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Abstra
t

In this paper we prove lo
al results for solutions to the Ri

i �ow (heat

�ow) whose speed (height) is bounded by

c
t
for some time interval t ∈ (0, T ).

These results are 
ontained in 
hapter 7 of [16℄. In [17℄ further results from

[16℄ may be found. In parti
ular, there we 
onstru
t short time solutions to

Ri

i �ow for a 
lass of 
ompa
t Riemannian manifolds with isolated 
onelike

singularities. The resulting solutions satisfy a bound of this form (the speed

is bounded by

c
t
for some time interval t ∈ (0, T )).

1 Lo
al results for Ri

i �ow and rea
tion di�usion

equations in general

In [4℄, R.Hamilton introdu
ed the Ri

i �ow. A smooth family of metri
s

(M, g(t))t∈[0,T ) is a solution to the Ri

i �ow with initial value g0, or is a Ri

i

�ow of g0 if

∂

∂t
g(t) = −2Ricci(g(t)) ∀ t ∈ [0, T ),

g(0) = g0. (1.1)

Ri

i �ow has been extensively studied, and has led to many results in topology and

geometry: see for example [1℄,[3℄, [4℄ [5℄, [7℄, [8℄, [9℄, [12℄, [13℄ (see [2℄, [10℄ and [11℄

for good expositions of the works [12℄,[13℄).

In Theorem 6.1 (and the proof thereof) of [17℄, we see that for 
ertain 
ompa
t

Riemannian manifolds with 
one-like singularities, it is possible to obtain a short

time solution to the Ri

i �ow, and also to obtain 
ontrol over the 
urvature, volume

and diameter for some well de�ned time interval. This 
ontrol on the 
urvature
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(
urvature behaves like

c
t
) is global, and su�
es to prove the main theorem, Theorem

6.1. there. We are, however, also interested in the lo
al behaviour of su
h solutions

(see also [14℄ and [15℄ for further examples of solutions to Ri

i �ow whose speed is

bounded by

c
t
).

The following is taken dire
tly from Chapter 7 of [16℄).

Problem 1.1. For the 
lass of solutions whose 
urvature is bounded by

c
t
on some

time interval [0, T ): if a region is di�eomorphi
 to a Eu
lidean ball and has bounded

geometry at the 
urvature and C0
level at time zero, does some smaller region (
on-

tained in the initial region) remain bounded geometri
ally at the 
urvature and C0

level for a well 
ontrolled time interval?

In the paper [12℄, G.Perelman proved a lo
al result (see [12℄ Se
tion 10) in the

setting that one has a solution to Ri

i �ow whi
h is 
ompa
t, has bounded 
urvature

at ea
h time, and for whi
h the absolute value of the Riemannian 
urvature on

B(g0)(x0, r0) is bounded by

1
r0
, and for whi
h B(g0)(x0, r0) is 
lose in some C0

sense

to the Eu
lidean ball of radius r0 (see Theorem 10.3 of [12℄ for an exa
t statement

of the theorem). There, the behaviour like

c
t
is not assumed, but is in fa
t proved

in a seperate theorem, Theorem 10.1 of [12℄. In Theorem 10.1 he proves that the


urvature at a point x0 behaves like

c
t
(for t ∈ [0, δ2r2], δ = δ(n) > 0 ) under the

even weaker assumptions that the s
alar 
urvature on B(g0)(x0, r0) is bounded from

below by −r20, and B(g0)(x0, r0) is 
lose in some C0
sense to the Eu
lidean ball of

radius r0: see theorem 10.1 of [12℄ for an exa
t statement of the theorem.

Let us de�ne more pre
isely what we mean by: the geometry is bounded on the


urvature and C0
level.

De�nition 1.2. The Eu
lidean n-ball of radius r > 0 U =
I

Br(0) with a Riemannian

metri
 g0 is geometri
ally bounded by c if

sup
U

g0|Riem(g0)| ≤
c

r
(1.2)

cI ≤ g0 ≤
1

c
I (1.3)

where I is the standard metri
 on

I

Br(0).

