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LOCAL CONTROL ON THE GEOMETRY IN 3D RICCI
FLOW
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Abstract

The geometry of a ball within a Riemannian manifold is coarsely
controlled if it has a lower bound on its Ricci curvature and a pos-
itive lower bound on its volume. We prove that such coarse local
geometric control must persist for a definite amount of time under
three-dimensional Ricci flow, and leads to local C/t decay of the
full curvature tensor, irrespective of what is happening beyond the
local region.

As a by-product, our results generalise the Pseudolocality the-
orem of Perelman [19, §10.1 and §10.5] and Tian-Wang [25] in
this dimension by not requiring the Ricci curvature to be almost-
positive, and not asking the volume growth to be almost-Euclidean.

Our results also have applications to the topics of starting Ricci
flow with manifolds of unbounded curvature, to the use of Ricci
flow as a mollifier, and to the well-posedness of Ricci flow starting
with Ricei limit spaces. In [24] we use results from this paper to
prove that 3D Ricci limit spaces are locally bi-Hélder equivalent to
smooth manifolds, going beyond a full resolution of the conjecture
of Anderson, Cheeger, Colding and Tian in this dimension.

1. Statement of the main result

Given a complete n-dimensional Riemannian manifold (M, g) and a
point xg € M, it is well-known by the theorem of Bishop-Gromov that if
Ric > 0 in By(zo,1) and the volume of By(xo, 1) is equal to the volume
wy, of the unit ball in n-dimensional Euclidean space (i.e. the largest
it can be) then B,(zg,1) is isometric to the Euclidean unit ball. More
generally, if we only have

(1.1)  Ric>—e in By(xo,1) and VolBg(zo,1) > (1 — €)wy,

for some small ¢ > 0, then By(zg,1) can be considered to be almost
FEuclidean, cf. [9, Theorem 0.8].
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According to Perelman’s celebrated pseudolocality result, as we de-
scribe in a moment, the Ricci flow evolution of g, governed by the equa-
tion

g

ot
protects almost-Euclidean regions, and we obtain estimates on the cur-

vature of the flow at the centre of such regions for a definite amount of
time, irrespective of how wild the flow is outside.

In this paper, we consider the behaviour of Ricci flow when confronted
by a local region that is not almost-FEuclidean, but has the coarser
geometric control that the Ricci curvature has some lower bound on
Bgy(x0,1), and the volume of this ball has some positive lower bound.
This coarser control completely changes the picture compared with
almost-Euclidean control, and in particular we must restrict to the
three-dimensional case because lower Ricci bounds are respected in this
situation. Our main result is that this coarse geometric control is pre-
served for a uniform amount of time, and as a by-product we obtain
C'/t decay of the full curvature tensor.

QRICg(t)

Theorem 1.1 (Main theorem). Suppose that (M3, g(t)) is a complete
Ricci flow for t € [0,T) with bounded curvature and xo € M. Suppose
further that

(12) VOlBg(O) (.%'0, 1) > v >0
and
(1.3) Ricg(o) > —-K on Bg((]) (xg, 1+ 0'),

for some K,o0 > 0. Then there exist T = T(UO,K, o) > 0, 19 =
to(vo, K) > 0, K = K(vo, K,0) > 0 and ¢y = ¢o(vo, K,0) < 0o such
that for all t € [0,7) N (0,T) we have
1. VO]B()( )>170>0,
2 Ric g(t) > k on Bg(t)(l'o,l),
|Rm|g (t) TO on Bg(t) (]}0, 1)

Here we are using the shorthand VolB,(zg,7) := Volg(By(zo,7)) to
be the volume with respect to the metric g of the ball centred at xzg
and of radius r > 0 with respect to g. We are also using the shorthand
Ricy > —K to mean that Ric, > —Kg as bilinear forms.

While the local control on the coarse geometry, as given by Conclu-
sions 1 and 2, is the central issue in Theorem 1.1, the third conclusion
also gives a substantial improvement on Perelman’s celebrated pseudolo-
cality theorem in this dimension as we now explain. Similar control to
this final conclusion was established in the very interesting recent work
of Hochard [15] that was carried out independently to ours. Perelman
proved that an n-dimensional Ricci flow will enjoy a//t local curvature
decay if it is initially locally almost Euclidean, where the closeness to

<
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Fuclidean was given principally in terms of an almost-Euclidean isoperi-
metric inequality and a lower scalar curvature bound holding locally [19,
§10.1]. As alluded to by Perelman [19, §10.5] and proved by Tian and
Wang [25], pseudolocality also applies for almost-Euclidean in the sense
of (1.1).

Theorem 1.2 (Perelman, Tian-Wang). Suppose that (M™, g(t)) is a
complete Ricci flow for t € [0,T) with bounded curvature, that o > 0,
and that xo € M. Then there exists € = e(n,a) > 0 such that if

(1.4) VolByg)(z0,1) > (1 — &)wn
and
(1.5) Ricyg) > —¢ on By (7o, 1),

then for all t € [0,T) N (0,e) we have

|Rm| g (w0) <

+[Q

This almost-Euclidean result can be considered a perturbative result.
The model example is the Ricci flow one obtains starting with a very
shallow cone. For example, when n = 2, if we flow from a cone with cone
angle 27(1 — ), then the curvature at the tip decays like ﬁ (see
e.g. Section 4, Chapter 2 of [7]). We can take the Cartesian product
with R to give a three-dimensional flow. Theorem 1.2 would apply when
B > 0 was extremely small. (Strictly speaking, we would apply it from
an arbitrarily small time onwards, so as to consider only smooth flows.)

In contrast, the control we obtain in Conclusion 3 of Theorem 1.1 is
nonperturbative, making the result and its proof quite different. Our
result will handle Ricci flows starting at cones with arbitrary sharp
cone points, e.g. corresponding to § € [0,1) above as close as we like
to 1. Whether or not Perelman’s original pseudolocality result [19,
Theorem 10.1] can be extended in the analogous way to assume only
some isoperimetric inequality rather than an almost-Euclidean one (at
the expense of not being able to specify the a of the a/t curvature
decay, and acquiring a dependence on the isoperimetric constant) is an
interesting open question.

Our local lower bound on the Ricci curvature and our pseudolocality
decay on the curvature tensor combine to give additional geometric con-
trol in terms of the distance function. On a smaller ball, the distance
function at later times will be equivalent to the distance function ini-
tially. The following proposition will follow rapidly from Theorem 1.1
and Lemma 3.4, as we demonstrate at the end of Section 3.

Proposition 1.3. In the setting of Theorem 1.1 (even allowing o = 0
in (1.3)) there exist T = T'(vg, K) > 0 and k = k(vg, K) > 0 such that
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for all z,y € By)(x0,1/10) and all t € [0,T) N 0,T) we have
(1.6) dg(o)(%,y) — £V < dgy(2,y) < (1+ Kt)dy(o) (2, y).-

Remark 1.4. To see that Theorem 1.1 fails in dimension 4 (and
higher), one can consider blow-downs of the Eguchi-Hanson metric. In
this way, we can construct a sequence of stationary (Ricci flat) solutions
to the Ricci flow satisfying the hypotheses of our theorem (with K =0
and uniform vy > 0) that exist for all time, with larger and larger
curvature (that is constant in time).

Remark 1.5. To see that other aspects of our main theorem are
sharp, key examples include flows from cones as above of various cone
angles, both above and below 27, and flows that develop singularities,
including shrinking cylinders and neckpinches.

As we will prove in Section 10, Theorem 1.1 is equivalent to the fol-
lowing result with the Conclusions 1, 2 and 3 replaced by the analogous
conclusions in which we define balls with respect to the time 0 metric.

Theorem 1.6. In the setting of Theorem 1.1, there exist constants
T, %9, K and co as in Theorem 1.1 such that for all t € [0,7) N (0,7)
we have

1. VO](( ( ))Z'DO>O,

2 Ricy() > f( on By (7o, 1),

’Rm’g(t < 70 on Bg(O) (:Bo, 1)

Theorems 1.1 and 1.6 are related to two previous papers of the first
author. In [21], a global result controlling Ricci curvature from below
for Ricci flows on three-dimensional manifolds was established. In [23],
a local result controlling sectional curvature from below, also in three
dimensions, was given. Also, Hochard [15] proved lower Ricci curvature
bounds of the form Ricy) > —% that degenerate as t | 0, and volume

lower bounds on balls of radius /.

Remark 1.7. The boundedness of the curvature in Theorem 1.1 is
required only because at some point we apply one of Perelman’s pseu-
dolocality theorems, and it is currently necessary to assume such bound-
edness to make the proof of pseudolocality complete.

Remark 1.8. With an additional argument, e.g. extending theory
of Cheeger-Colding-Naber, we expect that it is possible to set 99 = vy /2
in Theorems 1.1 and 1.6.

Remark 1.9. Our work has applications to the problem of starting
the Ricci flow with manifolds that may have unbounded curvature, but
have coarse control on the geometry near each point zg, given by hy-
potheses (1.2) and (1.3) of our main theorem. Indeed, if we combine our
main Theorem 1.1 and Proposition 1.3 with the work of Hochard [15],
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then we find not only that it is possible to start the Ricci flow from such
a manifold (as shown by Hochard), but also that the Ricci curvature of
the resulting flow will be bounded from below, in view of Theorem 1.1,
and that we have quantitative control on the convergence as ¢ | 0 in the
Gromov-Hausdorff sense, in view of Proposition 1.3. In particular, this
allows one to start the Ricci flow with arbitrary Gromov-Hausdorff lim-
its of sequences of complete Riemannian manifolds satisfying hypotheses
(1.2) and (1.3) of our main theorem for each xy € M, and be sure that
the constructed Ricci flow satisfies estimates of the type given in the
conclusions of Theorem 1.1 and Proposition 1.3 for ¢ > 0, and achieves
its initial data in the Gromov-Hausdorff sense. In a subsequent paper
[24] we develop these ideas further in order to prove a stronger result
than the three-dimensional Anderson-Cheeger-Colding-Tian conjecture,
describing the structure of Ricci limit spaces for which we only assume a
noncollapsedness condition like (1.2) at one point in each approximating
manifold.

Implicitly, all Ricci flows in this paper are smooth, and all manifolds
are connected and without boundary.

Acknowledgments. This work was supported by EPSRC grant num-
ber EP/K00865X/1. Key parts of this paper originated at the 2013
Oberwolfach PDE meeting. We would like to thank the MFO and the
organisers Alice Chang, Camillo De Lellis and Reiner Schaetzle for their
invitation.

2. Ingredients in the proof of the main Theorem 1.1

In this section we give three of the main supporting results that will
ultimately be combined to give the proof of Theorem 1.1. Each of
the supporting results can be viewed as weaker versions of the main
theorem, in which we take one or two of the conclusions as additional
hypotheses, and deduce the remaining conclusions. We will also give an
indication of some of the localisation issues that will arise in the proof
by combining the three local supporting results to prove an easier global
version of Theorem 1.1 more along the lines of what was proved in [21].

We first obtain Cy/t decay on the sectional curvatures as in Theorem
1.1, but with the stronger hypothesis (2.2) that the Ricci curvature is
bounded below not just at ¢ = 0 but for all times. Despite the closeness
of these results, Lemma 2.1 will just be one ingredient in the proof
of Theorem 1.1, and will be applied at some different scale as part
of a contradiction argument. A subtle distinction is that the stronger
hypothesis allows us to drop the hypothesis that the Ricci flow is part
of a larger complete Ricci flow with bounded curvature.

Lemma 2.1 (Ric > —K lower bound implies |[Rm| < Cy/t upper
bound). Suppose that (M?3,g(t)) is a Ricci flow for t € [0,T) such that
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By (z0,1) CC M for some xg € M and each t € [0,T). Suppose
further that

(2.1) VOlBg(O) (x(), 1) >v9 >0
and for some K > 0 that
(2.2) Ricyy > —K on By (7o,1) for allt € [0,T),

and that v € (0,1) is any constant.
Then there exists T' = T'(vo, K,v) > 0, Co = Co(vo, K,7) < oo and
no = no(vo, K,7y) > 0 such that for all t € (0,T) N (0, T) we have

C
[Rmlyq < 70 on By (2o,7),

and
(2.3) VoIBy ) (z0,1) = no-

We prove Lemma 2.1 in Section 5. It will involve a Perelman-style
point picking procedure (for which we give a clean exposition in Lemma
5.1) allowing us to blow up a contradicting sequence in order to get a
k-solution with positive asymptotic volume ratio, which is impossible
by a result of Perelman [19, §10.4]. Related arguments have been used
by several authors since Perelman’s work.

If one can see Lemma 2.1 as a version of Theorem 1.1 in which we
assume Conclusion 2 as an additional hypothesis, then the following
lemma can be considered a version in which we assume the curvature
decay of Conclusion 3 as a hypothesis in order to obtain the persistence
of lower Ricci bounds of Conclusion 2.

Lemma 2.2 (Lower Ricci bounds). Let ¢g > 1, K > 0 be arbitrary.
Suppose that (M3, g(t)) is a Ricci flow for t € [0,T), and zg € M
satisfies By (wo,2) CC M for allt € [0,T). We assume further that

(a) Ricy(py > -K on Byo)(z0,2)

(b) |Rm|g <@ on By (wo,2) for allt € (0,T).

Then there exists a T = T(co, K) > 0 such that
Rng(t) > —100KCO on Bg(t) (1‘0, 1)
for all t € [0,T)N[0,7T).

This lemma and its proof is considerably more unorthodox. We do
use the remarkable properties of the distance function under Ricci flow
in order to construct useful cut-off functions, in the spirit of Perelman,
following Hamilton. Indeed we give a self-contained, re-usable exposi-
tion of the theory we need in Section 7 — see Lemma 7.1. Moreover, the
local Ricci control of Lemma 2.2 can be considered a relative of the local
scalar curvature control developed by B.-L. Chen [5]. Indeed, we will
use similar control as an ingredient in the proof, and we give the theory
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we need in Section 8 — see Lemma 8.1. However, the proof of Lemma
2.2 is very different in that it requires a double bootstrap argument. If
one interprets the lemma as obtaining L control on the negative part
of the Ricci curvature, then our argument proceeds in two steps, the
first effectively achieving only LP control in time, for finite p. Lemma
2.2 is just a rescaling of Lemma 9.1, which we prove in Section 9.

A third result that we highlight at this point can be considered the
statement that if we assume both Conclusions 2 and 3 in addition, then
we can deduce Conclusion 1. This result even works in higher dimension.

Lemma 2.3 (Lower volume control). Suppose that (M™,g(t)) is a
Ricci flow for t € [0,T), such that By)(zo,v) CC M for some xg € M
and vy >0, and all t € [0,T). Assume further that

(i) Ricgy > —K on By)(zo,7), for some K >0 and all t € [0,T),
(i1) [Rmlgy < G on Byy(zo,7), for some co < oo and allt € (0,T),
(iii) VolBgg)(zo,7) > vo for some v > 0.

