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We prove uniform curvature estimates for homogeneous Ricci flows: For a solution
defined on [0, t] the norm of the curvature tensor at time ¢ is bounded by the maxi-
mum of C(n)/t and C(n)(scal(g(t)) —scal(g(0))). This is used to show that solutions with
finite extinction time are Type I, immortal solutions are Type III and ancient solutions
are Type I, with constants depending only on the dimension n. A further consequence is
that a non-collapsed homogeneous ancient solution on a compact homogeneous space
emerges from a unique Einstein metric on that space. The above curvature estimates
follow from a gap theorem for Ricci-flatness on homogeneous spaces. This theorem is
proved by contradiction, using a local W*P convergence result which holds without

symmetry assumptions.

1 Introduction

The proof of Thurston’s geometrization conjecture by Perelman [57-59] using Hamil-
ton’s Ricci flow [34] can certainly be considered a major break through. There are
however interesting related problems which remain open. For instance, Lott asked in
[50], whether the three-dimensional Ricci flow detects the homogeneous pieces in the
geometric decomposition proposed by Thurston. In the same article this was proved to

be true for immortal solutions, assuming a Type III behavior of the curvature tensor
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and a natural bound on the diameter of the underlying closed oriented manifold. More
recently, Bamler showed in a series of articles that for the Ricci flow with surgery there
exist only finitely many surgery times, and that the Type III behavior holds after the last
surgery time. In many cases, convergence to a geometric piece could be established. We
refer to [9] and the articles quoted therein.

Recall that a Ricci flow solution is called homogeneous, if it is homogeneous at
every time. In dimension 3 homogeneous Ricci flows are well understood: see [20, 31,
36, 39, 49]. For results in higher dimensions we refer to [1, 2, 6, 17, 19, 37, 46, 47, 56],
among others. Notice that except for [47], assumptions on the algebraic structure or on
the dimension were made.

Our first main result is

Theorem 1. Let (M", g(t)),,» be a homogeneous Ricci flow solution. Then the norm of

the Riemannian curvature tensor at the final time b can be estimated by
IRm(g(b))llgey < C(n) -max {;~ , scal(g(b)) — scal(g(a))}. U

Symbols like c(n), C(n), etc. refer to positive constants which depend only on the
dimension. A first immediate consequence of the above estimate is that for homogeneous
Einstein spaces of a fixed dimension, the Einstein constant controls the norm of the
curvature tensor. Notice that this is not true already in the case of cohomogeneity one

Einstein spaces with positive Einstein constant [12].

Corollary 2. Let (M", g(t)),.; be a homogeneous Ricci flow solution. Then the following
holds: If the solution has finite extinction time T, i.e. I = [0, T), and scal(g(0)) = 1, then
there exists §(n) € (0,1) such that forallt € [§(n)-T,T)

IRM(@G) g - (T =) € [5,C(n)].

If the solution is immortal, i.e. I =[0,0), and scal(g(0)) = —1, then forallt eI
IRm(g(®)llge -t € [0,C(n)].
If the solution is ancient, i.e. I = (—o00, —1], and scal(g(—1)) =1, then forallt eI
IRm(g(®)llge - It] € [c(n), C()]. U

The above assumptions on the scalar curvature can always be achieved: see
Remark 4.2. Note also, that in [14] the first two upper curvature bounds were shown,

however with constants depending on the initial metric.
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Regarding homogeneous solutions with finite extinction time, recall that by [10]
a homogeneous space always admits such solutions, if its universal cover is not diffeo-
morphic to Euclidean space, and that starting from dimension 7 there exists infinitely
many homotopy types of simply-connected homogeneous spaces [7]. Notice also, that
the homogeneity assumption cannot be dropped in the above corollary, see [26, 33, 38].
Moreover, we show in Lemma 4.3 that there cannot exist a uniform upper bound for
| Rm(g(t)llge) - (T — t) for small times: On S* there exists a sequence of homogeneous
Ricci flows, such that at the initial time the norm of the curvature tensor is one, the
scalar curvature is positive, but the extinction times are unbounded.

Using the above corollary, it then follows from [52] and [28] that a homogeneous
Ricci flow solution with finite extinction time subconverges, after appropriate scaling,
to a non flat homogeneous gradient shrinking soliton. By [61], such a forward limit
soliton is a finite quotient of a product of a compact homogeneous Einstein space and a
non-compact flat factor, where the latter might be absent.

Next, recall that by [10] and [45] any homogeneous Ricci flow on a homogeneous
space whose universal cover is diffeomorphic to Euclidean space is immortal and that
starting in dimension 3 there are uncountably many homogeneous spaces whose under-
lying manifold is Euclidean space [11]. For immortal solutions the lower bound 0 in the
above estimate is again optimal: already in dimension three, there are examples where
the curvature tensor converges exponentially fast to zero [36]. Concerning forward limit
non-gradient solitons of immortal homogeneous solutions we refer to [15].

We turn to homogeneous ancient solutions. Notice first, that the homogeneity
assumption cannot be dropped in the above corollary in view of [8, 58]. Recall also that
homogeneous ancient solutions are called non-collapsed, if the corresponding curvature
normalized metrics have a uniform lower injectivity radius bound. In this case, by the
above corollary and by [21, 52] these solutions admit a non-flat homogeneous asymptotic
soliton as one goes backwards in time.