Clearly the set is topologi
ally the same as a ball (per de�nition). Hen
e a

Eu
lidean ball with a metri
 g0 is bounded geometri
ally if the given Riemannian

metri
 g0 
an be 
ompared to the standard metri
 I on the 
urvature and C0
level.

In the following theorem we show that if U is a Eu
lidean ball of radius one,

and (U, g0) is bounded geometri
ally by some 
onstant c, and (Ū , g(t))t∈[0,T ) is a

smooth solution to the Ri

i �ow whose 
urvature is bounded above by

c
t
, then,

for a well 
ontrolled time interval, a Eu
lidean ball of radius r(c, n) > 0 (
ontained

in the initial ball with the same middle point) with the metri
 g(t) is bounded

geometri
ally by 4c.
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Theorem 1.3. Let (U =
I

B1(0), g0) be geometri
ally bounded by c0. De�ne

I

dist(x) = dist(I)(∂U, x),

where the distan
e is taken with respe
t to the Eu
lidean metri
 I. Let

(
I

B1+δ(0), g(t))t∈[0,T ) (δ > 0) be any smooth solution to the Ri

i �ow satisfying

g(0) = g0 and

t
g(t)

|Riem(x, t)| ≤ c0, (1.4)

(1.5)

for all x ∈
I

B1+δ(0) and for all t ∈ [0, T ). Then there exists an N = N(c0, n), su
h
that

g(t)

|Riem(x, t)|
I

dist

2
(x) < N,

for all x ∈ U with

I

dist

2
(x) ≥ Nt, and t ≤ T. In parti
ular, (

I

B 1
4N
(0), g(t)) is

bounded geometri
ally by e1c0 for all t ≤ min( 1
4N

, T ).

Proof. For the proof, |Riem(h)| will always refer to
h

|Riem(h)|. Choose N big, and

assume that the theorem does not hold. Then there must be a �rst time t0 ∈
[0,min(T, 1

4N
)) and point x0 ∈ U where the theorem does not hold.

I

dist

2
(x0) ≥ Nt0,

x0 ∈ U,

|Riem(x0, t0)|
I

dist

2
(x0) = N,

and

|Riem(x, t)|
I

dist

2
(x) ≤ N ∀ (x, t) ∈ U [0, t0] with

I

dist

2
(x) ≥ Nt (1.6)

Let us res
ale: g̃(x, s) := ag(x, s
a
), for s ∈ [0, at0], and Ĩ = aI. We de�ne:

Ĩ

dist

2
(x) := dist

2(Ĩ)(∂U, x) (that is, the distan
e from the boundary of U to the

point x with respe
t to the metri
 Ĩ) whi
h gives us

Ĩ

dist

2
(x) = a

I

dist

2
(x). Set

a :=
N

I
dist

2
(x0)

,

( a is then bigger than N) and for t ∈ [0, t0], let t̃ := at. Then
Ĩ

dist

2
(x0) = N,

and hen
e N = |Riem(x0, t0)|
I

dist

2
(x0) = | ˜Riem(x0, t̃0)|

Ĩ

dist

2
(x0) = | ˜Riem(x0, t̃0)|N,

whi
h implies that | ˜Riem(x0, t̃0)| = 1. Furthermore, t̃0 = t0N
I
dist

2
(x0)

≤ 1, sin
e

I

dist

2
(x0) ≥ Nt0. We also have

| ˜Riem(x, t̃)|
Ĩ

dist

2

(x) = |Riem(x, t)|
I

dist

2
(x) ≤ N (1.7)

for all (x, t̃) ∈ U [0, t̃0] whi
h satisfy

Ĩ

dist

2
(x) ≥ Nt̃ in view of the fa
ts

3



(i)

˜I
dist

2
(x) ≥ Nt̃ ⇐⇒

I

dist

2
(x) ≥ Nt and

(ii) t̃ ≤ t̃0 ⇐⇒ t ≤ t0 and

(iii) equation (1.6) holds).