Then there exist g = o(vo, K,v,n) > 0 and T = T(’UQ,C(),K,’)/,TL) >0
such that
VolBy () (20,7) > €0

for all t € [0,T)N[0,T).

Thus, under somewhat weak curvature hypotheses, the volume of a
ball of fixed radius cannot drop too rapidly. Without these hypotheses
the theorem fails. Indeed, there exists a Ricci flow starting with the unit
disc in Euclidean space whose volume becomes as small as we like in as
small a time as we like. An example was given in [11, Theorem A.3] in
two dimensions, which then trivially extends to arbitrary dimension.

Even if one considers only complete or closed Ricci flows, then the
volume of a unit disc could collapse to an arbitrarily small value in an
arbitrarily short time, as we now briefly sketch: Take two round two-
dimensional spheres of radius, say, 1/10. Connect them by a tiny neck
to give a rotationally symmetric dumbbell surface. We pick zg at the
centre of the neck and start the Ricci flow. Initially, the volume of the
unit ball centred at x is of order 1 because the unit ball contains the two
spheres. But virtually instantly, the two spheres fly apart and we are
left standing on a really thin neck, and thus the volume of the unit ball
centred at xg is now as small as we like. The example trivially extends
to higher dimensions by taking a product with Euclidean space, and can
be made rigorous using far simpler technology than that in [12].

We relegate the proof of Lemma 2.3 to Section 11 because those
familiar with the details of Cheeger-Colding theory (not just the state-
ments) could take a different path by verifying that the statements of
Cheeger-Colding [3] also hold in the case that the balls being considered
are compactly contained in possibly non-complete manifolds, at which
point a more direct argument is possible.
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At this point, we have three results that can each be viewed as weak
forms of the main theorem. In Section 10 we will show how they can be
combined to give the full Theorem 1.1. Much of the significance of these
results is that they apply locally. However, there are still two further
ingredients that will be required in order to make the main theorem
apply locally, namely the prior inclusion lemma and the pseudolocality
improvement lemma, and we describe these in Sections 4 and 6 respec-
tively. In order to understand the subtleties of the localisation aspects,
we now sketch how one could prove the simpler global result in which
we assume that the hypotheses of the theorem hold globally, i.e. we have
Ricy(g) > —K throughout, and VolBg)(z,1) > vo > 0 for each x € M,
and ask for the lower volume bound of Conclusion 1 for all zg, and for
the curvature control of Conclusions 2 and 3 globally.

By reducing (and then fixing) vy > 0, we can assume even that
VoIBy o) (x, ) > vor® for each # € M and r € (0, 1], by Bishop-Gromov.
With these constants vy and K, and with v = %, we can appeal to
Lemma 2.1 for constants 7' , Cp and 79, in preparation for the applica-
tion of this lemma later. The lemma will be applied not to g(¢), but a
scaled-up version of g(t). We can choose ¢g = Cp + 1 in the theorem.
In preparation to apply the lower Ricci bounds Lemma 2.2, also to a
rescaled flow, we reduce T if necessary so that this lemma applies with
K = K/(100cp). Here we assume the condition [Rm|y) < ¢ for the co
that we have just defined.

We now claim, as required in this global version of the theorem, that
[Rmlyy < ¢ for all t € (0, T/(100co)]. If not, then take the first
time d > 0 for which this estimate fails, and pick zyg € M such that
|[Rm|y5)(20) = % If we then parabolically rescale up time by a factor
so that § increases to T' , which is a factor of at least 100cy, then we get
a new Ricci flow §(t) on [0,7] such that |[Rm| gt < P, with equality at
t =T at the point zy. Also, after the scaling, Ricg(g) > —K/(100co).

We can then apply Lemma 2.2 to g(t), centred at zp, to deduce that
Ricg) > —K in a ball centred at 2, for all ¢ € [0, T). Applying Lemma
2.1, again to §(t) and centred at 29, we deduce that |[Rm|sq)(20) <
Co/t < o/t for t € [0,T], but by hypothesis, ]leg(f,)(zo) = %, which
is a contradiction. Thus, we’ve proved that

Ry < 070 over t € (0,7

where T := T//(100¢g). Lemma 2.2, applied this time to g(t), then gives
the bound

Ricy(y > —100coK  for t € [0, 7],

which is the second conclusion of the (global) theorem. Finally, Lemma
2.3 gives the desired volume lower bounds of the first conclusion of the
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theorem, and this completes the sketch proof of the main theorem in
the global case.

The main subtlety that arises in the proof of the local Theorem 1.1 is
that the contradiction point zg in the argument above could arise near
the boundary of our local region. To overcome this we will need the full
strength of the local aspects of our three main ingredients, and more.
The proof can be found in Section 10.

3. Nested balls

At the heart of this work is the remarkable behaviour of the dis-
tance function under Ricci flow. In this section we use local versions
of the estimates of Hamilton [14, §17] and Perelman [19], valid in any
dimension, to establish sharp control on when balls of different radii at
different times are nested. None of the Ricci flows in this section need
be complete.

Lemma 3.1 (The expanding balls lemma). Suppose K > 0 and 0 <
r < R < oo, and define Ty := 4 log(R/r) > 0. Suppose (M, g(t)) is a
Ricci flow fort € [0,T] on a manifold M of any dimension. Suppose that
rg € M and that By (wo, R) CC M and Ricyy) > —K on Byy)(zo, R)
for each t € [0,T]. Then

(3.1) Bg(O) (xo,’l“) C Bg(t) (xo, TeKt) C Bg(t) (fL‘o, R)
for allt € [0,T] N[0, Tp].
Proof of the Lemma 3.1. By scaling, we may assume that R = 1. Define

(3.2)
T} := sup {s € [0, min{T, To}] : By(o)(wo,7) C By (o,1) Vt € [0, 3)}

€ (0, min{T, Tp}].
Because By (wo,7) C By (o, 1) for all t € [0,T1), we can exploit the

Ricci lower bound hypothesis to find that for all = € Byy(wo,7), we
have

dg(t) (.1‘, :17()) § ethg(O) (a;, .CU[)),
for all ¢t € [0,71), and by continuity, even for ¢ € [0,71]. In particular,
we have

(3.3) dg(e)(x, w0) < reft < ¢ K(To=T1)

by definition of Ty, and hence that

Bg(O) (wo, 7“) - Bg(t) (xo, 67K(TO*TI))
for all t € [0,71]. If Ty < min{T,Tp}, so that e KTo=T1) < 1  then
this would contradict the definition of T;. Therefore we have T} =
min{7, Ty}, and (3.3) implies (3.1) as required. q.e.d.
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With an upper Ricci bound, we can nest balls in the opposite sense.
By convention, balls with negative radii are empty.

Lemma 3.2 (The shrinking balls lemma). Suppose (M, g(t)) is a
Ricci flow for t € [0,T] on a manifold M of any dimension n. Then
there exists a constant B > 1 depending only on n such that the following
is true. Suppose xo € M and that Bgy)(wo,r) CC M for some r > 0,

and Ricyyy < (n —1)f%(t) on By (zo,r), or merely on Byg)(xo,r) N
By (xo,r — gfot f), for each t € (0,T], where f:(0,T] — [0,00) is a

continuous integrable function. Then

(3.4) Bg([)) (xo, 7“) D) Bg(t) (l’o, r—= g fg f)
for allt € [0,T].

Noting that |Rm| bounds the size of the largest sectional curvature,
we instantly have the following corollary, which will account for most
applications in this paper.

Corollary 3.3 (The shrinking balls corollary). Suppose (M, g(t)) is a
Ricci flow fort € [0,T] on a manifold M of any dimension n. Then with
B =03B(n)>1 as in Lemma 3.2, the following is true. Suppose xo € M
and that By (wo,7) CC M for some r > 0, and [Rmlyy) < co/t, or
more generally Ricyy < (n—1)co/t, on By(o)(wo, )N By (2o, 7— [/ cot)
for each t € (0,T] and some co > 0. Then

(3.5) Byoy(z0,7) D By (mo,r — B+/cot )
for allt € [0,T]. More generally, for 0 < s <t <T, we have

By(s) (a:o,r — B,/cos) D By (xo,r — B\/cot) .

Proof of Lemma 3.2. 1t is a result of Hamilton and Perelman (embed-
ded in the discussion in [14, §17] and [19, Lemma 8.3(b)], using the
idea of Bonnet-Myers) that if g(¢) is a Ricci flow on M for ¢ in a non-
trivial interval containing ¢y € R, and ~ : [0,1] — M is any minimising
geodesic with respect to g(to) such that Ricgy) < (n—1)K at all points
along ~, then

d
(3.6) - Lg(t)( ) > —*\/7
dt |y,
where 8 := 84/2/3(n — 1) > 1. This § is to be the value of 5 in the
lemma.
To prove the lemma, it suffices to show that for arbitrary € > 0, we
have

(3.7) Bg(o)(mo,’l“) OB g(t) (mo, 5 f(] — 6 1 —|—t )
for all t € [0, 7.
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Suppose instead that this is false for some Ricci flow, ¢ > 0 and
function f etc. Then there exists a first time ¢y € (0,7] at which it
fails, and we can find a point

Y€ Byyy (0.7 = 5 3 — (1 +t0))

such that dy)(y,z0) = r. We can then find a minimising geodesic v
connecting zg and y with length

to

(38) L) <=5 [ f=e1+t0)

all of which lies within both Bg)(zo,7) and By, (mo,r - gfoto f),

where Ricy,) < (n — 1)f%(to) has been assumed. In particular, by
(3.6), we have

4
dt t=to

On the other hand, because ty is the first time at which (3.7) fails and
y & Bgyo)(wo,7), for all s € [0,t9) we have dgy(s(w0,y) > 7 — 5 fo f—
e(1+ s), and in particular,

Lgs)( r—/f—sl—l—s

Subtracting from (3.8), we obtain

g

(3.9) Lyw(1) = =51 (to).

to
Lgtoy(7) — Ly )< —3 f—e(to—s),
and hence p 8
=L < —Zfty) —
|, Lo S 5/ e,
which contradicts (3.9). q.e.d.

The following lemma gives the nesting of balls whose centre is different
from the centre of the balls on which we have curvature control. It also
gives control on the distance function, for possible future use.

Lemma 3.4 (Displaced balls and distance comparison lemma). Sup-
pose that (M™,g(t)) is a Ricci flow for t € [0,T], and that for some
ro € M and r > 0, we have Byy)(wo,5r) CC M for all t € [0,T].
Suppose further that for some K > 0 we have

Ricg(t) > -K on Bg(t) (.730, 57‘),

for all t € [0,T]. Then for any t € [0, min{T, + log 2}] there holds:
1) For any x € By)(zo,7) and radius s € [0,2r], we have
Byo)(x,5) C By (x, se™') C By (o, 5r);
2) For any x,y € By)(zo,7), we have dgy)(z,y) < ethg(O) (z,y).
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If in addition |Rm|yy < co/t, or more generally Ricyyy < (n — 1)co/t,
on By (xo,57), for some co > 0 and for all t € [0,T], then taking
B =B(n)>1 as in Lemma 3.2, and taking any t € [0, min{T, & log 2}],
there holds:

8) For any x € Byo)(7o,7) and radius s € [0, 3r], we have

Byo)(,8) D By ( — By/cot )
4) For any x,y € B xo,7), if additionally t <
9(0)

(310) dg(()) (l" y) — BVeot < dg(t) (337 y)
Proof of Lemma 3.4. By Lemma 3.1, with R = 2r, we have

o 62 , then we have

x € By(o)(w0,7) C By (0, 21)
for ¢ € [0,7] such that ¢t < + log2, and hence
(3.11) Bg(t) (SU, 3’!“) C Bg(t) (xo, 57‘).

Since this is where we have the Ricci lower bound, we can apply Lemma
3.1 again, this time centred at x, and with r there equal to s € [0, 27]
and R = 3r to find that

(3.12) Byoy(z,5) C By (, seft) ¢ By (z,3r),

fort € [0,T] with ¢t < % log %, as required in the first part of the lemma.
For the second part, we can take s = dy)(,y), in which case

y € Byy(z,5) C Byy(z, seX?)

as required for part 2.

Now assume that we have the additional upper curvature bound,
which by (3.11) will hold throughout By (x,3r). Part 3 then follows
instantly from Corollary 3.3. To prove part 4, we will apply part 3 with
s := dgw)(z,y) + Bv/cot. Part 2 of the lemma tells us that dg) (=, y) <

Zd © )( y) < %, and so s < 3r as required for an application of part

3, thh then tells us that

Y € By (w, dyy(z,y)) = Byy(z,5 — BV cot) C Byoy(z, 5),
i.e. that dg(o)(ac, y) < s, as required. q.e.d.

Proof of Proposition 1.3. By parabolically scaling up the Ricci flow g(t)
so that the balls of radius 1 become of radius 2, we can apply Theorem
1.1 with ¢ = 1. Scaling back to the original flow, we are left with
bounds Ricy) > —K and [Rmlgy < 9 on By (xo, 1/2), for each
€ [0,7) N (0,T), where T, ¢y and K depend only on vy and K. We
can therefore apply Lemma 3.4 with » = 1/10. The second and fourth
parts of that lemma imply the proposition, for a possibly smaller T > 0.
q.e.d.
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4. Prior inclusion lemma

Any smooth locally defined Ricci flow will enjoy ¢g/t curvature decay
over some short time interval. The following useful lemma tells us that
while this is true on a rapidly shrinking local ball, we can take any point
zo in one of these rapidly shrinking balls, say at time ¢y, and be sure
that there is a well-controlled space-time region centred at zg, that lives
within the region with ¢q/t curvature decay. The closer this space-time
‘cylinder’ gets to time tg, the thinner we must make it in space.

Lemma 4.1 (Prior inclusion lemma). Given an integer n > 2, take

B > 1 as in Lemma 3.2. Suppose that (M™, g(t)) is a Ricci flow for

t€[0,T), 2o € M, 19 >0,co >0, L>0 andty € (0,T) with tyg <
2

m. Suppose further that Bgy)(zo,m0) CC M, and [Rm|yy) <

S, or more generally Ricyyy < (n — 1) throughout Bgy)(zo,70) N

By (zo,m0 — (L + 1)B+/cot) fort € (0,t0]. Then for any

20 € By(y) (w0, 70 — (L + 1)Bv/coto)
and for all a € (0,1) and t € [0, a*tg], we have

By (20, L(1 =) BV coto) C By (wo, 70— (L41)Bvcot) C Byoy(wo,70)-

Proof. The shrinking balls Corollary 3.3, with ¢ there equal to (L +
1)%2¢cq here, and r there equal to ry here, tells us that Bg(t)(xo,ro —
(L + 1)B+/cot) C Byo)(wo,m0) for all t € [0,%p]. We then make a sec-
ond application of the shrinking balls Corollary 3.3, but now with ¢y
there equal to cg here, and with » < rg chosen so that the rapidly
shrinking ball By (w0, 70 — (L + 1)B+/cot) above agrees with the (pre-
viously smaller) ball By)(zo, — 8v/cot) at time to. That is, we take
r = rg — LB+/cotg > 0. The output of the shrinking balls corollary is
now, for each t € [0, ¢o], the inclusion

By( (0,7 = BV/eot) 2 Byg) (w0, 7 = Bv/eolo)
= By(1) (20,70 — (L + 1)B/colo),

and so by definition of r, we have

20 € Bg(t) (1‘0, ro — LB+/coto — ﬁ\/cot).
Fattening by an amount LS3./co(v/to — V/t), we find that

By (Zo,Lﬁx/a(\/t»— ﬂ)) C By (wo,70 — (1 + L)BVcot) .