All known non-compact ancient homogeneous Ricci flow solutions are the Rie-
mannian product of a compact ancient solution and a flat factor. In the compact case

our estimates yield the following

Theorem 3. The asymptotic soliton of a non-collapsed, homogeneous ancient solution

on a compact homogeneous space is compact and unique. O

In fact, we show that non-collapsed ancient solutions on a compact homogeneous
space must emanate from a homogeneous Einstein metric on the same space. Examples

of such solutions have been described in [8, 19], both with compact and non-compact
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Fig.1. A family of ancient solutions on M2,

forward limit soliton. Let us also mention that on a compact homogeneous space which
is not a homogeneous torus bundle, ancient homogeneous solutions are non-collapsed:
see Remark 5.3.

Since along the volume-normalized Ricci flow the scalar curvature is non-decrea-
sing, the Einstein metric from which an ancient solution emanates cannot be a local
maximum of the total scalar curvature functional restricted to the space of homogeneous
metrics. Conversely, if an Einstein metric is not a local maximum in this sense, there
exists an ancient solution emanating from it: see Lemma 5.4.

Next, we turn now to collapsed homogeneous ancient solutions on compact
homogeneous spaces. Since they are collapsed, the asymptotic soliton can only exist
in the sense of Riemannian groupoids, as introduced by Lott [49]: see Section 6. A nice
example is given by the Berger metrics on S?**!, They have the non-compact asymptotic
soliton CP" x R, and the round sphere as a compact forward limit soliton.

The following compact homogeneous space is the first example admitting a col-
lapsed ancient solution with non-compact forward limit soliton. Moreover, this example
also shows that the geometry of the asymptotic soliton does not depend continuously

on ancient solutions.

Example. There exists a compact homogeneous space M'? which admits a one-
parameter family of homogeneous ancient solutions with the same asymptotic soliton
(E',gg,) x R and the same forward limit soliton S* x R®. Moreover, in the closure of

these solutions there is a single ancient solution emanating from (E'!, gg,) x R. O

Here, gr,, gr, are non-isometric Einstein metrics on the compact homogeneous
space E''. In appropriate coordinates these solutions are depicted in Figure 1. For further

details and higher dimensional examples see Section 6.
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Our second main result, which is crucial for the proof of Theorem 1, is

Theorem 4 (Gap Theorem). There exists €(n) € (0, 1) such that for any homogeneous

space (M™", g) the Weyl curvature can be estimated by

W@y < (1 —e€m) - IRm(g)llg- O

It follows that a homogeneous Ricci flat space is flat, a result which was proved
by Alekseevski and Kimel'fel’d [3] in 1975. But it also shows that a non-flat homogeneous
space cannot be “too” Ricci flat. The optimal gap size €(n) is unknown, but converges to 0
as n — oo: see Section 7. It is worthwhile mentioning that the Gap Theorem is equivalent

to the statement

[ Rm(g)llyg = C(n) - [ Ric(g) g

The Gap Theorem is proved by contradiction. We show that a contradiction
sequence subconverges locally in C!'*-topology to a smooth local limit space, when
assuming norm-normalized curvature tensors. Such a local limit is a smooth Ricci flat
metric. Since it is also locally homogeneous, it must be flat [65]. On the other hand,
as already remarked by Anderson [4], subconvergence can even be assumed in W?P-
topology for some p > n/2, which yields a positive lower bound for the norm of the
curvature tensor.

Since the corresponding curvature estimates might be of independent interest
we state them here. We would like to mention, that in the following theorem there are

no symmetry or completeness assumptions.

Theorem 5. GivenO < v < Vandp € (n/2,),there exists aconstante = ¢(v,V,n,p) >
0 such that the following holds. Let (D}, g, X;);en be a sequence of smooth manifolds, such
that Bf" (x;) is compactly contained in D} for all i € N. Assume that vr"* < vol(BYi(x)) < Vr™

for all r < 1, for all BY!(x) € BJ(x;), and

lim [ |Ric(@)ldu, =0 and / | Rm(g) " 2dpy, < e
1)

1—>00 ll (Xl)

Then, for all s € (0, 1), (BY(x;), gi, X;)iex Subconverges in the pointed W??-topology to a

C*-smooth limit manifold (B> (x), g, X), and we have

tim [, I Rm@ P = [ I Rm(@.)Pdge. =

i—o00 Sl(Xi) BSOO(X)
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At the moment no algebraic proof of the Gap Theorem is known, not even for the

fact that Ricci flat homogeneous spaces are flat. Hence we propose the following

Problem. Provide an algebraic proof for the Gap Theorem. d

The article is organized as follows: In Section 2 we prove the Gap Theorem using
Theorem 5, whose proof is provided in Section 3. In Section 4 we show how Theorem 1
can be deduced from Theorem 4 and we give the proof of Corollary 2. In Section 5 we
prove Theorem 3, and in Section 6 and we will provide examples of homogeneous ancient
solutions. Finally, in Section 7 examples of left-invariant metrics on solvable Lie groups
are given, which show that the constant ¢(n) in the Gap Theorem must converge to zero
for n — oo.

The first author would like to thank Claude Le'Brun and Lei Ni for helpful com-
ments. The authors would like to thank Norman Zergénge for pointing out that the weak
convergence theorem (see Section 2) was not correctly stated in the first version of this

article.