Now we 
onsider two 
ases:

• 
ase 1:

Ĩ

dist

2
(x0) ≥ 2Nt̃0( ⇐⇒ t̃0 ≤

1
2
)

• 
ase 2:

Ĩ

dist

2
(x0) < 2Nt̃0( ⇐⇒ t̃0 >

1
2
)

Assume 
ase one holds. Then for y satisfying

Ĩ

dist

2
(y) ≥ N

2
we see that (use t̃0 ≤

1
2
)

Ĩ

dist

2

(y) ≥ Nt̃0 ≥ Nt̃

for all t̃ ≤ t̃0, and hen
e

| ˜Riem(y, t̃)|
Ĩ

dist

2

(y) ≤ N,

in view of (1.7). Hen
e,

| ˜Riem(y, t̃)| ≤ 2 ∀ t̃ ≤ t̃0, (1.8)

in view of the assumption on y (noti
e that

Ĩ

dist

2
(x0) = N ≥ N

2
and so y = x0 is

valid in (1.8): that is, | ˜Riem(x0, t̃)| ≤ 2 for all t̃ ≤ t̃0). That is,

| ˜Riem(y, t̃)| ≤ 2 ∀ t̃ ≤ t̃0, ∀y ∈ B̃N
4
(x0).

Using the fa
t that

I

c0
≤ g0 ≤ c0I

we obtain that

Ĩ

c0
≤ g̃0 ≤ c0Ĩ

and

sup
y∈B̃N

4
(x0)

|Riem(g̃0)|(y) ≤
c0

N
,

sin
e g̃0 = ag0, and a = N
I
dist

2
(x0)

≥ N and (U, g0) = (IB1(0), g0) is geometri
ally

bounded by c0. We also have | ˜Riem(x0, t̃0)| = 1. This 
ontradi
ts Lemma 1.4, if

N = N(c0, n) is 
hosen large enough.

So assume 
ase two holds. This is equivalent to

1
2
< t̃0. Then, for t̃ ≤

1
2
, we still

have the estimate

| ˜Riem(y, t̃)| ≤ 2, ∀y with

Ĩ

dist

2

(y) ≥
N

2
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(this may be seen as follows:

Ĩ

dist

2

(y) ≥
N

2
≥ Nt̃,

sin
e t̃ ≤ 1
2
< t̃0, and so, using (1.7), we obtain the estimate).

For t̃0 ≥ t̃ > 1
2
, we have

| ˜Riem(y, t̃)| ≤
c0

t̃
≤ 2c0,

in view of the assumption (1.4). W.l.o.g. c0 ≥ 1. Hen
e

| ˜Riem(y, t̃)| ≤ 2c0, ∀t ∈ [0, t̃0), ∀ y ∈ B̃N
4
(x0).

Furthermore, | ˜Riem(x0, t̃0)| = 1. On
e again, this leads to a 
ontradi
tion for N =
N(c0, n) 
hosen large enough, in view of Lemma 1.4. (as in 
ase 1, we have

Ĩ

c0
≤ g̃0 ≤ c0Ĩ ,

sup
B̃N

4
(x0)

|Riem(g̃0)| ≤
c0

N
, (1.9)

and so we may apply the lemma).

The following lemma, whi
h is used to help prove the lo
ality theorem above, is

a standard result from the theory of paraboli
 equations

Lemma 1.4. Let (M, g(t))t∈[0,T ), be a 
omplete smooth solution to Ri

i �ow and

(U, x0, I), U ⊂ M be isometri
 to to the (open) Eu
lidean ball BN (0)of radius N,

(x0 ∼ 0) and 
entre 0. Assume that:

I

c0
≤ g0 ≤ c0I

sup
U

|Riem(·, t)| ≤ c1 ∀ t ∈ [0, T ),

sup
U

|Riem|(·, 0) ≤ ε.