If we further constrain ¢ < a?t, then this smaller ball contains the ball
By (20, L(1 — ) B+/coto) as required. q.e.d.

One key application of the lemma above is the following, in which z
is further constrained to be a first point where good curvature decay
fails.
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Lemma 4.2. Given an integer n > 2, take 8 > 1 as in Lemma 3.2.
Suppose that (M™, g(t)) is a Ricci flow fort € [0,T), zg € M, 9 > 0,
co > 0 and L > 0. Suppose further that By (xo,m0) CC M. Then at
least one of the following assertions is true:

,',.2
1) For eacht € (0,T) witht < Fragtign we have By, (xo,m0 — (L+
1),3\/0015) C Bg(O) (1'0,7"0) and

¢
|Rm|g(t) < ?O throughout By (wo,m0 — (L + 1)8v cot).
2) There exist ty € (0,T) with ty < m and
20 € Byy)(zo,m0 — (L + 1)B+/coto) such that

o
to’

Q = |Rm|(20,t0> =

and for all a € (0,1) and t € (0, aty], we have
Bg(t) (Z(), L(l — a),B\/ C()t[)) C Bg(t) (1’0, o — (L+ 1)ﬁ\/ Cot) C Bg(O) (1’0, TQ),
and |Rm|(z,t) < co/t for all x € Byy)(z0, L(1 — a)B+/coto)-

2
"o

Proof. Suppose first that for each ¢ € (0,7) with ¢ < Ptz Ve

have
c
\Rm\g(t) < ?0 throughout By (xo,70 — (L 4+ 1)B+v/cot).

Then the shrinking balls Corollary 3.3 tells us that By (w0, 70 — (L +
1)Bv/cot) C Byy(wo,7m0) and we are clearly in case 1 of the lemma.

2
Otherwise, there must exist a first time ¢y € (0,7) with ¢y < m
and zo € By(,)(zo,70 — (L + 1) B+/coto) such that
co
@ = |[Rm|(20,t9) = "
0
In this case, Lemma 4.1 tells us that we must be in case 2. q.e.d.

5. Curvature decay under Ricci lower bounds —
Proof of Lemma 2.1

Arguably, the most logical order for this paper would now see us
proving Lemma 2.3. However, we relegate that proof to Section 11 for
the reasons discussed in Section 2.

Before beginning the proof of Lemma 2.1, we give a simple but impor-
tant lemma clarifying that our Ricci flows either enjoy good curvature
decay properties or they contain a point of large curvature, with no
point of much larger curvature nearby.
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Lemma 5.1 (Curvature decay or no decay lemma). Given an integer
n > 2, take f > 0 as in Lemma 3.2. Suppose that (M™,g(t)) is a Ricci
flow for t € [0,T], xg € M, 79 > 0 and ¢y > 0. Suppose further that
By (zo,m0) CC M for eacht € [0,T]. Then at least one of the following
assertions is true:

1) For each t € (0,T] with t <
By o)(z0,70) and

\Rm\g 1) < 070 throughout By (zo,70 — BV/cot).

(D) (!Ko, ro — 38 \/at_)

9t (0,70 — By/cot) C

2
L0
5200 )

2) There existt € (0,T) witht< -

5
such that .
= [Ru|(z,7) >
and
(5.1) [Run|(z, £) < 4Q = 4R (7, 7

H—|

whenever dy (7, T) < %Q‘UQ and t — %COQ_I <t<

Note that in Assertion 2, we are obtaining the control of (5.1) for

S Bg@( BCOQ 1/2 ) C Bg(g) (f, gx/ Cof> C Bg(g)(xo,ro).

This lemma has as content a point picking argument of Perelman. It
is philosophically important to appreciate that although the region in
Assertion 1 is always a subset of the ball By)(zo,70), and in Assertion
2 the point T that we find is always within By (wo,70), in contrast z
could be a vast distance from xg with respect to g(0).

Proof of Lemma 5.1. By parabolically rescaling g(t), we may assume
that o = 1. We begin by proving an initial claim that under the
conditions of the lemma, either Assertion 1 holds (with rg = 1) or the
following holds (or both hold).
3) There exist ¢ € (0, 7] with t< - and T€ By (azo, — %B\/cot_>
such that |Rm|(Z,t) > co/t, and S0

7= dyg() (T, $0)+7|Rm|( 1)~ 1/2<1—*ﬁ\/60t<1

but also so that for all ¢t € (O,t} and x € M with dg)(z,70) < T,
and |[Rm|(x,t) > co/t, we have
[Rm|(x,t) < 4[Rml(z, ).
By smoothness, for sufficiently small ¢t > 0, we will have By (wo,1 —

Bv/cot) CC M and |[Rm|yy) < co/t within that ball. By the shrinking
balls Corollary 3.3, while these facts are true, we must have By (o, 1—

Bv/cot) C Bgy(o)(7o, 1), and in particular the only way that Assertion 1 of
the lemma can fail is if there exists some first time ¢; € (0,7 with ¢; <
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BTICO and a point x1 € Byy,)(zo,1 — B+/cot1) such that [Rm|(z1,t1) =

Co / t1.

If t1 and x1 serve as the ¢ and Z that we seek for Assertion 3 to hold,
then we have proved our initial claim. If not, then there must exist
some tg € (0,¢1] and x2 € M with

Be -
dg(tg)(l'g,xo) < dg(tl)(xl, xo) + TO|Rm|(ac1,t1) 1/2

< (1= BVeot) + iﬁv cot1

=1-— (1 — %)ﬁ\/COtl

3
<1- ZBV cota

such that [Rm|(x2,t2) > co/t2 and |Rm|(z2,t2) > 4|Rm|(x1,t1). Again,
if t5 and 9 serve as the ¢ and Z that we seek, then our initial claim is
proved. If not, we pick t3 € (0,t3] and x3 € M with

(5.2)

(5.3)
dg(t5) (73, 20) < dg(s,) (72, 0) + %]Rm](m,m)*lﬁ
< Ay (o1,70) + P Ranlr, 10) 2 4 P R, 1)
<1-(1-5 - DBVah

<1- gﬁv cot3

such that |Rm|(z3,t3) > co/ts and |Rm|(x3,t3) > 4|Rm|(z2,t2). After
k — 1 iterations of this procedure, we have t; € (0,7] with t; < ﬁ,
and x, € M with

1 1 1 1
Aty (Ths 20) < 1 — <1— 173 16 2k>5 ot
1
(54) :1_(7+2—k)6 COtl

2
1
<1- 55\/ coty

such that |Rm|(zg,tr) > co/tr and |[Rm|(zy,tx) > 45 HRm|(z1,t1).
Since the curvature is blowing up under this iteration, but the curvature
is bounded uniformly over ¢ € [0,7] and Bg)(zo, 1), the iteration must
eventually terminate, and our initial claim follows.

To prove the lemma, it suffices to show that when Assertion 3 holds,
then Assertion 2 must hold using the same T and ¢ (and with ro = 1).

We claim that for f—%coQ_l <t <t andx € M with dy)(z, z0) < T,
we have (5.1). For such a value of ¢, because @ = |[Rm|(Z,t) > ¢o/t, we
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deduce that gf < t. Thus if the claim were not true for some x, t, then
we would have
460 760 Co
Run|(z, 1) > 4Q > 10 > T0 > &
and so by Assertion 3, we deduce that (5.1) must hold after all, giving
a contradiction.
It remains to show that the ball By (7, @Q_l/ 2) considered in As-
sertion 2 lies within the ball By ) (zo,7) where we have just established
the curvature bound (5.1). Using the curvature bound, we can apply

Lemma 3.2 with constant f = 2Q/2 and r = 7 to find that
By (20,7) D By (w0, 7 — BQYA(T —1)).
But by the constraint on ¢, we have
P BQUAT 1) 2 7 — LB = dy(E o) + L0,

and so

+ 20012 5 B, 2, 2001,

as required. q.e.d.

By(t)(20,7) D By(p) (2o, dg(p) (2, o)

We now turn to the proof of Lemma 2.1. A global version of this
result can be found in [21, Lemma 4.3]. After this paper appeared
in preprint form in 2016, it was shown in [17] that the proof below
extends word-for-word to higher dimensions if one adapts the curvature
hypothesis appropriately.

Proof of Lemma 2.1. By Bishop-Gromov, VolB)(zo,7) has a positive
lower bound depending only on vg, K and 7. Applying Lemma 2.3 to
g(t), we see that there exists g > 0 depending only on vy, K and =
such that for each ¢y < oo, there exists T depending on vy, K, v and
¢o such that prior to time T and while [Rm|y) < co/t still holds on
By)(0,7), we have a lower volume bound

(5.5) VOlBg(t) ($0, 1) > £0-

From this we deduce that it suffices to prove the lemma with the
additional hypothesis that (5.5) holds for each ¢ € [0, 7). In particular,
we can ignore the second conclusion (2.3).

Let us assume that the lemma is false, even with the extra hypothesis
(5.5), for some vg, K > 0 and v € (0,1). Then for any sequence ¢,, — o,
we can find Ricci flows that fail the lemma (despite the extra hypothesis
(5.5)) with Cyp = ¢, in an arbitrarily short time, and in particular within
a time ¢, that is sufficiently small so that c¢,t, — 0 as n — oco. By
reducing t,, to the first time at which the desired conclusion fails, we have
a sequence of three-dimensional Ricci flows (M, gn(t)) for ¢ € [0,,]
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with ¢, | 0, and even ¢,t, — 0, and a sequence of points z,, € M,, with
By, #)(xn,1) CC M, for each t € [0,1,], such that

(5.6) VolBg, (0)(2n, 1) > vo,

(5.7) VoIBg, (1) (zn, 1) > €9 for all ¢ € [0, t,],

(5.8) Ricg, ) > —K on By, ) (7, 1) for all t € [0,1,],
and

(5.9) IRml;, ) < %? on By, (1 (@n, ) for t € (0,1,),
but so that

(5.10) Rmlz, () = ;—n at some point in m.

n
As a consequence, if we apply Lemma 5.1 to each §,(t), with rg =
(1+7)/2 and ¢y = ¢, (after deleting a finite number of the initial terms
so that ¢pty, is small enough) we find that Assertion 1 cannot hold, and
thus Assertion 2 must hold for each, giving times ¢, € (0, ¢,] and points

Ty € B n(Fn) (Tp,T0 — 2B\/Cntn ) such that
(5.11) IRmg, 1) (z) < 4[Rmlg, 7,)(Zn)

whenever dg i y(2,Zn) < ﬁc” Qn1/2 and ¢, — fch L <t <t,, where
Qn |Rm]gn tn)(xn) > cn/t — 0.

Conditions (5.7) and (5.8), together with Bishop-Gromov, imply that
we have uniform volume ratio control
VolB;, (#.) (Zp, )

3
for all 0 < r < (1 —~)/2, where 1 depends on ¢y, K and ~.

We then perform a parabolic rescaling to give new Ricci flows defined
by

(5.12)

>n>0

( ) Qngn( +t )

for t € [—1 3¢n,0]. The scaling factor is chosen so that

(5.13) |Rm|gn(0) (fn) =1

but by (5.11) the curvature of g,(t) is uniformly bounded for ¢ €
[—%cn,0] and o € By, 0)(Zn, §6¢n). The volume ratio estimate (5.12)
transforms to

VOlBgn (0) (fn, T)

(5.14) 3

>n>0

forall0<r <1 Q1/2

With this control we can apply Hamilton’s compactness theorem to
give convergence (M, gn(t),ZTn) — (N, 9g(t),Ts), for some complete
bounded-curvature Ricci flow (N, g(t)), for t € (—00,0], and = € N.
By Hamilton’s refinement of Hamilton-Ivey pinching, in particular its
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application given by Chow and Knopf [7, Corollary 9.8], we know that
every three-dimensional complete ancient Ricci flow of bounded curva-
ture, and in particular g(t), must in fact have nonnegative sectional
curvature.

Moreover, (5.14) passes to the limit to force g(¢) to be k-noncollapsed
at all scales, and to have positive asymptotic volume ratio. This in turn
tells us that g(t) is a k-solution in the sense of Perelman [19, §11]. But
Perelman’s theorem [19, §11.4] then tells us that the asymptotic volume
ratio at each time must be zero, which is a contradiction. q.e.d.

6. Pseudolocality improvement lemma

In this section we develop Lemma 2.1 using Perelman’s pseudolocality
lemma. In order to apply that result, we need to assume that we are
working on a complete bounded-curvature Ricci flow.

The idea is that whereas before we assumed that the Ricci curvature
was bounded below for all times, now we only assume such a lower bound
for some initial time period. This improvement will ultimately help us
to localise our results. A previous instance where pseudolocality was
used in a localisation argument is [23, Theorems 1.1 and 1.5] although
the argument in the current paper is considerably shorter. R. Hochard
used a related method to prove [15, Theorem 2.4].

Lemma 6.1. Given vy > 0 and K > 0, there exist T € (0,1], Cy €
[1,00) and a € (0,1), such that the following is true. Suppose that
(M3,g(t)) is a complete bounded-curvature Ricci flow for t € [0,T],
with 0 < T < T. If, for some xog € M, we have

(6.1) VOlBg(O) ({L‘(], 1) >vg >0
and
(6.2) Ricy) > —K on By(zo,1) for all t € [0, o277,
then for all t € (0,T] we have

Co
(6.3) [Rml () (20) < =

We will need a slight extension of Perelman’s second pseudolocality
result:

Theorem 6.2 (cf. Perelman [19, §11.3], [2, 18]). Given n € N and
0o > 0, there exists € > 0 such that if ro > 0 and (M", g(t)) is a complete
bounded-curvature Ricci flow for t € [0,T], 0 < T < (erg)?, with the
properties that [Rmlgyg) < o2 on By0)(z0,m0) and VolBygy(wo,70) >
torg, for some xo € M, then |[Rml|yy < (ero)™? for any t € [0,T],
throughout By (wo,€ero)-
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Proof of Theorem 6.2. By scaling, we may assume that ro = 1. The
only difference to what was stated by Perelman is that he assumed
that VolB,(g) (7o, 1) was almost the volume of the unit ball in Euclidean
space. To reduce to that case, note that our weaker volume hypoth-
esis, coupled with the curvature hypothesis, implies a positive lower
bound on the injectivity radius injyq)(zo) depending only on n and
vo. Gunther’s theorem [10, §3.101] then tells us that the volume ratio
VolBy () (wo, ) /r"™ is large enough to invoke Perelman’s version for 7 > 0
sufficiently small depending on n and vg, giving a curvature bound at
later times on balls of an even smaller radius. q.e.d.