2 Locally and Globally Homogeneous Spaces

In this section, we define locally homogeneous spaces and show that they are real ana-
lytic Riemannian manifolds. Moreover, we provide injectivity radius estimates and a
result which shows how to extend local isometries on simply connected domains. All of
this is used to prove Theorem 2.6: there, we show that a contradiction sequence to Theo-
rem 4, lifted to the tangent spaces, has to subconverge in the C!'**-topology to a Ricci-flat
space which is locally homogeneous and thus flat. Then at the end of the section we
prove Theorem 4.

A Riemannian manifold (M™", g) is called globally homogeneous if for all points
P, q € M" there exists an isometry f,, , of (M", g) mapping p to g. In other words, the isom-
etry group acts transitively on M". It is a classic result that any globally homogeneous
Riemannian manifold is complete.

A Riemannian manifold (M", g) is called locally homogeneous if for all p, g € M™
there exists ¢ = ¢,4, > 0, depending possibly on p and g, such that B.(p) and B.(q)
are isometric with the induced metric. Here, B, (p) denotes the open ¢-ball around p in
(M™, g). Notice that a locally homogeneous manifold is not necessarily complete. More-
over, recall that there exists (incomplete) locally homogeneous manifolds which are not

locally isometric to any globally homogeneous manifold, see [43].
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Lemma 2.1. A locally homogeneous space (M",g) is a real analytic Riemannian
manifold. O

Proof. By [67]local homogeneity of (M", g) is equivalent to the existence of an Ambrose-
Singer-connection V7 in short AS-connection. An AS-connection is a metric connection,
which has parallel torsion and parallel curvature. Now by Theorem 7.7 from Chapter VI
in [40] it follows that both M™ and the AS-connection V* are real analytic. It remains to
show that the Riemannian metric g is real analytic as well.

Let x : U — R" be a chart from the analytic atlas of M", let V := x(U) and let
(e1,...,e,) denote the standard basis on R". Pulling back the metric g|y by x! to V we
obtain an metric § = (Gjk)1<jk<n ON V with g(e;, ex) = gi. Pulling back the connection V*
to V we get an analytic connection V* on V. Hence the Christoffel symbols f‘;"j'k V>R
of V* are real analytic, 1 <i,j, k < n.

Recall that V* is a metric connection, that is for 1 < i,j,k < n we have
ei_c}(ej, e) = g(@;ej, er) + g(ej, @:iek).

Letvo € V,v € R* with |v|ga = 1 and ¢, : (—g,6) > V ; t > vo+t-v. We set gi(t) :=
gi(cy () for 1 < j,k < n. Then the vector G(t) = (G11(t), ..., Gun(t)) satisfies a linear
ordinary differential equation G'(t) = A(t) - G(t), where A(t) is real analytic. Now by
Theorem 10.1 in [66] the solution G(t) is real analytic and defined on the entire interval
(—¢,¢), that is

()
R O]
gik(t) = Z ’kl, -t
1=0
foralll <j,k <nandallt e (—¢¢). Acomputation shows that g;x(0) = gu(vo), g;,? 0) =
((VGjt)v,, v) and

93 (0) = £1i=0 (VGu(c, (1)), v) = (Hess @), (v, V).

Inductively we get corresponding formulae for the higher derivatives. This shows that
at the points ¢, (¢) the functions gy can be written as a power series. Since this works for
any v with ||v|lsa = 1 we deduce that the metric coefficients g;. are real analytic. This

shows the claim. [ |

Next, we consider globally homogeneous spaces (M", g) with sectional curvature

bound |Ky4| < 1 at one and hence any point of M™. We consider also for a point p € M"
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the Riemannian exponential map exp, : T,M" — M". Since |Ky| < 1, by the Rauch

comparison theorems

exp, |3, ) : Bx(0p) = B (D)

is an immersion. Hence we can pull back the metric glz, ) to a metric g on B, 0p) C
T,M". The metric g is locally homogeneous, clearly incomplete, but still real analytic
by Lemma 2.1. Here, we used that the exponential map is analytic: see Proposition 10.5
in [35].

Definition 2.2. We call (1:3,,(01,),@) a geometric model for the globally homogeneous
space (M", g). [

We mention here that any homogeneous space has an associated infinitesimal
model which encodes the algebraic data of the space: see [67].

Using once again that |K;| < 1, we see that inj,;(x) > i(r) > 0 for any x € B, (0p) in
view of [23] or [22]. Here r = dy(0p, x) = ||x|| and i : [0, 7) — R, is an explicit continuous
function with i(r) < 7 — r. Notice that i does not depend on the particular choice of the
local model (B, 0,),9).

For the convenience of the reader we will provide a proof of a much stronger

estimate.

Lemma 2.3. If (B, (0,),9) is a geometric model and x € B, (0p) with r = dy(0,, x), then

i(ry=mn—r. O

Proof. Letx € B, (0p) be given and suppose that ¢ := inj,(x) < 7 — r. Using the triangle
inequality we see that the closure of Bf(x) is a subset of 1§’ﬂ(0p). Since |Ky| < 1, by
Klingenberg's Lemma (cf. [60], p. 182) there exists a geodesic loop c¢ centered at x of
length 2¢ possibly not closing up smoothly. Since the angle between a Killing field and
a geodesic does not change, the loop must close up smoothly. Here we have used that
on a simply connected, locally homogeneous space (M", g) for each point p there exist
Killing vector fields on M" spanning T,M" (see Theorem 1 in [53]).

