with

) 1/2
gixam(@) | |§j,0 &) |2d§> ) (4.45)

|1]¥2>(x3)| <cy forje (1,2}, x3>0. (4.46)

From (4.39), (4.41), and (4.46) we obtain that there is a constant ¢s > 0 such that

|e§0)(x, x3) — e3(x, X3)| <S¢ for (x,x3) € H. (447)

Thus we have
e 2 4.48
ey’ —e3 eL (ZR,H); ( ' )

since Zg p is a bounded set.

Now we show that also eéo) € L?(Zgy). From this, together with (4.48), we get the
assertion e3 € L*(Zg 1) of part (e) of the lemma.

We show that eéo) actually is square integrable over the whole of R? x (0, H). By
definition of eéo), it suffices to prove that

.[ IIRz IIRZ Mo () ej(¢, x3)el ) dg

By applying the Parseval formula with respect to the variables x and ¢ and using Formula
(4.31) we find that the last integral is equal to

2
o[ e

2
dxdxs <oo forje{1,2}. (4.49)

pixsm(@) |2 |Ej,0(§) |2d§ dxs. (4.50)
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Now we split the domain of integration with respect to ¢ into the parts |¢| < k and [¢| > k.
Due to the continuity of the integrand we have

IH H § 1w <g>|2|A @ |’ded (4.51)
— e €io x3 < 0. .
o J) sk k2 + ¢ !
The fact that also
NI o e Pt d @52)
e €j0 X3 <00 :
o J) sk + g !

follows from the assumption e, ez € H1/2 (Q) similar to the lines of the parts (c) and (d).

Proof of Part (f)

From the representations of b; and b, in Theorem 2.1 together with (2.19) we see that for
¢ € R? and x3 > 0 there holds

b6 x0) = s @a(E 1) + o T ) - b )],
(4.53)
ba(t x0) = s Eu(E ) + o[ v) - B )L

Now the proof of part (f) proceeds along the same lines as the proof of part (e) if one takes
the last two equations as starting point, as we have used (4.35) as starting point for the proof
of part (e). The assumption V - (—ep, eLO)T e HY 2(Q) of part (f) is needed because in the
formulas (4.53) there occur the terms

éz
m(¢)

[S182(5, x3) — gau(g,x3)] = ¢ §(§) g xm@) [V( 620)] @). (4.54E)]

5. Conclusions and Outlook

If we interpret the system (2.24) in the distributional sense, then we obtain a vectorial
pseudodifferential operator A, acting on the electric boundary fields e, €20 and resulting
in the magnetic boundary fields b; o, by :

€1,0 bio
A ~) = ). 51
(82,0> (bz,0> 6D

For the electromagnetic diffraction problem by and b, are distributions which are
only prescribed in the aperture Q whereas e; and e, are unknown. Then the diffracted
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electromagnetic field is completely determined for x3 > 0, that is, behind the screen, by
Theorem 2.1.
We define the vectorial Sobolev-Hilbert spaces V and W by

V.- {<Z;> | o1, 09, V- <‘ZZ2> c H2(Q) },
5 1/2
‘ (2) e <||v1||%-m<g> + ozl e ) * HV (2:2) ‘ﬁ-l/2<g>> ' (5.2)
W {(31) | w1, 00, V - C«ZZZ) c H2(Q) }
, 1/2
I, - (e (L)

Now it is an interesting future task to prove that A : V. — W is a homeomorphism. For
this purpose we want to develop a purely “intrinsic” proof, related only to the boundary
equations in the aperture and without making use of the time harmonic Maxwell equations
(2.1). For the slit diffraction problem this approach has been realised by the authors in the
paper [2].

Note that (e1,0, e20) € V is a necessary and sufficient condition for a diffraction solution
with local finite energy, see part (a) of Definition 2.5 and Theorem 4.1.

In the case of global finite energy in Definition 2.5, part (b), we have decoupled the
vectorial boundary equations (cf. Theorem 3.2). In the future it should also be examined how
this result can be used to derive representations of the physical admissible solutions satisfying
only the condition of local finite energy.

Appendix

Theorem A.1. Let f : C> — C be an entire function, k > 0, and assume that f(¢1,¢&) = 0 for all
1,8 € Rwith & + & = k. Then one also has f(z1,z2) = 0 for all z1,z, € C with 23 + z3 = k2,
and there is an uniquely determined entire function q : C* — C such that for all z1,z, € C with
22 + z3 # k? it holds that

f(z1,22)

q(z1,22) = kZT%—zZ

(A1)

Proof. We only have to show the existence of an entire function g satisfying (A.1), since
uniqueness results by analytic continuation. By employing Taylor expansion of f with respect
to z, we find entire functions g, h : C? — C such that

f(z1,22) = §(zl,z§> + th(zl,z%). (A2)
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Now we define the entire functions g, h : C> — C by
g(z1,2) = g(zl,z - Z%), h(zy,z) = E(zhz - z%), (A.3)
and conclude for ¢; € (-k, k), é = :I:\/kzi—gf that
gt +8) +an(a 8 +8) =3(8.8) +&h(2.8) = FEL&) =0 (A4)
But from the resulting two equations
g(t,K) £1/k2 - & h(8,K%) =0, (A5)
we conclude g(¢;, k?) = h(¢1, k%) =0, and hence by analytic continuation
g(zl,k2> - h(zl,k2> -0 Vz eC. (A.6)

Taylor expansion gives two entire functions g*, h* : C*> — C with

* _ g(zlfz) % _ h(Z], Z)
8§ (z1,2) = "5 W(z1,2) = =57 (A7)
Finally we define the entire function q by

q(z1,22) =g <zl,zf + z%) + 2z h* <zl,z% + z%), (A.8)

and obtain for all z, z, € C with z2 + z3 # k?

f(z1,20)  g(z1,2] +23) h(z1, 2] +23)

= +z =qg(z1,22). A9
k2-z3-z5  kK*-zi-z) : k2 —z3 - z3 9(z1,22) (A9)
O
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