Proof of Lemma 6.1. For the vy and K as in the lemma, we can pick
T to be the constant T'(vo, K,1/2) given by Lemma 2.1, or take 7' =
1, whichever is the smaller. For each a € (0,1), that lemma then
applies to our Ricci flow g(t) to give that for each ¢ € (0,a2T] we have
\Rm\g(t) < C()/t on Bg(t) ((L‘o, 1/2) and VOIBg(t) (330, 1) >no > 0, with Cj
and 79 depending only on vy and K. Without loss of generality, we may
assume that Cy > 1.

Thus we have established the desired conclusion for ¢ € (0, a*T]. We
now need to show that we can establish a curvature bound at xzq for
the remaining time ¢ € [T, T, provided we choose o € (1/2,1) large
enough.

Defining rq := %, / Clo < %, we have shown that

Co 4C)y _
’Rm’g(aQT) < 2T < K =7 2 on BQ(QQT)(I‘O, 1/2) D Bg(azT)(xg,To).
Bishop-Gromov will give us the volume bound VolB 427 (zo,70) > 60r8
for some 99 > 0 depending only on 79 and K, and hence only on vy and
K. We can then apply the pseudolocality Theorem 6.2, starting at time
a?T, to deduce a curvature bound

_ 40y
- eT
for t € [a®T,a®T + (er)?] N [0, T] over By (xo,er0), where e € (0,1)
depends only on vg, i.e. only on vy and K.

Thus we have established the desired conclusion provided we pick
a € (1/2,1) large enough so that o®T + (erg)? > T, e.g. we can take
a? =1 —¢2/(4C)), albeit with (6.3) holding for Cy replaced with C},
4Cy

sufficiently large so that C{/t dominates —zp over this time interval

[T, T + (e79)?] N [0, T] (e.g. we can choose C}) = 4Cpe~2).  q.e.d.

Ry < (e70)

7. Perelman cut-off functions

In this section we explain how it is possible to construct useful cut-
off functions that are sub-solutions to the heat equation on manifolds
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evolving by Ricci flow using the estimates and methods of Perelman
[19].

Lemma 7.1. Let ¢p > 0, e € (0,1), 0 < 7y < rg andn € N be
arbitrary. Suppose that (M™, g(t)) is a smooth Ricci flow fort € [0,T),
and xo € M satisfies By (wo,m2) CC M for all t € [0,T). We assume
further that
co(n—1)

t
for all t € (0,T). Then there exist constants T = T(co,r1,79,n) >
0, k = k(r1,r2,e) > 0, V.= V(r1,re,e) > 0, and a locally Lipschitz
continuous function h: M x [0,T)N[0,T) — R, such that

(i) h(-,t) = e on By (w0, 1) and h(-,t) = 0 outside By(wo,72)
for all t € [0,7)N[0,T), and h(z,t) € [0,e ] for all (z,t) €
M x ([0,7)N[0,7))

(1) %h < Ayh and |Vh| < VRh'=¢ in the following barrier sense.
For any (z,t) € M x (0,7) N (0,T) we can find a space-time
neighbourhood © € M x ((0,7) N (0,T)) of (z,t) and a smooth
function H : O — [0,00) such that H < h on O, H(x,t) = h(x,t)
and %H(az,t) < AyH (x,t) and [VH|(z,t) < V|H(x, )] .

Ricg(t) < on Bg(t) (Io, \/£)7

Remark 7.2. An inspection of the proof shows that in fact we can

. ) 2
take V = m, k= W’ and T = mln{r%,a%} for some

universal o > 0.

Remark 7.3. Although we state the lemma for a given k, it will
then also hold if we increase k to some other k > k, simply by replacing
h(z,t) by e*=Rth(z, ).

Proof. The construction is similar to the one given in Perelman [19].
The definition of h will follow [22]. Let ¢ : R — [0,1] be a smooth
function with the following properties.

(i) ¢(r) =1 for all » <7y, ¢(r) =0 for all r > ry,

(ii) ¢ is decreasing: ¢’ <0,

(i) ¢ > —ag,

(iv) [P <b
where a and b can each be taken as positive universal constants mul-
tiplied by (ro — r1)~2. To find such a ¢, first construct a function ¢
having the properties (i)-(iv) for r; = 1, ro = 2 and for some universal
constants a,b > 0, and then define ¢(x) = p(ZHr2=2r1),

r2—T1

For 0 < r <1y <1, set npr =n = ¢P, with p :=1/e. Then we

2(p—1)
have: [/[? = [p" /|2 = 6 2|¢/2 < bpA(¢7) = V2p20 )
with V2 = bp?, and hence

(7.1) '] < Vinl'==.
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Furthermore, 1”(z) = p(p — 1)¢P~2(¢))? + pdP~1¢" > —apgP~l¢ =
—app? = —apn, and so with k = ap, we have

(72) 77” 2 _knv

Let t € (0,7) N (0, 7“%) Then we have Ric < (n — 1)K on Bg(t) (x0,70),
where K = % and rg = v < ri. Using [19, Lemma 8.3(a)], for
x € Byy(z0,72) \ Bg(1)(0,70) we have

<;_A>a%wz—m—n@Km+%U

(73) = - DOVt )

where d(x,t) is shorthand for dy)(x,20), and mg = (n — 1)(3co + 1).
This differential inequality is to be understood in the following barrier
sense: Each (z,t) as considered has some space-time neighbourhood
O C M x (0,T) on which there exists a smooth function D : O —
[0,00) with the properties that (i) d(y,s) < D(y,s) for all (y,s) € O,
(ii) d(z,t) = D(z,t), and (iii) (% —A) D(z,t) > —%. (Perelman
proves this by constructing a family of piecewise smooth paths from zg
to points y near x, whose lengths with respect to any smooth metric
represent a smooth function of y. He then sets D(y,s) > d(y,s) to
be the length of the path to y with respect to ¢g(s) and shows that it
satisfies the required differential inequality.) Note that because d is a
Lipschitz function with |Vd| < 1 where it is differentiable, we see that
|IVD|(z,t) <1 automatically.

Choose 71 = % between ri and r2, and let n = 77 ,, be the
cut-off function for 0 < 71 < r9 as described above, and define h :
M x ([0,T)N[0,T)) — [0,1] by

h(z,t) = e Mn(d(z,t) + 4moV/t),

where 7' := min{r?, (;’gr‘ngf }. As demanded by the lemma, if d(z,t) >

7o then h(z,t) = 0. Moreover, if d(x,t) < ri (note t < T) then d(z,t)+
4moVt < r1+(ro—r1)/2 = 71, and we must have h(z,t) = e *. Clearly
h(z,t) € [0,e7*] always. This settles part (i) of the lemma.

To make sense of the differential inequalities of the lemma, we need
to define a barrier function H near an arbitrary (z,t) € M x ((0,7) N
(0,7)). For the given ¢, if x lies outside By)(zo,72), then we have
already seen that h(z,t) = 0 and we can take the barrier H = 0 on an
arbitrary neighbourhood of (x,t). If z lies within By (w0, 70), then we

—kt

have already seen that h(z,t) = e” ", and revisiting that argument we
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see that in fact h(y,s) = e~* for (y,s) in a neighbourhood of (z,1).
Therefore in this case we can set H(y, s) = e ** in that neighbourhood.
In the remaining case that x € By)(zo,72) \ Byt)(zo,70), we define

H(yv S) = eiksn(D(y’ 8) + 4m0\/§)’
for (y, s) in the neighbourhood O of (z,t) where D is defined as before,
truncated if necessary so that O lies within the domain of definition of
h. Clearly H(x,t) = h(x,t), and because 7 is a decreasing function, we
have H(y,s) < h(y,s) for all (y,s) € O. To prove that |Vh| < Vh!=¢
in the claimed barrier sense, we must merely prove the same inequality
for H at (z,t), so we compute, using (7.1),
[VH(z,t)] < e |5/ (D(z, 1) + 4mov1)]
< Ve kin(D(x,t) + 4moVt)|* ¢
< VIH(z, )" e M < VIH(z, )],

as desired. Furthermore, using 7' < 0 and (7.2), we see that

0 0
(a — A)H(z,t) = e "9/ (D(x, 1) + 4moV/1) - (a — A)D(z,t)
2
+ e (D(a, )+ 4mov) -~
— e My (D(a,t) + 4moVt) VD (2, )
— ke *n(D(x,t) + 4moV/t)
7.4
(74) < —e *y(D(z,t) + 4moV/t) - %
_ 2myg
+ kt . / D ,t "‘ 4 \/_E Lo
e (D(x,t) + 4moVi) 7
< eF (D(x, 1) + 4mov/E) - %
<0,
which completes the proof. q.e.d.

8. Local lower scalar curvature bounds

In this section we prove local preservation of lower bounds for the
scalar curvature, in preparation for a similar result for Ricci curvature.
Our lemma should be compared with earlier estimates of B.-L. Chen |5,
Proposition 2.1], and the techniques in [22].

Lemma 8.1. Let ¢g, K > 0, v € (0,1) and n € N be arbitrary.
Suppose that (M™,g(t)) is a Ricci flow for t € [0,T), and zy € M
satisfies By (wo,1) CC M for allt € [0,T). We assume further that
(a) Ry) 2 =K on Byg)(zo,1)
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(b) Ricy(y) < 00(2_1) on By (zo, Vt) for all t € (0,T).

Then there exist T = T(co, K,v,n) > 0 and 0 = o(K,~) > 0 such that
Ry = —Ke?' > —2K  on By (20,1 —7)
for all t € [0,T)N[0,7T).

Remark 8.2. In fact, by incorporating the shrinking balls Corollary
3.3, we need only assume that the unit ball centred at zq is compactly
contained in M at time 0, not at all times, although we will not require
this fact.

Remark 8.3. A slight modification of the proof would allow us to
replace the conclusion of the lemma with the stronger assertion that
Ryt = —K on By (wo, 1 — ), provided we impose a lower bound on
K, depending on v. We do not use this fact.

Proof. Let h be a cut-off function of the type defined in Lemma 7.1,
with ¢ = %, r1 = (1 — ) and ro = 1. In particular, there exist k =
k(v) > 0,T =T(co,n,7) >0and V = V(v) > 0 so that h is defined on
M % ([0,T)N[0,T)), h(z,t) € [0, e~ throughout, and for all t € [0,7)N
[0,T), we have h(-,t) = e on By (w0, 1 — ) and h(-,t) = 0 outside
Byt)(z0,1). Moreover, we have (% — Ayh <0 and |Vh2 < V2p3/2 in
the barrier sense as in that lemma.

For fixed, arbitrary 6 > 0, define the function f : M x ([0,7) N
0,7)) = R by

f(z,t) = h(z,t)R(z,t) + (1 + ) Ke®,

where b := 3V4/K. Clearly we have f(-,0) > 0 throughout M, and
f(z,t) > 0 for each t € [0,7) N [0,T) and x outside By)(zo, 1)

Claim. We have f > 0 throughout M x ([0,7) N [0,T)).

Assuming the claim for a moment, for each ¢ € [0,7) N [0,7) and
throughout By (7o, 1 — ), we have e MR+ (1+0)Ke" >0,ie R>
—(1+0)K e(Uth)t and because § > 0 was arbitrary, this implies

R > —Ke(b+k)t.

By reducing T > 0if necessary so that e(O+R)T < 2, this implies the
lemma.

Proof of Claim. Suppose contrary to the claim that there exists some
first time to € (0,7) N (O,T) at which there exists a point pg € M
where f(po,to) = 0. It is clear that R(po,t9) < 0 and h(pg,to) > 0. By
Lemma 7.1, there is a neighbourhood O of (py, tg) where a nonnegative
barrier function H < h is defined, with H (pg,to) = h(po,to), and both
(% — Ay)H < 0 and |VH|? < V2H?? at (po,tp). By restricting O
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further, we may assume that R < 0 throughout O. Therefore, if we
define

F(x,t) = H(z,t)R(z,t) + (1 + 0)Ke™,

within O, then we can be sure that F' > f > 0in ON (M x [0, tg]), with
F(po,to) = f(po,to) = 0. From this we can deduce that at (po, o) we
have three facts. First,

(8.1) 0=VF =V(HR) = HVR + RVH.
Second, also using (8.1),
0<AF=A(HR)= HAR+RAH +29(VH,VR)

(8.2) = HAR+RAH — 2%|VH|2
< HAR +RAH — 2V*RH'/2.
Third,
F
0> oF _ Q(HR) +b(1 + §)Kelto
> H— — + bK.
= Ha +R 5 +
Keeping in mind the evolution equation
OR

2
—— = AR + 2|Ric|®> > A ZR?
5 R + 2|Ric|* > R+3R,

(see e.g. [26, Proposition 2.5.4 and Corollary 2.5.5]) and the definition
b:=3V*/K, these three facts tell us that

2
0> H(AR + gRZ) +RAH + bK

2
> SHR? + 2V2RHY? 4 bK
(8.4) =g *
3 3
> VA4 K = SV
-2 + 2
>0,
which is a contradiction. q.e.d.

9. Local lower Ricci curvature bounds: the double bootstrap
argument

In this section we show that local Ricci lower bounds persist for a
short time, in the presence of ¢y/t upper Ricci control.

The argument is unorthodox in that we have to make two iterations
in our estimates to control Ricci from below, initially only gaining a
weaker LP control before obtaining effectively L*° control on the second
attempt.
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Lemma 9.1 (Local lower Ricci bounds). Let ¢ > 1, K > 0 and
v € (0,1) be arbitrary. Suppose that (M?3,g(t)) is a Ricci flow for
t €[0,T), and o € M satisfies Bygy(xo,1) CC M for all t € [0,T).
We assume further that
(a) Ricg(o) > -K on Bg(o)(ﬂfo, 1)
(b) [Rmlypy < P on By (wo,1) for allt € (0,T).
Then there exists a T = T(co, K,v) > 0 such that

Rng(t) > —].OOKCQ on Bg(t) (x(), 1-— ’y)
for all t € [0,T)N[0,7T).

In a different direction, it was proved in [6] that nonnegative Ricci
curvature is preserved for unbounded curvature complete smooth Ricci
flows in three dimensions. Since Lemma 9.1 was announced, a result
giving preservation of certain lower curvature bounds has been proved
in higher dimensions in [1]. Although that result is not local, a local
version has been given later in [16].