Now the injectivity radius is a continuous function at x (see Chapter VIII, The-
orem 7.3 in [41]). As a consequence, for small positive ¢ there exist closed geodesics c;
centered at (1 — t) - x of length 2¢ + §(t), with lim; ., 5(t) = 0. We claim that in fact

8§ = 0. To this end, we pick a sequence (t;);cy converging to zero, such that the closed
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geodesics c;; converge to a limit geodesic ¢ of length 2¢. Since the metric g is real ana-
lytic, on compact sets the length functional has only finitely many critical values by
[63]. Consequently for large i the length of ¢;, must be 2¢. We can now conclude that
also at the center point 0, the injectivity radius is less than or equal to ¢ < 7. This is a

contradiction. [ |

In the next lemma, we show that local isometries can be extended to balls of

uniform size.
Lemma 2.4. Let (B, (0,),9) be a geometric model, x,y € B, (0p), and let
§ :=48(x,y) == min{i(Ix), i(llyID}.
Then the open distance balls Bf (x) and Bf (y) are isometric. O

Proof. Since (E”(op),g) is locally homogeneous, there exists ¢ > 0 and an isometry
h: Bg(x) — Bf(y). We need to show that we can extend this isometry to an isometry
H:BJ(x) > Bl(y).

Since by Lemma 2.1 the locally homogeneous space (B, (0,),9) is real analytic,
it follows as in the proof of Proposition 10.5 in [35] that both the exponential maps
exp,: B;(0,) — Bf (x) and exp,, E(g(Oy) — Bg’ (y) are real analytic diffeomorphisms by

Lemma 2.3. We set
H:Bx) — By ; z— (exp, o (Dh), o (epryl )(2).

The map H coincides with h on B(x). Moreover H is analytic. As a consequence, the
analytic tensors ngg(X) and H* (§|Bg(y)) are equal on BY(x). By analyticity they coincide on
8 8

all of B‘?(X), hence H is the desired extension. Clearly, H is a diffeomorphism. [

Remark 2.5. The previous two lemmata imply that there exist positive constants v, <
V, such that

Var" < vol(B(x)) < V,r” (1)
forallxeﬁﬂ(Op) andall0 <r <m — |x]. O

For a Riemannian metric g we denote by Ric(g) its Ricci tensor.
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Theorem 2.6. Let (B, (0p;), G1)ien be a sequence of locally homogeneous geometric mod-
els. Suppose that Ric(g;) — 0 for i — oo. Then, there exists a subsequence converging

in C'*-topology to a smooth flat limit space (X, g). 0

Proof. Since for geometric models we have injgi (0p;) = 7 and [Ky,| < 1, by the Cheeger-
Gromov-compactness theorem we may assume that (IAS’,r (0), gi, 0);en converges to a C'-
smooth manifold (X, g, xo) in the pointed C'* topology. Using Ric(g;) — 0 as i — oo this
can be improved: (X, g) is smooth and satisfies Ric(g) = O (see [4] and [60], Theorem 5.5).
The type of convergence is described for example in Theorem 3.3.

We claim now that this limit space (X, g) is locally homogeneous. To this end,
let y # xo be a point in Bﬁ_ss (x0), and assume after pulling-back by the corresponding
diffeomorphisms that convergence takes place in Bi_a (x0). Then by Lemma 2.4, foralli
N there exists a g;-isometry f; between Bf" (x0) and Bfi (y). Choose a countable dense subset
S = {s*}xen of BY(x0) € X. The sequence (fi(s"),., has a convergent subsequence with limit
fool(s®) € Bg(y). Using a Cantor diagonal procedure, one can choose a subsequence (f;)ien
of (f)ien, such that for any k € N the sequence (f;, (s¥))ien converges as [ goes to infinity.
This defines a one-Lipschitz map f., : S — X, that is, d(fuo(s'), foo (s¥)) = dg(s’, s¥). Such
a map can be extended to a distance preserving map from B?(Xo) to Bg(y). Clearly, this
map is injective. Now, since (X, g) is smooth, distance preserving maps are smooth as
well (see for instance [35, Theorem 11.1]). Hence f,, : Bg(xo) — Bg(y) is also surjective,
and this shows that these two balls are isometric. Consequently, the limit space (X, g)
is locally homogeneous.

Finally, by [65] locally homogeneous Ricci flat Riemannian manifolds are flat. W

Proof of the Gap Theorem. As noticed in the introduction, it is sufficient to prove the
equivalent estimate | Rm(g)|l; < C(n) - || Ric(g)|ly. Let Vy, v, be the volume bounds men-
tioned in Remark 2.5, e(n) = ¢(n, vy, V,) > 0 and L(n) = L(n, v,, V,) be as in Theorem 3.3.
W.lo.g. é(n) := % <1.

The proof goes by contradiction. Suppose that there exists a sequence (M}, g;) of
n-dimensional homogeneous spaces with || Rm(g;)| = £(n)*" <1 and | Ric(g;)|| — O for
i — oo. Notice that || Rm(g;)|| < 1 implies |Ky,| < 1. Hence, by the above discussion every
such space has a geometric model (B, (0p,), g1). By Theorem 2.6 we may assume that the
sequence (ﬁ”(Opi),gi, 0p,)ien converges to a flat limit space (X, g, xo).