Then for all σ2 ≥ ε2 there exists a = a(c0, c1, n) and N∗ = N∗(σ, c0, c1, n) > 0 su
h

that if N ≥ N∗ then

|Riem|2(x0, t) ≤ σ2 expat ∀ t ∈ [0, T ) (1.10)

In parti
ular, if ε ≤ exp−a δ for some δ > 0 then (
hoose σ = exp−a δ: then N∗ is a


onstant depending only on c0, c1, n, δ ) there is a N∗ = N∗(c0, c1, n, δ) > 0 su
h that

|Riem(x0, t0)| ≤ δ2, ∀ t0 ∈ [0, T ) ∩ [0, 1)

if N ≥ N∗.
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Proof. Clearly, in view of the 
onditions in the assumption, and the equation of

evolution for the metri
, we have

1

c2(c0, c1, n)
I ≤ g(t) ≤ c2(c0, c1, n)I ∀ t ∈ [0, T )

Set

f(·, t) := |Riem|2(·, t)− σ2(1 + ρ2) expat,

where a is to be 
hosen. and ρ(x, t) := dist(g(t))(x, x0). Then

∂

∂t
f ≤

g

∆f + 4|Riem|3 − aσ2(1 + ρ2) expat −2σ2(
∂

∂t
ρ)ρ expat +σ2 expat g

∆(ρ2)

≤
g

∆f + 4c1|Riem|2 − aσ2(1 + ρ2) expat

+4σ2(n− 1)c1ρ
2 expat +c1σ

2 expat c(c1, n)ρ

≤
g

∆f + 4c1|Riem|2 −
a

2
σ2(1 + ρ2) expat

for all x ∈ B N

2c22

(0) for appropriately 
hosen a = a(n, c1), where here we have used

the Hessian 
omparison prin
iple in order to estimate

g

∆(ρ2), and the fa
t that all

distan
e minimising geodesi
s (in terms of g(t)) between 0 and points in

IB N

2c2
2

(0)

must lie in

IBN(0) (this last fa
t may be seen as follows: the length of a ray from

0 to p ∈ ∂B N

2c2
2

(0) is trivially bounded from above by c2
N
2c22

= N
2c2

. For any 
urve

starting from 0 whi
h rea
hes the boundary of BN (0), the length is bounded from

below by

1
c2
N). Using the de�nition of f , we get

∂

∂t
f ≤

g

∆f + 4c1f + 4c1σ
2(1 + ρ2) expat −

a

2
σ2(1 + ρ2) expat < 4c1f,

for appropriately 
hosen a = a(n, c1). Now for σ2 ≥ ε2 we have f(·, 0) < 0 on

B N

2c22

(0). Now 
hoose N = N(σ, c0, c1, n) so large that f(·, t) < 0 on ∂B N

2c22

(0) for

all t ∈ [0, T ). The maximum prin
iple then implies that f is less than zero for all

t ∈ [0, T ), for all x ∈ B N

2c22

(0). Note that although ρ2 is not smooth everywhere, using

a tri
k of Calabi, we may still draw the same 
on
lusion: see the proof of a Theorem

7.1 in [15℄ (essentially we de�ne a new fun
tion ρ̃(x, t) = ρ(x, q, t) + ρ(q, x0, t) for
some appropriately 
hosen q so that ρ̃ is smooth in a small neighbourhood of (p0, t0)
where (p0, t0) is the �rst time and point where f(p0, t0) = 0. Thn we de�ne:

f̃(·, t) := |Riem|2(·, t)− σ2(1 + ρ̃2) expat,

and argue with f̃ : due to the triangle inequality we have f̃ ≤ f and hen
e f̃ < 0
for t ≤ t0. Furthermore f̃(x0, t0) = 0, as q lies on a shortest geodesi
 between x0

and p0 at time t0. Hen
e we may apply the maximum prin
iple and still obtain a


ontradi
tion. Hen
e f < 0.

6



So we see that if a lo
al region is relatively well 
ontrolled at time zero, and

the 
urvature behaves globally like

c
t
near time zero, then we 
an show that a (well

de�ned) smaller region remains well behaved for a a well de�ned time interval.

The following remarks did not appear originally in [16℄.

Remark 1.5. Noti
e that the 
ondition

I

dist

2
(x) ≥ Nt 
an be removed, sin
e if

I

dist

2
(x) ≤ Nt then |Riem(x, t)|

I

dist

2
(x) ≤ |Riem(x, t)|Nt ≤ c0N if the 
onditions

of the theorem are satis�ed.

Remark 1.6.

I

dist

2
(x) = (1− |x|)2.