Proof. By Hypothesis (a), we know that Ry > —3K on By (o, 1),
and so the scalar curvature es‘EimatAe of Lemma 8.1 tells us that for
t €[0,T) with t < T, for some T = T'(co, K,7) € (0,1], we have

(9.1) Ry > —6K  on Byg(wo,1— 7).
On the other hand, Hypothesis (b) of the lemma implies that
6
(9.2) Ry)| < % on By (zo,1) for all t € (0,7).

For 0 < r; < rg <1, and with ¢ := %0 fixed for the duration of the
proof, we can reduce 7' > 0 and let h : M x ([0,7) x [0,T)) — [0,1]
be the corresponding Perelman cut-off function from Lemma 7.1. Note
that 7' then depends on r1 and ro, but in practise, these values will be
specific functions of . We define the (0,2) tensor F' by

(9.3)  F(x,t) := h(x,t)Ric(z,t) + [LKR(z, t)t* + t° + TK] g(x, ),

for @ € [1/2,1] to be chosen depending on the context. Just as for
e, we fix the value of L, this time with L = 8. Keeping these values
as symbols helps show how their choice has affected the computations.
Notice that the tensor F' depends on «, 1 and 79 in addition to g(t) and
K. There is no dependency on € or L since we have fixed their values.
(The former affected the definition of h as well as the ¢¢ term).

The proof requires a bootstrapping argument involving two steps (a
double bootstrap). First we show that after possibly reducing T to a
smaller positive value (depending only on ¢y, K and ) we have

Rng(t) > —t3 on Bg(t) (zo,1 — %)
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for all t € [0,7)N[0,T). This will be achieved by showing that the tensor
F,withr; =1—3,rp =1—7 and a = 1 — 2¢, remains nonnegative
definite on By (zo,1 — ) for all ¢ € [0,7) N [0,T). See Step One
below for details.

In Step Two we use Step One to show that the tensor F, with
rm=1—vr=1- % and a now given by o = 1, remains nonnegative
definite on By (2o, 1—4) for all € [0, T)ﬂ[(), T)) after possibly reducing
T again, still with the same dependencies. This will then imply the
desired estimate: See Step Two below for details.

Before performing Steps One and Two, we derive evolution equations
and facts that are valid for F' in the case that a € [%, 1], and 71, 7o
are given by 1 = 1 -4, =1—-Forrg =1—-7,1m =1-13.
That is, the statements and estimates that we derive in the following
are valid in both Steps One and Two, though the h etc. in each case
will be different. We can reduce 7' > 0 so that both cut-offs h, and
hence both tensors F are defined for ¢ € [0,7] N [0,7), and we will

always assume that ¢ is in that range, though we will reduce 7" > 0
further when necessary. Both cut-offs satisfy (% —Aypy)h < 0 and

|Vh| < V||t < Vhz (recall h < 1) in the barrier sense explained
in Lemma 7.1, where V' = V(v) and k = k(v) can each be taken to
be the maximum of the two values corresponding to the two cut-offs
h. (See Remark 7.3.) By definition, h(z,t) = e * on By (wo,r1) and
h(z,t) = 0 outside By (wo,72), (nm=1—3,m2=1-Forr =1-7,
To = 1— %)

From the definition of F' and the initial conditions, we see that
F(-,0) > 0 on By)(zo,72). If there is a time to € [0,T) N [0,7) for
which F(-,t9) > 0 on By, (zo,72) does not hold, then there must
be a first time ¢ty for which this is the case. That is there must be
a time top € (0,7) N (O,T) and a point po € By (7o,72), and some
direction v € T, M, for which F(po,to)(v,v) = 0, F(-,t) > 0 on
Bg(t)(IO,TQ) for all t € [O,to), and F(~,t0) > 0 on Bg(to)(l‘o,Tz). Let
A < pu < v denote the eigenvalues of Ricyy,), with corresponding eigen-
vectors {e;}3_; at po that are orthonormal with respect to g(tp). That is,
Ric(eq,e1) = A, Ric(ez, e2) = p, Ric(es, e3) = v and Ric(e;, e;) = 0 for
i #7,1,7 € {1,2,3}. Then F(po,to)(e1,e1) = 0 and F(po,to)(ei,ej) =0
forall i # j € {1,2,3}. Using R(:,t) > —6K on By (zo,72), from (9.1),
we see that we also have

(9.4) LEKR(z,t)tY +t° + 7K > —6LK?*t* + 7K > 6K
everywhere on By (zo,r2) if t < T is sufficiently small, depending
on K, (remember o € [1/2,1] and L is fixed) which we can without

loss of generality assume by reducing 7. In particular this shows that
po € By (wo,72): if it were not, then we would have F(po,to) =
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(LKR(po, to)t§ + t§ + 7K)g(po,to) > 6K g(po,to) > 0, which is a con-
tradiction. (Note that normally in the paper we suppress the metric in
expressions such as this.) Combining this with F'(po,%o)(e1,e1) = 0, we
see that

and hence
(9.5) A< —6K

since h < 1.

In principle, we would like to derive differential inequalities for F
near (po,to), but because h is not smooth, we take the barrier function
H < h from Lemma 7.1 corresponding to h at (po,to), which is defined
in a space-time neighbourhood O of that point. This allows us to define
what is essentially a tensor barrier by

(9.6) F(z,t) := H(z,t)Ric(z,t) + [LKR(x, t)t* + t° + TK] g(x, 1),

and its corresponding (1,1) tensor

(9.7) F(z,t) == H(x,t)Re(z,t) + [LKR(z, t)t* +t° + TK],

obtained by contracting the tensor F with the metric in the first posi-
tion, where Rc denotes the (1, 1) tensor one obtains by contracting the
tensor Ric in the first position.

It will be convenient to extend the frame {e;} at py to an adapted
local orthonormal frame on a neighbourhood of py within (M, g(to)).
Thus we have Ve; = 0 at time tg. This frame can then be extended
backwards and forwards in time, being constant in time (so no longer
orthonormal at different times). Because Ric(ej,e1) = A < 0 at (po, to),
we can restrict O to be sure that Rj; := Ric(ey,e;) < 0 throughout.
Working in index notation with respect to {e;}, we then have

F11>F1>0 throughout O N {t < to}

possibly after restricting O further, with equality throughout at (po, to),
and consequently

0
V(F11) =0, A(F11) >0, a(]‘_n) <0,
at (po, to). The first two of these facts immediately pass from statements
about derivatives of coefficients of F to statements about coefficients of
covariant derivatives of F and F. For example, we have

(9.8) (VxF)Y =0 forany X € T,,M and (AF)Y, >o.
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Statements concerning time derivatives need care because the metric is
evolving. However, we have

O =95 (en),en) = o Fer). o)

(Fler),er) — 22 (F(e), en)

~ ot ot

0
= — <
gt 1) =0

at (po, to) because F(e1) = 0 there. We can compute the time derivative
of F using the standard evolution equation

0
&RC—ARC"‘P,

where the tensor P is given in coordinates (see e.g. [26, §9.3]) by
(9.9)
Pij = 2RikﬂRkl, and hence Py, = Pi; = (u —v)? 4+ M+ v) at (po, to),

and the evolution equation for the scalar curvature %R = AR+ 2|Ric|?
(see e.g. [26, Proposition 2.5.4]). At (po,to) we have

(9.10)
OF d_ OH
> (— = (— i
02 (G =H- (R +A%
OR a a—1 e—1
+ LK&tO + LKRO[tO + €t0
= H-(ARc + P)!, + )\(gt — AYH + R AH
+ LKt§(AR + 2|Ric|?) + LKRaty ' + et
= (AF)Y, —2¢(VH,VRc)}, + (HP)Y, + )\(gt — A)H

+ 2LKt§[Ric|> + LKRat§ ™! + etg™?
> —2¢(VH,VRc)', + (HP),
+ 2LKt§|Ric|? + LKRaty ™t 4 et571,

where we used the second part of (9.8). Here —2¢(VH, VRc)ij =
—2¢MV H - V/Rc';.

We now proceed to estimate the term —2g(VH, VRc)l;(po,t0) ap-
pearing in Equation (9.10). If we had H (po, to) = h(po,to) < Csto, with
Cs3 = % > 0, then by (9.4) and Hypothesis (b) of the lemma we would
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have
0 = h(po, to)A + LKR(po, to)t§ + 5 + TK
200
> —h(po, t0) -2 + 6K
(9.11) = ~h(po, to)
> —2¢9C3 + 6K
>0,

which would be a contradiction. Hence, we have
(9.12) H(pg,to) > Csto.

At (po, to) we calculate

H H|?

—29(VH,VRe)!, = —2¢9(VH, M)11 + 2AVH‘

B VF.,  2LKtg |VH|?

=—29(VH, )+ —5—9(VH VR) + 2A—

_ 2LKtf |VH|?

== 9(VH, VR) + 2 =

2LKtS

(9.13) > o g(VH,VR) 4 2V32\

H

where we used the definition of F, the first part of (9.8) and the facts
that A < 0 and |VH‘ (po,to) < V2.

To estimate the ﬁrst term on the right-hand side of (9.13) we use Shi’s
estimates to control [VR|. Because pg € By(,)(2o,72) and ry <17, we
have po € By,)(x0,1— 7). Using Corollary 3.3 with r = 1— 7 + 8+/coto,
we see that pg € B (to)(xo, 1— 7) B 9(to) (:L‘o,T B/ coto ) C B (xg,
,B\/Cot) C Bg(t) (:L’o, 1— % —i—B\/Coto) C Bg(t) (.T(), 1— %) for all ¢ 6 [0, t()], if
B/ coty < %, which we may assume is the case by reducing T if necessary.
Hence Bg(t) (Po, 15) € Bg(t)(x0, 1 — 1§) for all t € [0,%]. This means that

[Rmly;) < 2 on By (po, 15) for all t € (0,to] and, in particular, that
Ry < to on By (po, 1) for all ¢ € [(1—0)to, to] for any o < 3
choose o = 12502. Lemma 3.1 with K there equal to 4;;‘) and r there equal

too deq
to g5 then tells us that By1_a))(Po,35) C Bg(t)(pg,e( 09) % 2312) =
By (po, 1g) for all t € [(1 — o)to,to], and hence [Rm|y;) < 52 on
By((1—o)te)(P0, 35) for all t € [(1 — o)to,to]. Shi’s estimates (see for
example Theorem 6.15 of [8]) applied on By((1—)t,)(Po, 64) now tell us

that for universal C' we have ]VRm(po, to)| <C- 2 (7 + 070 + 00) and

hence IVR(p07tO)| < 04(’77 CO)tO 2
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Using this, and H® > C§t§ at (po,to) by (9.12), we estimate the first
term on the right-hand side of (9.13) by

g(VH,VR) |VH|
oLk 1g YL VIV o Kyg (—) R
IV <opr (W) wR)
(9.14) < 2LKtS (1) (M)
He 5
to
a-3 1
3
< 2LKV Yy t8_5—8
(Cs)°
= Csty 2,
where C5 = QL(IC{;;E 4 is a constant depending on 7, ¢o, K (as usual L =8

and € = 15 are fixed). Using the estimate (9.14) in the equation (9.13),
we obtain

a_3_
(9.15) —29(VH, VRe)Y (po, to) > —Csty 2~ +2V2\.

We now estimate all the remaining terms in (9.10) (except et5 '), i.e.
we consider

Z := (HP)Y(po, to) + 2LKt§|Ric|*(po, to) + LKR(po, to)ats .

Using the expression for P in (9.9), we compute at (po, o),
(9.16)
Z = (HP)', + 2LKt§|Ric|> + LKaRty ™

= H{(p— v)? + Mp + v)] + 2LKt§ (N2 + 12 + v?) + LKaR#§ ™!
> HMp + v) + 2LKt§(\? + p® + 1) + LKaRt§ ™!
= —(LKt§R +t5 + 7TK)(u + v) + 2LKt$ (VN2 4% + %) + LKoRt§ ™
= LEKtg[—(A + p 4+ v) (e +v) + 200 + p + %)) = (15 + TEK) (n + v)
+ LKaRt§™!
= LKtS[-Mpu+v) + (up— )2+ 22\ — (t5 4+ 7TK) (u + v)
+ LKaRt§ 1.

Since R(-,t9) > —6K on By, (zo,72), by (9.1), and we are at a point
where A < —6K, by (9.5), we must have (u+v) > 0 and hence the term
—LKtyA(p + v) appearing above is nonnegative: —LKtGA(+ v) > 0.
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The terms — (5 + 7K)(u + v) + LKaRt§ ! of (9.16) can be written as

—(t5 + 7TK)(u +v) + LKaRty ™
= —(t§ +TK) A\ +p+v) + (t§ + TK)A + LKaRtg ™
= (—t§ — TK + LKty MR+ (t§ + TK)\
> —6LK* ™ + 8K\

(9.17)

after possibly reducing 7' > 0 (depending on K) so that 0 < —t§ —
TK+LKat§™' < LKat§y™' < LKt§™! and t§ < K, where we used that
R(po,to) > —6K and the facts that o € [1/2,1] and L = 8 > 7 (required
in the case that o € [5, 1], say).

Substituting these inequalities into the inequality (9.16) gives us

(9.18) Z > 2LKt§\* — 6LK*™ 4+ 8K \.

Putting the estimates (9.15) and (9.18) into the equation (9.10), we
obtain
(9.19)

oOF

0> (E)ll(pOatO)

_3_
> —Csty 2+ (V2 4+ 8K)\ + 2LKIGN2 — 6LK2t57 + et

In both Steps One and Two, we will use (9.19) in order to obtain a
lower bound on tg, or equivalently to obtain a contradiction for T chosen
small enough. In both steps, this will tell us that F(-,t) > 0 for any
t €[0,7)N[0,7T) and throughout Bgt)(zo,72). In particular, for such ¢,
by (9.2) and the definition of F' we will have

9.20 Ric, (g > —6LKeMcot®™! — e — 7K el
9(t)

within the smaller ball By (zo,r1) where we know that h = e~

Now we perform Step One.

Step One. Let F' be defined as above with 11 =1 -3 and ro =1 — §
in the definition of h (which appears in the definition of F') and € = %,
L = 8, (as always) and o = 1 — 2¢. In particular h(z,t) = e * on
By (zo,1 — %), and h(z,t) = 0 outside Bg(t)(acoA,l — 1), in view of
the values of r1,79 we have chosen. Let ty € (0,7) be a first time at
which there is a point py € By, (wo,72) where F(po,to) > 0 fails to
hold. Using Young’s inequality coarsely to estimate (2V?2 + 8K)\ >

_Wtao‘ — KA?t§ in (9.19), and the fact that 2L = 16 > 1, we
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see that
(9.21)

0 =~
0> (5 7)'1(ro.to)

_3_
> —Csty 2+ (2V2 4 8K)A + 2LKtgA? — 6LK2t5 ™ + et§ ™!