On the other hand, this contradicts the estimates in Theorem 3.3 as we will show
now. The balls Bgi (0) are compactly contained in B, (0p,) and satisfy the volume estimates

of Remark 2.5. Clearly, || Ric(g;)|| — O for i — oo. Moreover, by our normalization we
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have that
]z;é' I Rm@i)ll"/zdugi =£(n) -V01(B“Zi(0)) € [E(H);—Z,E(n)] (2)
AJ0)

in view of the volume estimates. Thus, we can apply Theorem 3.3 and conclude that
the convergence to (X, g, Xo) is in fact in the W?P-topology, for any p > n/2. Using this,
together with the volume estimates (1) and the fact that the limit is flat we obtain

v, )" = v,/ - | Rm(Gy) |

< vol(B%(0)7 - || Rm(gy) |

1/p
=\/, [IBRm@l” — 0,
<'/‘;?i(0) ! i—00

a contradiction. [ |

3 A Weak Convergence Result

In this section, we will state a convergence result and curvature estimates for Riemann-
ian manifolds (D", g) without boundary (possibly incomplete) satisfying certain integral
curvature and volume bounds. These results were applied to geometric models of homo-
geneous spaces in the proof of the Gap Theorem. Notice though that in this section no
symmetry assumptions are made on (D", g) whatsoever.

We start by defining the W'? harmonic radius of (D", g). Given a chart
ViV - y(V)=Y CR",
V C D", we denote by
(Ghrgken Y > R

the coordinate functions of g in the chart . Then we set

IDgllze () := f Y lagglPay | (3)
14

W) j k=1

where dy refers to Lebesgue measure on R" and Blg}i refers to the standard Euclidean

partial derivative in the I-th direction of the function 9}/2-
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Clearly the above norm depends on the choice of the chart. For instance if ¥ (V)
is the Euclidean standard ball B$*%(0) of radius one and if ¢, :=d, o ¢, d,(y) =r -y is
the dilation by factor r > 0, then

IDglle () = 75 ° - | Dgllze (¥).

We assume now that distance ball B(y) is compactly embedded in D". Furthermore, we
assume that there exists constants 0 < v < V such that for all BI(x) € B{(y) and all

0 <r <1 we have
vr" < vol(BI(x)) < Vr". (4)

Definition 3.1 (Harmonic radius). Let (D", g) be as above and let 0 < p < co. Then the
p-harmonic radius ry,, ,(x) at a point x € B{(y) is the supremum of all r > 0 with the

following property: There exists a C*-smooth chart

V= @}, ., ) V — BSY(0)
around x with v.(x) = 0, V € B}(y) with the following properties:

() 38k < gjy < 28, and g;(0) = &y
() 7P - |Dglle (V) < 2.
(iii) The map V¥, is harmonic, thatis Agy)* =0forall m e {1,...,n}. O

Nowhere in the definition do we require that V = v, !(B,(0)) be a geodesic ball. All three
conditions are invariant under the simultaneous scaling (g,r) — (A% - g, A - r) for some
A > 0, where then the ball B(y) has to be replaced by Bﬁ'y (y) in the above definition. As
a consequence, the harmonic radius scales as a radius.

The proof given here follows essentially the proof given in Appendix B of [64],
which, as explained there, essentially follows the proof of Main Lemma 2.2 of [4] (see

Remark 2.1 there), using some notions coming from [5].

Theorem 3.2. Let0 < v < V and p € (n/2,00) be fixed constants. Then there exist
e=¢(v,V,n,p) >0and L = L(v,V,n,p) > 0 such that the following holds. Let (D", g) be
a smooth Riemannian manifold without boundary, y € D", such that BY(y) is compactly

contained in D". Assume that the volume estimates of (4) are satisfied, and

/ | Ric(g)[IPduy < 1, (5)
By
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and
[, 1Rm@)idi, < e ©)
By
Then for all x € BI(y), s < 1 we have
rﬁar,zp(X) > L(1 —s). (7)
O

Proof. We are going to prove that rﬁar'zp (x) > Ldisty(x, dB{(y)) for all x € BI(y). Assume
that the resultis false. We start with the more difficult case p € (n/2, n). Then there exists
a sequence (D7, g;, Vi)ien Of pointed Riemannian manifolds without boundary, such that

Bji(y;) is compactly contained in (D7, g;) with the following properties: We have
) (|2 1
[Bgi( ' | Rm(g) 1" dug; < 5 (8)
1 7y
and there exist X; € Bfi (y:) such that
i iy
hi(k) = — =250 0 ag s oo,

distg, (%;,0(BY (7))

Since rﬁfir'zp is lower semi-continuous on Bfi (yi) (2p > n), there exist points x; € Bfi(yi)
with h;(x;) < hy(x) for all x € BJi(y;). Clearly lim,_ h;(x;) = 0. This in turn implies

lim; o Tty 5, (%) — 0. We deduce that

1

Wi = — 00 as i— oo.

rﬁgr,Zp(Xi)
Next, we consider the rescaled metrics g; := M? - g;- Notice that the functions h;, defined
above, are invariant under such a scaling, if we replace the ball of radius one by the

balls B,’iii (y:) in the definition of harmonic radius.