2 Lo
al results for solutions f to the heat equation

whi
h satisfy a bound of the form f ≤ 1
t
.

The following is taken dire
tly from Chapter 7 of [16℄.

In fa
t, the important bound whi
h leads to the lo
ality result (Theorem 1.3),

is the bound of the form |Riem| ≤ c
t
. The argument was a s
aling argument whi
h

used the paraboli
 maximum prin
iple, and didn't really have anything to do with

Ri

i-�ow. We illustrate this somewhat more pre
isely, by showing that a similar

result holds for the heat �ow.

Lemma 2.1. Let f be a smooth solution to the heat �ow on B2(0)[0, 1] with

ft|B1(0)[0,1] ≤ 1 ∀t ∈ [0, 1], (2.1)

f(x, t) ≥ 0, ∀x ∈ B2(0), t ∈ [0, 1] (2.2)

sup
B̄1(0)

f(x, 0)(1− |x|2)2 ≤ 1 (2.3)

Then

sup
B̄1(0)

f(x, t)((1− |x|2)2 − 50nt) ≤ 50n

for all t ∈ [0, 1].

Proof. Set

l(x, t) := f(x, t)((1− |x|2)2 −Mt)−M,

where M = 50n. Then l ∈ C∞(B̄ 3
2
(0)[0, 1]), and l(x, 0) ≤ −50, and l(·, t) ≤ −50n <

0 on ∂(B1(0)) for all t ∈ [0, 1]. Hen
e, if there is a time and point (x, t) ∈ B̄1(0)[0, 1]
where l(x, t) ≥ 0, then due to 
ompa
tness, there must be a �rst time t0 and point

x0 ∈ B1(0), where l(x0, t0) = 0 (possibly there is more than one point x0, but there

exists at least one point x0). Assume that (x0, t0) is su
h a point, and (x0, t0) satis�es
(1− |x0|

2)2 −Mt0 ≤
M
2
t0. Then

l(x0, t0) = f(x0, t0)((1− |x0|
2)2 −Mt0)−M

7



≤ f(x0, t0)
M

2
t0 −M

≤ −
M

2
< 0, (2.4)

(in view of the 
onditions (2.1) and (2.2) ) whi
h 
ontradi
ts the fa
t that l(x0, t0) =
0. So we may assume, without loss of generality, that

(1− |x0|
2)2 −Mt0 ≥

M

2
t0 (2.5)

Noti
e that this implies

2

3
(1− |x0|

2)2 ≥ Mt0

whi
h further implies that

(1− |x0|
2)2 −Mt0 ≥

1

3
(1− |x0|)

2
(2.6)

We 
al
ulate the evolution equation for l for su
h an (x0, t0).

∂

∂t
l = ∆(l)−Mf − f∆((1− |x|2)2)− 2∇if∇i(1− |x|2)2

= ∆(l)−Mf − f(8|x|2 − 4n(1− |x|2))− 2∇if∇i(1− |x|2)2

≤ ∆(l)−Mf + 4nf − 2∇if∇i(1− |x|2)2

≤ ∆(l)−
M

2
f − 2∇if∇i(1− |x|2)2

= ∆(l)−
M

2
f −

2∇i(f((1− |x|2)2 −Mt))∇i(1− |x|2)2

((1− |x|2)2 −Mt)

+2f
∇i(1− |x|2)2∇i(1− |x|2)2

((1− |x|2)2 −Mt)

= ∆(l)−
M

2
f −

2∇i(f((1− |x|2)2 −Mt))∇i(1− |x|2)2

((1− |x|2)2 −Mt)

+8f |x|2
(1− |x|2)2

((1− |x|2)2 −Mt)
(2.7)

and hen
e, in view of the inequality (2.6),

∂

∂t
l ≤ ∆(l)−

M

2
f −

2∇il∇i(1− |x|2)2

((1− |x|2)2 −Mt)
+ 24f |x|2

≤ ∆(l)−
2∇il∇i(1− |x|2)2

((1− |x|2)2 −Mt)
+ 24f −

M

2
f

< ∆(l)−
2∇il∇i(1− |x|2)2

((1− |x|2)2 −Mt)
. (2.8)

As l(x0, t0) is a lo
al maximum, we obtain a 
ontradi
tion (note that ((1− |x0|
2)2−

Mt0) > 0 due to the assumption (2.5)).
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In fa
t a s
aled version of this lemma is true whenever we have at most polyno-

mial growth of f in t, as the following lemma shows.