_3_ 2V?2 4+ 8K)?
Z—%£2éijz)tf—6mﬁﬂ4+dﬁl
1 2V2 4+ 8K)?
. e (;—()touk LK% et

ifto < T (7, co, K) is small enough: the dominating term is Etg_l because

we took € = %. This is a contradiction.

We have shown F'(-,t) > 0 on By (2o, 1 —7) for all ¢ € [0,7) N[0, T),
and in particular, by (9.20) with our choice of «, we have

Ricyy > —6LKe et % — et — TKeM > —TLKcgt ™

(9.22) S e

on By (wo,1—3), where we have reduced T again if necessary, and used
that k = k(). This is the first step in the double bootstrap argument.
End of Step One

Step Two. For the new definition of F, we choose r; = 1 — v and
r2 = 1 — 3 in the definition of h (which appears in the definition F')
€= %0, L = 8 as always, and set now o = 1. In particular h(z,t) = e
on Byyy(zo,1 — ), and h(z,t) = 0 outside By (wo,1 — 3), for all
t € [0,7)N[0,T), in view of the values of r1, 7, we have chosen. Let
to € (0,7) be a first time at which there is a point py € Bty (w0, 72)
where F(pg,to) > 0 fails to hold. Using Ric(z,t) > —t7 for = €
gggégxo, 1 — 3), the result of Step One, in (9.19), we see that

0
02 (57" (po.to)

_3
> —Cst, 2

—&

+ (2V2 4+ 8K)A + 2LKtgA? — 6LK*5 " + ety ™!

_1_
> —Csty >~ — (2V2 + 8K)ty* + 2LKto\? — 6LK? + et
>0
iftg < T (v, co, K) is small enough, since then the dominating term is
575871. This is a contradiction.

We have shown F'(-,t) > 0 on By (2o, 1 —3) for all t € [0,7) N[0, T),
and in particular, by (9.20) with our new choice of o, we have

(9.24) Ricy(y > —6LKe ey — et — TKeM > —100K cq
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on By (7o, 1 — ), after possibly reducing T > 0 again (without new
dependencies) since ¢gp > 1 and L = 8. End of Step Two and the proof.
q.e.d.

10. Proof of the main Theorem 1.1

Observe that without loss of generality, we may always assume that
o € (0,3] in Theorems 1.1 and 1.6. Moreover, we observe that these the-
orems are equivalent to the corresponding results in which g is allowed
also to depend on o, as we now clarify. If we have established either of
these theorems allowing this extra dependency, then we may take the
Ricci flow g(t), parabolically scale up so that the ball of radius 1 be-
comes of radius 2, then apply the result to the rescaled flow with o = 1.
Scaling back, we obtain a positive lower bound on VolBq(wo,1/2),
which implies Conclusion 1 (or Conclusion 1’).

Next we address the equivalence of Theorems 1.1 and 1.6, allowing
this extra o dependency of ¥y. In each direction, we combine what
curvature control we have to relate time ¢ balls to time 0 balls using the
results of Section 3.

Theorem 1.1 implies Theorem 1.6. Given a Ricci flow as in the
theorems, Conclusions 1 and 2 coupled with Bishop-Gromov imply a
positive lower bound for the volume of By (o, 1/2), say. The shrinking
balls Corollary 3.3 tells us that By (zo,1/2) C Byg)(zo, 1) for a definite
period of time, and hence we obtain the positive lower bound for the
volume of Bgg)(zo, 1) required for Conclusion 1" (for some different g
with the correct dependencies).

To obtain Conclusions 2’ and 3’, we parabolically rescale down our
Ricci flow slightly so that balls of radius 140 /2 become balls of radius 1,
apply Theorem 1.1 (with the correspondingly smaller o), rescale back,
and obtain Conclusions 2 and 3 on the larger ball By (zo,1+0/2) (for
correspondingly smaller time). At this point, we can apply the expand-
ing balls Lemma 3.1 to deduce that Bg)(zo, 1+ 0/2) D By (o, 1) for
a definite time, and so Conclusions 2’ and 3’ will hold. q.e.d.

Theorem 1.6 implies Theorem 1.1. As above, we can apply the
theorem we know on a slightly (parabolically) scaled down Ricci flow,
in order to obtain Conclusions 2’ and 3’ on the ball By (wo,1+ 0/2).
By the shrinking balls Corollary 3.3 we know that Byg) (7o, 1+ 0/2) D
By(t)(z0,1) for a short time, which gives us Conclusions 2 and 3.

To obtain Conclusion 1, we begin by applying Bishop-Gromov to the
initial metric to deduce that VolB ) (w0, 1/2) has a positive lower bound
(depending only on vy and K). If we parabolically scale up our Ricci flow
so that this ball of radius 1/2 becomes of radius 1, we can apply Theorem
1.6 (in particular Conclusion 1’), and scale back down again, to deduce
that Vol ) (By(o) (70, 1/2)) has a positive lower bound for a definite time.
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But then by the expanding balls Lemma 3.1 (coupled with Conclusion
2 that we have just proved) we know that By)(z0,1/2) C Bg)(zo, 1)
over some uniform time interval, which implies then a positive lower
bound for VolB,)(zo, 1) as required. q.e.d.

Having proved the equivalence of these theorems, we demonstrate
that it suffices to prove Theorem 1.1 in the case 0 = 3 (i.e. the Ricci
lower bound of (1.3) holds on the ball of radius 4). By the equivalence we
have shown above, we would like to deduce Theorem 1.6. Confronted
with a Ricci flow for which we only have the Ricci hypothesis on a
smaller ball By (o, 1+ ), pick an arbitrary point 29 € By(g)(zo,1) at
which we would like to establish Conclusions 2’ and 3’. By scaling up
our Ricci flow parabolically so that the ball of radius o centred at zg
becomes of radius 4, we can apply the o = 3 case of the theorem (with
xo there equal to zp here). In particular, Conclusions 1 and 2 restricted
to the centre zg give a lower Ricci bound and upper sectional bound
that when we return to the unscaled Ricci flow give Conclusions 2’ and
3" at the arbitrary point 2.

To obtain Conclusion 1/, we can parabolically scale up the Ricci flow
so that the ball Byq)(wo,1) ends up with radius 4, and then apply
the result to give, after scaling back, a positive lower bound on the
volume VolBg (o, 1/4). By the shrinking balls Corollary 3.3 (together
with Conclusion 3') we have Byqy(zo,1/4) C By)(zo, 1) for a definite
time interval, and hence we have the desired positive lower bound for
Voly 1) (By(o) (20, 1))

We are thus reduced to proving Theorem 1.1 in the case that o = 3,
and the remainder of this section is devoted to that task.

By Bishop-Gromov, by reducing v it is sufficient to prove the theo-
rem with hypothesis (1.2) replaced by the apparently more restrictive
hypothesis that

(10.1)
VoIBy ) (yo,7) > vor? for all yo € By(o)(zo,3) and r € (0,1].

Equipped with this new (lower) vg and the K from the theorem, we can
appeal to Lemma 6.1 for constants T, Cyh and «, in preparation for the
application of this lemma later; the lemma will be applied not to g(t),
but a scaled-up version of g(¢). The constant Cj will describe the rate of
curvature decay we can expect in certain situations. We set ¢o = Cy+1.
In particular, it is significant that both ¢y > 1 and ¢ > Cy. This ¢
and a are now fixed for the rest of the argument and this ¢q is the ¢g
for which we will show that Conclusion 3 is valid.

In the proof below, we will need to apply the double bootstrap Lemma
2.2, once with the lower Ricci curvature bound given by K = K and
once with K = K/(100¢p). In both cases we assume the condition
[Rm| < 2 for the cg that we have just defined. If necessary, we will
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reduce the 7' we found above, so that the conclusions of Lemma 2.2 in
each case will now also be valid for ¢t < T.

Equipped with this ¢y and «, we are going to apply Lemma 4.2 to
the Ricci flow of the main theorem, with ro = 3 and the same zg. The
constant L in the statement of Lemma 4.2 will be chosen sufficiently
large to guarantee two things: First, the latest time that is considered

in Lemma 4.2, ie. ﬁzco(réﬂ)g = 5200(%“)2, should be bounded by the T

above — in fact, we ask that it is less than 7'/(100c). Ultimately, we

will be taking certain ¢y € [0, m] and scaling the Ricci flow so

that time ¢y becomes time 7. Under this scaling, we will be stretching
time by a factor of at least 100¢q, and the lower Ricci bound hypothesis
Ricyg) > —K will become Ric > —K/(100co).

The second constraint on L is that we require that the radius L(1 —
a)B+/coto that is considered in case 2 of Lemma 4.2 is large enough.
After scaling up time by a factor 7 /to as above, this radius becomes

L(1 — a)Bv ¢oT, and we ask that this is at least 2 so that we will be
able to apply Lemma 2.2. We will be doing this with K = K/(100¢),
so the output will be a Ricci lower bound Ric > —K on the time ¢ unit
ball centred at xq, for the rescaled flow, as we will see momentarily.

With this choice of L and rg = 3, Lemma 4.2 gives us two cases.
We now show that case 1 implies the theorem, while case 2 leads to a
contradiction.

Case 1. In this case, we have curvature decay |[Rml,;) < 9 throughout
By (z0,3 — (L + 1)Bv/cot) C Byo)(x0,3) for each t € (0,7 with ¢t <

m. We choose T > 0 small enough so the ball on which we

have curvature control always has radius at least 2, i.e. we choose T =
1/(6*(L+1)%co). Thus we have [Rm|yy < € throughout By (2o, 2) for
each t € (0,T) with ¢ < T, which implies Conclusion 3 of the theorem.

Equipped with this curvature decay, we can apply Lemma 2.2 with
K = K and T there equal to T here. The conclusion is a Ricci lower
bound RICg(t)~Z —}OOKCO on Bgyy(zo,1) for all t € [0,7) N 0,7).
(Recall that T < T by our choice of L.) In particular, we deduce
Conclusion 2 of the theorem.

Finally, we can apply Lemma 2.3 with v = 1 and with K there
equal to 100K cq here, to give a later lower volume bound, which implies

Conclusion 1, after possibly reducing T > 0 so that T < T of Lemma
2.3.

Case 2. In this case, we know that there exist tg € (0,7) with typ <

m and zg € Bg(to)($073_ (L+ 1)5\/00750) C Bg(o)(l‘o,?)) such
that

€0

Q = ‘R’m‘g(to)('ZO) = %7
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and for all ¢ € (0,a%tg], we have |[Rm|y ;) < co/t throughout the ball
By (20, L(1—a)B+/coto), where we are using the a € (0, 1) given earlier.
If we rescale g(t) by stretching time by a factor 1'/ty, as discussed earlier,

i.e we define
_ T (to :)
t t),
g(t) = 29 <T

then we end up with a Ricci flow §(t) defined for ¢ € [0,7] with the
properties that |Rm]§(T)(zo) = %, but so that [Rmlgy < co/t for

all t € (0,0T] and throughout B (20, L(1 — ) BV coT), and hence
throughout Bg(t)(zo, 2) by our choice of L.

Using the facts that 20 € Byg)(wo,3) and Byg)(20,1) C By()(wo,4),
we see that the initial conditions (10.1) and Ricyp) > —K also hold
at yo = 2o respectively on Bg)(z0,1). As discussed when choosing L,
to is sufficiently small so that the stretching factor T/ to is larger than
100¢cy > 4, and hence the scaled initial conditions VolBgg)(z0,1) > vo

and Ricg) > — on By(g)(20,2) hold. Using this latter condition

10000
and that [Rm|z4) < co/t for all t € (0, o?T] throughout By (20, 2),
we see that we may apply Lemma 2.2 with g(t) = §(t), zo = 20, K =
K/(100cp) and T = o?T to deduce that Ricgy) > —K on Bgy)(20,1)
for all t € [0, a?T).

Using this lower Ricci bound and VolBgg)(20,1) > vo, we see that
we may apply the pseudolocality improvement Lemma 6.1 to g(t). The
output is that for all t € (0,7 we have

Co
[Ranlo(20) < =2,

and in particular for the original unscaled Ricci flow g(), at time ¢y and
at the point zg we have

Co
IRm|y (1) (20) < T

But this contradicts the assertion of case 2 that
Co

|R‘m|g(t0) (ZO) = %7

because ¢y = Cy + 1.

11. A Ricci flow version of non-collapsing —
Proof of Lemma 2.3

Our task in this section is to restrict the drop in volume of a ball of
fixed radius under Ricci flow, under the curvature hypotheses (i) and
(ii) of Lemma 2.3. There is a simple formula for the evolution of the
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volume of a fixed subset Q C M under Ricci flow

d
5 Vol () = = [ Ry,

and so the decay of volume is controlled by a sufficiently strong upper
curvature bound. However, the natural upper curvature bound is ¢y /t as
in the lemma, and this just fails to be integrable in time, thus permitting
in theory an arbitrarily quick loss of all volume. Moreover, volume can
be lost by the stretching of distance, sending it outside the ball of fixed
radius rather than shedding it completely. The proof must therefore be
more subtle. The curvature hypotheses we are allowed here will instead
be used initially to uniformly control the evolution of the Riemannian
distance function as time lifts off from zero, as described in Lemma 3.4.
One could deduce uniform estimates for the Gromov-Hausdorff distance
between balls with respect to g(0) and balls with respect to g(t) and
then revisit Cheeger-Colding theory to verify that volume convergence
will apply in this slightly different context of incomplete Riemannian
manifolds and yield uniform volume bounds, depending on time, via a
contradiction argument. Instead, we give a direct, self-contained proof
that uses the curvature hypotheses in additional ways.

The central claim on the way to proving Lemma 2.3 is the following.

Lemma 11.1. Suppose that (M",g(t)) is a Ricci flow fort € [0,T),
such that for some xo € M and allt € [0,T) we have By (w0,10) CC M.
Assume further that

(i) Ricgy) > —1 on By (wo, 10) for all t € [0,T),

(i) |Rm|gy < G on By (zo,10) for some co < oo and all t € (0,T),
(iii) VolBgg)(zo,1) > vo for some vy > 0.

Then there exist g > 0 depending only on vg and n, and, for each
A>1, atimeT € (0, A=2] depending only on co, A,n and vy such that
for allt € [0,T)N[0,T) and all yo € By (o, 1), we have

(111) VOlBg(t) (yo, A\/%) Z Fjo(A\/i)n
Before proving Lemma 11.1, we use it to prove Lemma 2.3.