We also have rﬁiaryzp(xi) =1,
/i | Ric(gi)npdugi —-0 as i— oo, 9)
uli(Yi)
and
/~. | Rm(gy)[I"*dpg;, — 0 as i— oo, (10)
By ()
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since p > 7 and the inequality (8) holds; notice that the integral in (10) is invariant under

scaling of the metric. Hence by the above mentioned scale invariance of the functions

h; and the choice of points x; we have for all x € B,’zii (v:)

L9 i
har 2p x) "har 2P (Xl) _ 1

> 5 —-0 as i— oo.
dist i(xd(Bg‘lwi))) disty (xla(B“ ) distgi(xi,a(Bﬂ’iwi))

Next, as in [64] a simple triangle inequality estimate shows that for any p > 0 and any

X e Bgi (x;) for i > N(p) large enough we have
rﬁ;r,Zp(X) Z %

For ease of reading, we remove the tildes from g; and write again g;.

We set 1 := —. Using the volume estimates and (i) we find harmonic coordinate

100
charts ¥} : U5 — Bﬁgd(O) with ¥f(x) =0,s =1,...,N = N(v,V, p,n), such that the sets
(UHY, cover BJi(x;), and their intersection number is bounded from above by Z(v, V, n).

We write
PiBYN0) = Uy e ()W)

and call these maps charts also. We proceed as in [64] (cf. [60]): There exists a limit
space (X, dx,X.) of the sequence (D, d(g;),x;) in pointed Gromov-Hausdorff-topology
by Theorem 7.4.15 in [18] in view of the volume estimates. Arguing exactly as in [60] after
the proof of Fact 4 and at the beginning of Fact 5, we see first that X is a C° manifold,
with coordinate charts ¢, : Bigd(O) — V,, and their construction implies the following: if
@(B(v)) € V, NV, then the maps (o;)! := (¢]) ™! o ¢! : BS*(v) — R" subconverge with
respect to the C° norm to the maps o! := (¢") ! o ¢’ : BS*4(v) - R" as i — oo.

Next, we show that the limit space X is a C*#-manifold. We have to prove that

the transition functions

(@)= (¢ o}

have a convergent subsequence in C?#. We sketch the argument.

We can assume, choosing i large enough, that («;); is defined on a small ball
Bsi(z) C BStd(O) independent of i. The indices s and s are fixed for the moment. By
assumption (i) and (ii) we have Wl'ZP(Bﬁgd(O))—bounds for gjk , with 2p > n. By Morrey's
Embedding theorem (see Theorem 7.17 in [30]) we obtain C* (Bi;d(O))—bounds for gf,js for

some 0 < o < 1 and by the Arzela-Ascoli-Theorem we obtain, after taking a subsequence,
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gl — h*in C” (Bi;d(O)) as i — oo for some Riemannian metric b’ € C* (Bi;d(O)): we use
the fact that %8 < g‘”iS < 26 freely, sometimes without explicit mention, where § denotes
the standard metric on R”. It is well known, see remark B.2 in [64], that the transition

functions for harmonic coordinates satisfy

> Gy k(@)Y =0

Jik=1

forallm =1,...,n on B§¥4(z).

Now by Schauder theory for the above elliptic differential equation one obtains
bounds for ((«)$)™ in C?*(B5'(z)). By the Arzela-Ascoli-Theorem we obtain a subse-
quence, which converges to the limit transition function («){ = (¢°) ! 0 ¢* in C*#(B§*(2))-
topology for B < . Hence X is a C*# smooth manifold. Also, pushing the metric h* back
to X using ¢° , we obtain a well defined C* metric h on X.

The bulk of the rest of the argument is devoted to showing that the limit manifold
is a smooth flat Riemannian manifold (X, h) having Euclidean volume growth and hence
is isometric to standard Euclidean space. This is used to obtain a contradiction to the
fact that the harmonic radii of the approximating sequence is bounded from above.

We sketch the proof given in [64]. We fix an s and the maps ¢° : Bﬁ;d(O) — Vs,
@; ngd(O) — V, associated to this s. By (i) and (ii) in the definition of harmonic radius
we have WI'ZP(Bigd(O))—bounds for the metric coefficients g¥ = g¥i where 2p € (n, 2n). Of
course this gives bounds in Wl'q(Bﬁéd(O)) forall g < n, since 2p > n. Also, g; subconverges
to h® in Lq(BE(t)d(O)) for all g € (0,00) as i — oo, since g5 subconverges to h° in C"(Bfgd(O)).

It is well known, that in harmonic coordinates one has
g“baaabgjk = (g_l * g_l * Dg * Dg)jk -2 RiC(g)jk , (1 1)

see the reference in [64]. Remembering that s is fixed, we now use the notation g; = g}.
We know by (9) that Ric(g;) converges to zero in Lp(Bigd(O)) as i — oo, and by Holder's
inequality the other terms are bounded in L? (ngd (0)) in view of the fact that dg is bounded
in L%, and g,g7!
W2P(K) ([30], Theorem 9.11) for any compact K < Bigd(O), and hence by the Rellich-

Kondrachov-Embedding theorem, g; converges to h strongly in W'4(K), for any q < p*

are bounded by 28. Now by the LP-theory we obtain bounds for g; in

where p* = % > 2p. Note that g = 2p is a valid choice here.

Next we are going to show that (g;);cy is a Cauchy-sequence in W2P(K), which

gives us g; — h® in W*?(K). For simplicity we write g = g; and g = g;, h = h® in the next
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paragraph: s is still fixed. We set

Ly == (h* — g*)3,0pg5 — (h** — §**)0,05Gx — 2 Ric(g)j + 2 Ric(§)
+(g ' *xg ' xDg*Dg)jx — (G xg ' * DG x D). (12)

Then we have
Lix = h®0,05(g — Pj- (13)

We are going to show that Lj becomes as small in LP(K) as we like for i,ilarge enough.