Lemma 2.2. Let f be a smooth solution to the heat �ow on B2(0)[0, 1] with

ftp|B1(0)[0,1] ≤ 1
f(x, t) ≥ 0, ∀x ∈ B2(0), t ∈ [0, 1] (2.9)

sup
x∈B̄1(0)

(f(x, 0) + 1)
1
p (1− |x|2)2 ≤ 2 (2.10)

(p ≥ 1). Then

sup
x∈B̄1(0)

(f(x, t) + 1)
1
p ((1− |x|2)2 −M(n, p)t) ≤ c(n, p) ∀t ∈ [0, 1].

Proof. If

ftp ≤ 1

then

(1 + f)tp ≤ 2 ∀ t ≤ 1,

and hen
e

(1 + f)
1
p t ≤ 2.

Setting

f̃ := (1 + f)
1
p ,

we have

f̃ t ≤ 2,
f̃(x, 0)(1− |x|2)2 ≤ 2. (2.11)

Using the fa
t that f solves the heat equation and f̃ ≥ 1, we 
al
ulate

∂

∂t
f̃ = ∆(f̃)−

1

p
(
1

p
− 1)

|∇f̃ |2

f̃
. (2.12)

De�ne

l̃ := f̃(x, t)((1− |x|2)2 −Mt)−M,

where M = M(n, p) is a 
onstant to be 
hosen. Let (x0, t0) be a �rst time and point

where l̃ = 0. Arguing as above, we obtain

∂

∂t
l̃ < ∆(l̃)− 2(∇il̃)Vi −

M

2
f̃ −

1

p
(
1

p
− 1)((1− |x|2)2 −Mt)

|∇f̃ |2

f̃
(2.13)

where

Vi =
∇i(1− |x|2)2

((1− |x|2)2 −Mt)
.

9



Arguing as in the previous lemma, we see that we may assume that ((1 − |x|2)2 −
Mt) ≥ 1

3
(1− |x|2)2, and so Vi 
an be 
onsidered to be smooth in a small neighbour-

hood of (x0, t0). But the last term in the above inequality 
an also be estimated, as

the following 
al
ulation shows.

c(p)

f̃
((1− |x|2)2 −Mt)∇if̃∇if̃ =

c(p)

f̃
∇i(((1− |x|2)2 −Mt)f̃)∇if̃

−c(p)∇i((1− |x|2)2 −Mt)∇if̃ . (2.14)

Remembering that we may assume that ((1− |x|2)2 −Mt) ≥ 1
3
(1− |x|2)2, we get

−c(p)∇i((1− |x|2)2 −Mt)∇if̃

= −
c(p)

((1− |x|2)2 −Mt)
∇i((1− |x|2)2 −Mt)∇i(f̃((1− |x|2)2 −Mt))

+c(p)
f̃

((1− |x|2)2 −Mt)
∇i(1− |x|2)2∇i(1− |x|2)2

≤ −
3c(p)

((1− |x|2)2
∇i((1− |x|2)2 −Mt)∇i(f̃((1− |x|2)2 −Mt))

+32c(p)f̃ (2.15)

Substituting this inequality into (2.14), we get

c(p)

f̃
((1− |x|2)2 −Mt)∇if̃∇if̃ ≤ Wi∇il̃ + 12c(p)f̃ ,

is a smooth ve
tor �eld whi
h is de�ned in a small neighbourhood (spa
e and time)

of the point (x0, t0). Substituting this inequality into equation (2.13) we get

∂

∂t
(l̃) < ∆(l̃) +∇i(l̃)Zi. (2.16)

at the point (x0, t0), where Z is a smooth ve
tor �eld whi
h is de�ned in a small

neighbourhood (spa
e and time) of the point (x0, t0). This gives us a 
ontradi
tion,

as (x0, t0) is a lo
al maximum for l̃.
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