Proof of Lemma 2.3. Let r > 0 be the maximum of 10/ and v K. By
Bishop-Gromov, hypotheses (iii) and (i) imply that VolB,g)(zo, 1/7) has
a positive lower bound depending only on vg, K, n and . Therefore,
making a parabolic rescaling that stretches lengths by a factor of r, we
see that in fact we may assume that the hypotheses of Lemma 11.1
hold, and it then suffices to prove a lower bound VolB;)(zo,1) > o =
e(vg,n) > 0 for a time T = T'(vg, co,n) > 0.

We will prove that this equivalent version of Lemma 2.3 is true with

1 [/ Eovo
11.2 = -
(11.2) o= (o).
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provided we take T small enough, where £y is from Lemma 11.1, and
Q,, is the volume of a ball of radius 1 in the n-dimensional model space
with Ric = —1.

The constraints on 7" are as follows. To begin with, because we wish
to apply Lemma 11.1, we ask that T is no greater than T from that
lemma, where A there is taken to be R := [3,/cg, with 3 given by
Lemma 3.2. Next, if necessary we reduce T further so that 7' <
and

(11.3) 1+RVt>el foralltelo,T]

25R2 ’

A first consequence of 7' < ﬁ is that Corollary 3.3 tells us that
(11.4) Byt (w0, 1) C By (w0, 2) for all t € [0,T] N[0, T),
while Lemma 3.1 tells us that

(11.5)
By(oy(w0,1) C By (o, €") C Byyy(wo, 1 + RV?) for all t € [0, 77N [0, T),

thanks to (11.3). Finally, by reducing T still further, part 3 of Lemma
3.4 will apply with » = 2 and K = 1 to tell us that for any x €
By(0)(0,2), and s € [0, 6], we have Byg)(z,5) D By (ac, s — R\/f) B
(11.4), this implies
(11.6)

Bg((]) (:L‘, 5R\/7E) D) Bg(t) (:C,4R\/£) forall x € Bg(t) (IQ, 1),

and all t € [0,7] N[0, 7).

Suppose our equivalent version of Lemma, 2.3 is false with the choice of
g0 in (11.2) and with 7" satisfying the constraints above. Then we can fix
t € [0,7]Nn[0,T) so that VoIB (w0, 1) = eo. This choice of ¢ determines
a scale for a covering of B, )(zo,1) by balls as we now explain. Let N
be the largest number of disjoint balls By (ps, RVt) C By (o, 1) that
can be chosen. Note that we can be sure that at least one ball exists, i.e.
that N > 1, because we are assuming that ¢ < R2 < R2 Moreover, N
is finite because by assumption we know that Bg(t) (z9,1) CC M, so an
infinite sequence p; would have to have a convergent subsequence. In
the following we will estimate N from above explicitly. Fix now such a
choice of points/centres p1, ..., py, and the corresponding disjoint balls.
Using the disjointness, and Lemma 11.1 we see that VolB,)(p, RVt) >
&o(Rv/)", and hence
(11.7)

g0 = VolByy) (w0, 1) > Volyp) (U By (pi, RVE)) > Néo(RVE)™.

Whereas we have By (pi, RVt) C By (20,1), we can be sure that

the larger balls By (pi, 3RVT) cover By (o, 1) because if there existed
a point y € By (29, 1) outside all N of these larger balls, then we could



506 M. SIMON & P. M. TOPPING

contradict the definition of N as follows. The ball By (y, 2R+/t) would
be disjoint from all the original balls By (p:, RVt). If y were within
Byy(zo,1 — R\/t), then we could add y to our original list of points
P1,-- 5PN, i.e. add By (y, R\/t) to our original collection of balls, thus
contradicting the choice of N immediately. If instead y ¢ By (7o, 1 —
R+/t) then this new ball might fall partly outside of Byt)(z0, 1), which
is not allowed. In this latter case, we could then slide y a distance
R+/t along any minimising geodesic from y to zg, to a new point yg €
Byy(zo, 1 — R+\/t). (Note that this minimising geodesic is longer than
R/t because we have chosen T < ﬁ < #, so that 1 — R/t > R\/f)
Then By (yo, RVt) would be a ball lying within By (wo, 1) that is
still disjoint from all the balls By (pi, R\Vt), thus contradicting the
definition of N also in this case.
The fact that the balls By (ps, 3RV't) cover By (x0,1) is a fact that
has an analogue at ¢ = 0. Indeed, we claim that the balls B ) (p;, 5R\/1)
will cover Bg(o)(acg,l). To see this, first note that the larger balls
By (pi; 4RVt) cover Byg)(wo, 1+ Ry/t), and thus by (11.5), they also
cover Byg)(wo,1). By (11.6), the balls By (pi, 5Rv/t) then also cover
By 0)(z0,1) as required.
This covering gives us a lower bound on N as follows. By our assump-
tion 7' < ﬁ, the radius 5R+/t is no more than 1. Therefore, by Bishop-
Gromov, each of these balls has volume no more than Qn(5R\/f)", where
Q,, has already been taken to be the volume of a ball of the maximal
radius 1 in the model space with Ric = —1. Therefore we have
N

(11.8) wg < VolByg) (20, 1) < Y VolBy)(pi, 5RVE) < NQ, (5RVE)".
i=1

Combining with the upper bound (11.7) for N, we find that

which contradicts the value of £y chosen in (11.2) at the beginning.
q.e.d.

It remains to prove the key supporting Lemma 11.1. First we give a
hint of the intuition behind the proof in the case A = 1. If the lemma
were false, then even for extremely small &y > 0, we would be able to
find Ricci flows for which the volume of at least one v/t-ball was very
small after a very short time. Parabolically rescaling, we would have a
Ricci flow that would have virtually nonnegative Ricci curvature, and
in which there would be a unit ball with very small volume after time 1.
The ¢y /t decay of curvature would survive the rescaling, and this can be
turned into control on the changes of distances thanks to Lemma 3.4.
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The main task is to play off the consequence of the lower volume
bound at time t = 0 against the smallness of volume at time 1. The
smallness of volume at t = 1 will allow us to make a covering of a unit
ball at time 1 by a relatively small number of geodesic balls. Meanwhile,
our control on the change of distances allows us to transfer this back to
a covering of a unit ball at time ¢ = 0 by a relatively small number of
balls, each of which has a controlled amount of volume as a result of the
almost nonnegative Ricci curvature. This can be made to contradict
the ¢ = 0 lower volume control.

A key subtlety that this brief discussion overlooks is how we go from
smallness of the volume of a ball at £ = 1 to having a covering by
a small number of smaller balls. To make this work, we need more
control on the geometry of the set we are covering, and this we can only
obtain by considering a different ball at t = 1. The key idea is that the
property of not having a ball with a covering by a small number of balls
is something that we can apply at spatial infinity where the manifold
splits. This property then passes to an equivalent space of one lower
dimension. By iteration, we can reduce the discussion to one dimension,
where a contradiction is apparent. The key lemma that articulates this
is the following, which we prove at the end of the section.

Lemma 11.2 (Dimension reduction). Let R > 1 and ,6,v > 0 be
arbitrary, and let (M™,g) be a smooth n-dimensional complete, non-
compact Riemannian manifold without boundary, with n > 2, such that

(i) Ricy > 0, and the norm of the curvature and all covariant deriva-

tives (of any order) is bounded, i.e. |V*Rm|, < C(k) for each
ke0,1,...;

(i1) VolBy(x,1) > 6 for all z € M;

(111) If we have a ball By(y, L), fory € M and L > 0, that is covered
by N balls of radius r > R (with respect to g) then we must have
N >oLl™™";

(tv) There exists Yoo € M such that VolBy(yso, R) < eR".

Then there exists a sequence of points z, € M with dg(Yoc, 2k) — 00 as

k — oo, such that (M,g,z) converges in the smooth Cheeger-Gromov

sense to the product manifold Rx (M, g') marked with some point (0,v'),

y' € M', where (M',g') is a smooth (n — 1)-dimensional complete, non-

compact Riemannian manifold without boundary such that

1) Ricy >0, and the norm of the curvature and all covariant deriva-

tives (of any order) is bounded, i.e. |V*Rm|, < C’'(k) for each
ke0,1,...;

2) VolBy (z,1) > 0/2 for all x € M';

3) If we have a ball By (y, L), for y € M’ and L > 0, that is covered

by N balls of radius r > R (with respect to g') then we must have
N > noL* 1y~ =D for some n; = n1(n) > 0;
4) There exists yh, € M’ such that VolBy (y4,, R) < C(n)R™ 1.
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Proof of Lemma 11.1. As before, let €2, be the volume of the unit ball
in the n-dimensional model space with Ric = —1. By Bishop-Gromov,
the hypotheses are vacuous unless

(11.9) vp < (1,

and so we assume that throughout the proof.

Assume that Lemma 11.1 fails for some vy > 0 and dimension n that
we now fix for the remainder of the proof. In this case, if we take any
sequence &y | 0, then for each ¢, there exist ¢y < oo and Ay > 1 so
that the conclusion (11.1) of the lemma (with &y = &) will fail in an
arbitrarily short time, for a Ricci flow satisfying the hypotheses of the
lemma with ¢g = ¢y and A = Ay. It will be convenient, and no loss
of generality, to assume that ¢, > 1. By omitting a finite number of
terms in the sequence, we may assume that &, is less than the volume
wp, of the unit ball in Euclidean n-space, and thus for any Ricci flow the
conclusion (11.1) will hold for sufficiently small ¢ > 0; our assumption is
therefore that the length of the time interval is not controlled uniformly
from below.

By assumption then, for each ¢ there exist a sequence of n-manifolds
M;, a sequence of points x; € Mj, a sequence of Ricci flows g;(t) on M;
for t € [0,;], with ; | 0 (in particular, we may assume #; € (O,AZQ])
and a sequence of points g; € ng(gj)(:nj, 1) C M; such that

(i) By, (t)(x5,10) is compactly contained in M; for all ¢ € [0, ;]

(i) Ricg, () > 1 on By (1)(x;,10) for all t € [0,]
(iii) |Rm|g % on By (1y(z;,10) for all t € (0,4]
(iv) VolBg, (x], 1) > g

)

(v VOIB~ (yJaAz\/g)<5e(Ae\/§j)”-

We need to improve our fj and g; so that in some sense we are consid-
ering the first time when the volume is too small, and the volume is not
much worse nearby. More precisely, with § as in Lemma 3.2, for each

{, j, choose L so that By ; (z;,2—(L+1)B city) = By (i, (@, 1), ie.
so that (L + 1)34/cit; = 1, which implies

(11.10) L> B edy) V2,

N =

after possibly deleting finitely many terms in j so that Cgfj is small
enough. Now choose ¢; € (0,%;] to be the first time at which there

exists a point y; € By (,)(z,2 — (L + 1)B8y/cety) so that

(11.11) VOlng(tj)(yj,Ag\/t?) :e’::g(Ag\/t?)n.
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We have picked y; € By, (;,)(7;,2), and so by deleting finitely many
terms in j so that ¢; is small enough, we have

(11.12) Y; € ng(t )((Ej,2) C ng(t)(xj)?’) for each t € [O,tj],
by the shrinking balls Corollary 3.3. Therefore
(11.13) ng(t) (yj, 7) - ng(t) (.%j, 10) for each t € [O,tj],

where our curvature bounds (ii) and (iii) hold.
Since t; is the first time for which (11.11) holds, we have

(11.14)  VolBy, i (y, ApV't) > Ex(ApV/t)"
for all ¢t € [0,¢;] and all y € By (1y(z,2 — (L + 1)BVcet).
By Bishop-Gromov, we see that

3ep
(11.15)  VolBg, (1 (y, Vt) = == (VB)"
for all t € [0,;] and all y € By (1y(z,2 — (L + 1)Bvcet)

after possibly deleting finitely many terms in j so that Ag\/7; is small
enough. Now we need to find a controlled space-time region centred at
y; in which a similar lower volume bound as in (11.15) holds. By the
prior inclusion Lemma 4.1, for each a € (0, 1), the space-time ‘cylinder’
defined for t € [0,a%t;] and y € Bj, 1) (yj, L(1—a)By/cet;) fits within this
region where (11.15) holds. Thus using (11.10) and choosing « so that
l—a=mnc "' € (0, 1) for 1 € (0, %) to be chosen later to be sufﬁciently
small depending only on n (with hindsight, 17, = [100n(n — 1)]~* would
be fine) we have

(11.16)  VolBg, 4 (y, V) > %(\/E)”

for all t € [0,a’t;] and all y € B; (1) (yja n ¢, "t/ )

We need to extend the space-time region where we get such a volume
ratio bound from existing for t € [0, a?t;] to existing for ¢ € [0,¢;] (even
if the region becomes thinner). More precisely, we claim that

(11.17)  VolBg, o (y, V) > e (V)"

2n+1

for t € [0,¢;] and y € By, (1) <yJ’ 7311 e, MWt/ )

and emphasise that we may assume that ¢ € [a?t;,t;]. We can simplify
the region where y lies in (11.17) by making it independent of ¢ with
the claim that

(1118) B{]j(oﬂt])@/]?i \/ tj /t ) gJ(t (y]7 \/ tj /t )
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for t € [a?t;,t;], after deleting finitely many terms in j so that ¢; is small
enough. To see this, we can apply the second part of the shrinking balls
Corollary 3.3, which tells us that

ng(a%]-)(yj,?” — By/ea?ty) O Bg () (Z/p — BVet),

for r < 7. Setting r = Bay/cet; + Lc;'\/t;/t; (which is less than 7

after deleting finitely many terms in j so that t; is sufficiently small)
this implies

m 771 — .
By, (a2, 5 ¢ \/ti/15) D By, (ys, Ba/ctj—BV et +o s ti/),

but we can estimate

5a\/%_ﬁ\/0572—ﬁ(1—01)\/%:—5771 tj/Ce>—anfl\/t7

after deleting enough terms in j so #; is small enough. Thus (11.18) is
proved, and (11.17) reduces to the claim that

¢ n
on+1 (\/i)
for t € [a’t,t;] and y € ng(a2t]-)<y]7 n ¢, /165

This is a claim about the volume of a ball that is dependent on ¢, and
we can avoid this dependency with the claim that

(1]‘20) ng(Oth])(y’ O[\/f?) C ng(t) (y7 \/i)

after deleting finitely many terms in j (so ¢; is sufficiently small, de-
pending on «). To see (11.20) holds, we apply part 1 of Lemma 3.4 to
deduce that

a2t
ng(ath)(yua\/Fj) C ng(t)(y,a\/?jet t])a

(after deleting finitely many terms in j) and therefore to establish (11.20)
we must show that a(y/¢;/t)e! ™ *t <1, or equivalently 1 5 log(a®t;/t) +
t—ozztj < 0. But logax <z —1 for any = > 0, so

(11.19)  VoIBy, ) (y, Vt) >

1 1 1
flog(aQtj/t)th—a?tj < 5(oﬁtj/t—1)+t—oﬂtj = (t—a’t j)(1=5) <0

provided t; < 3 (so 1—3; < 0) and we confirm that (11.20) holds. Thus
(11.19), and hence (11. 17) reduce to the claim that

Vols, ) By, o (s 0/8) 2 57 (VA"

m -
for ¢t € [at;,t;] and y € By, (a2, (5 5 G LWt/

This we already know for ¢t = a?¢; by (11.16). The curvature upper
bound [Rmlg,;) < ¢/t will prevent the volume considered in (11.21)

(11.21)
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from dropping too much over short times. More precisely, for y €
Bj, (a2t (Y e, 1/t /) and t € [0, 1], we can estimate
(11.22)

d
V()l t 2t y, (0% / RT t d‘/~ t
= Volg, ) B Vi) == oy PONBO

> C VOng(t)B i(a2t;) y,a\/>

for C = C(n). Note that for this to be Vahd, we need that the domain of
integration By, (42¢,)(y, a/%;) lies within the ball By (4)(y;, 7) where we
have curvature estimates (by (11.13)); this inclusion follows by part 1 of
Lemma 3.4, for example. Integrating (11.22) from ot; to t € (a%t;,t;],
keeping in mind that o € (1/2,1), we find that

t
log Vol 1) ng(aztj)(y,a\/t;)} . > —Ceploga™ > —Cey(1 — a)
a’t

3
2 —CT]l 2 IOg 17

where we allow the constant C' to change at each instance, and finally
choose 71 small enough to achieve the last inequality. By (11.16) (with
t there equal to at; here) this implies

3
Volg; (1) By, (a2e) (¥ ay/ty) > VOlng(a2t- Y, 04\/77

6@ O[\/> - 2n+1 )n7

which is claim (11.21). Thus we have estabhshed (11.17), which can be
considered a development of property (v).