The first term on the right of (12) may be estimated as follows
f |(R® — g*)8a05gil” < C(n) - sup |k —g|f 0%g1”.
K K K

The integrals are taken with respect to the standard Lebesgue measure. Since g; con-
verges to h in C*(K) and g = g; is bounded in W??(K), as we showed above, we see that
this term is as small as we like in L?(K), as long as i is large enough. The second term can
be estimated in a similar fashion. The third and the fourth term converge by (9) in LP(K)
to zero. The last two terms are dealt with as follows: Dg; — Dh and Dg; — Dh as i,1— 0o,
in L?, as we explained above, and hence (g~! x g~' * Dg * Dg)j and (§~' * G~ ' * Dg * Dg) x
converge to (h™! x h™! %« Dh % Dh)j in LP(K), which implies that the sum of the last two
terms of (12) converges to zero in LP(K).
We deduce from (13) and (12) that

h®3,85(9: — gk = F (A, Dy
with
f FQ Py < e, D)
K

and &(, Z) < ¢ for any ¢ > O, if ii> N (e) are large enough. Using again LP-theory for

elliptic operators we deduce by Theorem 9.11 in [30] that

Ig: — Gillwer i) < Cx - (IF G Dllpa + 19: — Gillp))-

on any smooth compact subset KCcK C Bﬁ(‘)d(O).
This clearly implies that (g;);cy is a Cauchy sequence in W??(K) for compact
subsets K C Bigd(O) , and consequently g; — h for i — oo in W2P(K) N W'4(K), for any

q € [2p, p*), in particular we can choose g = 2p here.
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We come now back to the identity (11): we can take the limit in L?(K) and deduce
h*3,3,(h)jx = —(h™' * h™' + Dh % Dh)j,

where the right hand of this equation is in L"(K) with r = 7 + o for some 7 > o > 0,
and hence h € W?"(K) by the L" theory. The Sobolev Embedding Theorem tells us that
h € W= (K), and we note that I = ((';//Zz;fx =n+20 - (;7=) = n+40, and hence the
right hand side of the above equation is bounded in Lzt%,

Tterating this argument, we get h € W2 for all r € [1, c0): we first choose o > 0
very small, and N € N large so that 7 + (N — 1)o is as close as we like, but less than n.
Then the Sobolev Embedding Theorem in the N'th iteration gives us that the right hand
side is in L"(K). Now using the L? and the L" theory, we conclude, as in [64], that h is
C*(K).

At this stage we know that the limit manifold X is a C?>#-manifold, but that the
metric h is C*-smooth in our constructed harmonic coordinates. Using a similar but
simpler argument to the one used above to show that h is C*, we see that the transition
functions on X, and hence X, is C*: see the argument given in [64] for example.

Next, we show that the limit space (X, h) is flat. Let s be fixed and the map
@i Bigd(O) — U} € X; and ¢° : Bﬁ(‘)d(O) — U’ in X be as above. Since the metrics g; = g}
converge to h* in W?P(K) N W2’ (K) N C®¥(K) in these coordinates, for fixed s € {1, ..., N}

we have writing h = h, abusing notation slightly,

/ | Rm(h)[I” dpn =
K

_ / A" % b=l % D2+ h=" % h=" % Dh + DR dp,
K

= 1tim [ g "+ @) +D°g7 + (gD # 90" *Dg? + DG!IP d
11— 00 K

< lim | Rm(go) I dpg, = 0.

i—00 B?éd(O)

This shows that the limit space (X, h) is flat. (X, h) has Euclidean volume growth since
the (BJ (x;),9:)'s also do. This implies that (X, h) is isometric to (R”, §).

As in the proof of the Main Lemma 2.2 in [4] one obtains now a contradiction:
see [64] for more details.

The case p > n is similar but easier. Arguing as above, we get (locally) g; €
W?P(K) and hence dg — dh in L¥(K) for all s € [1, 00), in view of the Rellich-Kondrachov
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embedding Theorem, and hence, arguing as above, g; — h in W*P(K) N W'P(K) for all

smooth compact sets K C B‘,f;d(O). The rest of the argument is the same. [ |

Theorem 3.3. Let 0 < v < V and p € (£,00) be fixed and ¢ = ¢(v,V,n,p) > 0 and L =
L(v,V,n,p) be the constants from Theorem 3.2 above. Let (D}, g;, i)ien be a sequence of
pointed smooth Riemannian manifolds without boundary such that BY (y;) is compactly

contained in D} for all i € N, y; € D}. Assume that
vr® < vol(BYi(x)) < Vr™.

for all r < 1, for all BY!(x) € BJi(y;), and

[, IRm@I"dn, <,
Bl ()

and
/ ~ |IRic(g)|Pdug, — 0 as i— oo
Bl (v

for some p € (%,00). Then for all z € B¥(y;), s < 1, the 2p-harmonic radius is big-
ger than L(1 — s). Furthermore, we find a smooth Ricci flat limit space (X, g,x,) in
the following sense. For all s < 1 BY(xp) is compactly contained in X and there exist
smooth diffeomorphisms F; : BI(x,) — (Fi(BY(y:)) < B (y;) with F;(xo) = y;, such that
(F)*(g9:) — g in W?P(BI(x,)) N W' (BI(x,)), after taking a subsequence. Also the map
02 (B(g,i(mi),dgi) — (B3,(m),d,), for any m; with Flfl(mi) = m is an (i) Gromov—
Hausdorff approximation, €(i) — 0 as i — oo, if By (m) C Bj(s)(xo): distance converges

with respect to this map and its inverse, as i — oo. In particular, we have

lim | Rm(g;)[IPdu »=f | Rm(g)[Pdug ,
i—o00 Bgi(x) 9 9 B (x) I g

foralls < 1. U

Proof. By assumption we may apply Theorem 3.2 to all the metrics g;, showing that
the 2p-harmonic radius on B, (y;) is bounded uniformly from below by L(1 — s), where L
is without loss of generality less than 1/100. In these coordinates we have to establish
the above claimed subconvergence.