Finally we turn to Property (iv), and turn it into a more useful state-
ment about the volume of smaller balls, with more general centres. In-
deed, we see that for all y € By (o)(;,4), we have

VOlng(O) (y, 5) > VOlng(O) (:Ej, 1) > g,

(11.23)

| \Y

and so by Bishop-Gromov we have
(11.24) VOlng(O) (y, T’) > 770’1)07“”,

for all r € (0,1), say, and 19 = no(n) > 0. By the ¢t = 0 case of (11.12),
the estimate (11.24) holds in particular for all y € By, (o)(y;, 1)
To summarise the above discussions, we can change our viewpoint
from x; to y; and have the properties
(A) Byt )(yj, 7) is compactly contained in M; for all t € [0, ;]

(B) RIC —1 on ng(t) (yj, 7) for all t € [O,tﬂ
(C) \Rm\g < ¢ on By 1) (y;,7) for all t € (0, ;]
(D) VolB;, 0)(y, ) > novor™ for all 7 € (0,1) and y € By (0)(y;, 1), for

770—770( ) >0
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(E) VoIBg, (1,)(yj Aev/Tj) = Ee(Aev/t))"
(F) VolBy, ) (y, Vi) > 545 (V)™ for all ¢ € [0,5] and all

-1 >
By, (Wi e\ ti/t)-
By rescaling the Ricci flows parabolically, expanding distances by a
1

factor t;§ and time by a factor tj_l, we get a new sequence of Ricci
flows, which we call g;(t), defined for ¢ € [0,1], such that we have
1

Y; € ng(l)(.%'j,2t;§) C Mj and
1
(a) By, ) (Yss Tt ?) is compactly contained in M for all t € [0,1]
_1
(b) Ricg, (1) > —t; on By, 1) (y;. Tt; f) for all ¢ € [0, 1]
(c) [Rmlg,py < F on By (1(yj, 775]._5) for all t € (0,1]
(

)

)

_1 _1
d) VolB,, ) > novor™ for all r € (0,¢; %) and y € By, (0)(y;,t; *)
(e) VOlBg (1) (y],Ag) = é‘gA

(f) VolBg, 1 (y, Vt) > 5t (V)™ for all ¢ € [0,1] and all

1
Y € By, (s, reg 't 7).

After passing to a subsequence in j, we can extract a smooth complete
pointed limit Ricci flow (M, g;(t),y;) = (M, g(t), yso) for t € (0,1] by
Hamilton’s compactness theorem.

Moreover, M cannot be compact. If it were, then all M; would be
compact for sufficiently large j. By the lower volume bound at ¢t = 0
(Property (iv) above), and the Ricci lower bound (Property (ii)), the
diameter of (M, §;(0)) is uniformly bounded below (independent of 7).
Corollary 3.3 then gives us a lower bound for the diameter of (Mj, g;(t))
for t € [0,¢;], once t; is sufficiently small. Therefore, the diameter of
(Mj, g;(t)) for t € [0,1] must blow up, and the limit cannot be compact.

This limit g(¢) clearly has the properties
1) Ricgy >0 for all t € (0,1]
2) [Rm|y4 < % for all £ € (0,1]
3) VolB (1)(9007A€) =& A}

4) VolB ) (y, Vt) > 2nfr1 (Vt)" for all t € (0,1] and all y € M.

We can also deduce some further useful properties. First, by Bishop-
Gromov, we see that

/\ ~—~

(11.25) VoIBy(1) (Yoo, 7) < Egr", for all r > Ay.

Moreover, although we fail to obtain a smooth limit of the flows g;(t)
at t = 0 because of the lack of curvature control, we can apply Bishop-
Gromov to each g;(0) and obtain the limiting statement

(11.26) lim sup Volng(o)(zj, r) < wpr”

j—00
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for all 7 > 0, provided By, ()(zj,7) lies within the region where the t = 0
instance of the lower Ricci bound of Property (b) holds, for sufficiently
large j — for example, if dg, (o) (zj,y;) is uniformly bounded — where wy,
is the volume of the unit ball in Euclidean space as before.

The principal way in which we extract information from time ¢ = 0,
and Properties (iv) and (d) in particular, is by using them to argue that
we cannot cover large balls by too few small balls, even at later times.
This principle will be used in the following claim; to state it, we require
R := max{f3,/cy, Ay, 1}, where (3 is the constant given by Lemma 3.2,
and also Lemma13.4. Parts 3 and 1 of Lemma 3.4 tell us that for any

_1 _1
z € By (0)(y;,t; *) and r € (0,¢; *) (for example) and sufficiently large
7, we have

(11.27) ng(o)($,T+R) D ng(l)(.%,?”)
and
(11.28) ng(O)( ,7') C ng(l) (.Z‘, 67’).

Claim 1. If we have a ball By(y, L), for y € M and L > 0, that is
covered by N balls of radius r > R (with respect to g(1)) then we must
have N > nugL™r~" for some n = n(n) > 0.

Proof of Claim 1. By the smooth convergence of g;(t) to g(t), we can
be sure that for sufficiently large j, there exist centres p},...,p}\ € M;

so that the larger balls ng(l)(p{, (r + R)) cover some ball By (1)(9;,L)
within Mj;, where §; remains a j-independent distance from y;. By
(11.28), this latter ball contains the smaller, earlier B, (o)(9;, L/e), and
by (11.27) the balls By 1y(p], (r + R)) are contained within the larger,
earlier By (o) (p{ ,(r+2R)). Therefore

N

. ) L\"
(11.29) Z VOlng(O) (p‘g, (7“ + 2R)) > Volng(O)(yj, L/e) > Movo <6)
i=1

by Property (d), for sufficiently large j. Taking the limit j — oo and
using (11.26), we obtain
L n
Nuwy(r+2R)" > novg (e> ,

and so for n = n(n) > 0, we conclude
N > qugL"r™".
g.e.d (Claim 1)

This claim is the final ingredient allowing us to apply Lemma 11.2 to
(M,g(1)). The control on the derivatives of the curvature follow from
Shi’s estimates. Condition (ii) is satisfied with § = 541 by the ¢ =1
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instance of (4). The v of that lemma can be taken to be nvg here, thanks
to the claim. Condition (iv) follows from (11.25), with € = &,.

The output of Lemma 11.2 is a noncompact (n — 1)-dimensional Rie-
mannian manifold (M’, ¢') with the properties (1) to (4), which allow us
to immediately apply Lemma 11.2 again, with n replaced by n — 1, and
this time with § = 545, v = mnuo, and € = C’%. Again, the output
is a manifold of dimension reduced by one, to which we can immedi-
ately reapply the lemma. After n — 1 iterations of this procedure, the
output is a non-compact one-dimensional complete, non-compact Rie-
mannian manifold, i.e. R, for which the volume of an R-ball is simply
2R. Conclusion (4) of the final iteration tells us that

€

vp !
for some C' = C(n) < oo, which is a contradiction for sufficiently large
£ so that &, is sufficiently small. This completes the proof of Lemma

11.1. q.e.d.

2R<C R

It remains to prove our dimension reduction lemma.

Proof of Lemma 11.2. First note that the set of geodesic rays emanating
from yo, is nonempty, because M is noncompact and complete. Indeed,
choosing a sequence of unit tangent vectors at y~, that exponentiate to
minimising geodesics of diverging length, a subsequence converges to a
unit tangent vector that exponentiates to a geodesic ray.

For 0 < K < L < oo, consider the annulus Ak 1, := By(¥oo, L) \
By (Yoo, K) and its nonempty subset

A K, = {p € Ak 1 | p lies in some geodesic ray emanating from yoo}.

We call /NlKL the modified annulus. Since Ric > 0, we must have
Vol(Agf — Ar 1) < e(K)L™ where € : [0,00) — [0,00) is a decreas-
ing function, depending on ¢, with e(K) — 0 as K — co. By Bishop-
Gromov, we also have Vol(Ag, 1) < wp(L"—K"), where w,, is the volume
of the unit ball in Euclidean n-space.

We first claim that there exists a sequence of points zp € M with
dg(Yoo, 21;) — 00 as k — 00, each of which lies within some (length min-
imising) geodesic ray i : [0,00) — (M, g) of infinite length emanating
from y, such that

VolB, (21, R) < (1003)“%.

Suppose the claim is false. Then there exists R > 0 such that for any
p € M with dg(yoo,p) > R, and with p lying on a geodesic ray, we have
VolBy(p, R) > 0¢, where oo = (100R)"<.

Clearly we are free to increase R if helpful, and so we may assume
that R > 10R. We will also need R to be large compared with R"t1,
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and it will be sufficient to ask that R > C(n)R"/(év), for C(n) that
will be determined during the proof. Furthermore, we ask that R is
large enough so that a(R) is small enough. It will be sufficient to ask
that e(R) < €6/(200).

Let N > 1 be the largest number of disjoint balls By(p;, R) that we
can pick that lie within A Rk but whose centre points p; lie within the
subset A Rk Fix such a collection of centre points p1,...,pny. We see

that N has an upper bound because condition (iv) and Bishop-Gromov
tell us that

(11.30) £(3R)™ > VolB,(yo0, 3R) > ZVOIB pi, R) > Noy.

Moreover, just as in the proof of Lemma 2.3 (see the argument just
after the Inequality (11.7)), we can be sure that the balls B,(p;, 3R)
cover the modified annulus A B3k However for our argument, we need
a covering of A Rk In order to achieve this we consider further points
DN+1s- -+ DN+M, such that {By(py1i, R)}M, is a maximal disjoint set
of balls with pyi1,...,pN1M € AR,SR \ AR,3R' Note here that we
don’t require that the balls also live in Ag 35\ A ki The set of balls
{By(pn+i,3R)}M, is then a covering of Apag \ AR 37> and hence the
set of balls {B,(p;, 3R)}"+M is a covering of Ap3p

If By(pn+i, R) intersects flR 4 forsomei € {1,2,..., M}, then throw
the ball By(pn+i, R) away: It will be covered by By(pj, 5R), for some
j€{1,2,...,N}, and the new set of balls By(p;, 5R)?Q{M of radius 5R
(we do not change the name of the centre points of the balls, or M,
even though some balls have been removed) still covers Ay .. We can
bound the number M of remaining balls because the remaining balls
{By(pN+j, R)}j]‘il with centre points in Ap 3z \ Ap 35 have very little
volume (relatiYely), since they are disjoint and completely contained in
Ap parir \ AR 3g- Indeed, because R > 1, condition (ii) gives
(11.31)

M
§M <> VolBy(pn+j, R)
j=1
< Volg(Ap_p 3R+R \ AR 37)

g(A

=Voly(Ap_ppYAR3a Y Asksiir) \ ARsi)

< wn(R —(R=R)"™) +wn(BR+R)" — (3R)") + e(R)R"
C(n)R" 'R+ ¢e(R)R"

55

< —R”
00
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if R is as large as we previously asked, where we have used that (a +
R)"—a™ < C(n)a™ 'R for a > R, by the mean value theorem, to obtain
the penultimate line. Hence

2e
oo
vR™
= GR)"

(N +M) < =(3R)"

(11.32)

from the definition of og. Now take a ball Bg(q,R) of radius R and

centre ¢ sitting in Aj ;5. We can cover By(q, R) with the N + M balls
of radius r = 5R that we have just constructed, since they cover A 5.

But then by (iii), we must have N-+M > (¢{i5. This contradicts (11.32),
and completes the proof of the claim that we can find the points z.

We now use the points z; of this claim to extract a limit. Indeed,
by condition (i), and condition (ii) applied to each of the points zj, we
know that we can apply the Cheeger-Gromov-Hamilton compactness
theorem, and passing to a subsequence in k we obtain smooth conver-
gence (M, g, zr) — (Moo, h, 20) to a limit which still has Ric > 0, but
now also contains a (length minimising) geodesic line through z.,, and
hence splits isometrically as a product R x (M’, ¢'), where (M, ¢') is an
(n—1)-dimensional Riemannian manifold with nonnegative Ricci curva-
ture. This is Conclusion 1. We may write zo = (0, y.,) for some point
Yoo € M'.

By passing the claim to the limit, we have

(11.33) VolBy, (200, B) < C(n) = R™.

v
By Bishop-Gromov, this volume ratio estimate extends to larger radii
(e.g. to radius 2R) and subsequently also to the factor M’, giving

(11.34) VolBy (1., R) < C(n)%R”’l,

for some (possibly different) C' = C(n). This is Conclusion 4. We also
have, for any z € M’, that 2VolBy(z,1) = Vol,(Bg/(z,1) x [-1,1]) >
VolB((0, 2),1) > ¢ and hence VolBy(z,1) > . This is Conclusion 2.

Next we pass condition (iii) to the limit to find that if we have a ball
Bp(y, L), for y € My and L > 0, that is covered by N balls of radius
r > R (with respect to h) then we must have N > vL"r~". Because of
the splitting of M, this then implies Conclusion 3.

From Conclusion 3, we immediately see that M’ cannot be compact,
because in that case we would be able to cover the whole space with
N =1 balls of a fixed radius, and then allow L to diverge to infinity
to obtain a contradiction. This completes the proof of the dimension
reduction Lemma 11.2. q.e.d.
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