Now after finding the contradiction subsequence g; in the proof of Theorem 3.2

we only used the estimate (9) to construct the limit metric, which is then smooth. The
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estimate (6) was only used to prove the flatness of the limit metric. Hence we may pro-
ceed precisely as above, replacing the g;'s of the proof of Theorem 3.2 by the g;'s given
in the statement of the Theorem here, and we deduce convergence of the sequence (g;);ex
locally (in the harmonic coordinates from above) in the W*? N W'2?P-topology. The diffeo-
morphisms F; are constructed using the transition functions, which we know converge
locally in C?*, as explained in the proof of Theorem 3.2 above. This, combined with the
fact that (g;);ey converges to h in WP N W'?P in the harmonic coordinates from above,
implies that (F;)*(g;) — g in W*P(Bj_,;(x0)) N W'?P(BY_,,(x0)) as i — oo: see for example
Appendix B in [64] for details on the construction of the diffeomorphisms F; appearing

in the statement of this Theorem, and why the previous statement is true. |

4 Curvature Estimates

In this section, we discuss the applications of the Gap Theorem to the study of homo-
geneous Ricci flows. The proofs of Theorem 1 and Corollary 2 are presented. Moreover,
we show that for homogeneous Ricci flows the Ricci curvature satisfies a time doubling
property, similar to that of the full curvature tensor.

A Ricci flow solution is called homogeneous, if it is homogeneous at any time.
Notice, that it is sufficient to assume homogeneity at the initial time: Homogeneity
implies bounded curvature, hence for such initial metrics there exists a unique solution
with bounded curvature. As is well-known it then follows that isometries of the initial
metrics will also be isometries for all evolved metrics. Moreover, by [42] the isometry
group does not change over time.

By the Gap Theorem there exists C(n) > 0, such that every n-dimensional

homogeneous manifold (M", g) satisfies

Rm(g)ll = C(n) - [ Ric(g)|.

Theorem 1 follows now directly from

Theorem 4.1. If (M", g(t)),., is @a homogeneous Ricci flow solution then

IRm(g(b))|| < max {557, 16-C(n)*- (scal(g(b)) — scal(g(a)))}. (14)
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Proof. Let K := || Rm(g(b))||. If ﬁ > b —a then K < (8(b — a))~! and the claim follows.

We are left with the case BLK < b — a. The above bound implies that

b b
/ | Rm(g(e)[2de < Cm° / 2 | Ric(g(e))|*dt

b
— @/ scal(g(t))'dt
= %’”2( scal(g(b)) — scal(g(a))).

Now if t € [b — g, b], then by the doubling time estimate we have || Rm(g(t))|| > ; -

| Rm(g(b))|. Using that a < b — %, we deduce that

8K’

b b
f | Rm(g()2d¢ = / CIRmg@)IPde = Kk =k,

b-gr

and the theorem follows. [ |

Recall that along a homogeneous Ricci flow (M", g(t)):c(qp the scalar curvature

s(t) := scal(g(t)) is a constant function on the manifold, hence

st) =2 |Ric(@@®)l* =

2.5t
If s(t) does not vanish for ¢ € [a, b] then by integrating we get
~wtwzi b-a,

Assuming that s(a) > 0, which implies s(b) > 0, one gets that

s@=<2-b-a, (15)
and on the other hand if s(b) < 0 then also s(a) < 0 and one obtains

s <5 -b-a) . (16)
If in addition there exists a constant C;(n) > 0 such that

s < Ci(n) - s(t)° (17)

then one also gets the reversed inequality

st <) (b -a). 18
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Proof of Corollary 2. Let (M", g(t):cor) be a homogeneous Ricci flow solution with
finite extinction time T < oo and scal(g(0)) = 1. Taking a = 0,b = t in (14) yields

| Rm(g(¢))|| <max{z;, 16-C(n)*- (scal(g(t)) — 1)}.

Observe that the first expression on the right hand side is decreasing, whereas the second
is increasing and diverges to +oco as t — T since the curvature blows up at T. Therefore

there exists a unique ty € (0, T) such that
ar = 16-C(n)* - (scal(g(¥)) — 1)
for all t € [ty, T) with equality at t,. Hence, on [ty, T) we have the estimate

Rm(g(®)[| = C2(n) - scal(g(?)), (19)

The upper bound stated in the first statement of Corollary 2 now follows by taking
a=t>ty,b— Tin (15). The lower bound is well-known and follows immediately from
the doubling time estimate: see Lemma 6.1 in [25].

It remains to prove an upper bound for ¢, in terms of T. First notice that since
scal(g(0)) = 1, from (15) for a = 0, b — T we have that ty < T < n/2, which in turn gives

a uniform upper bound
scal(g(to)) - to < C3(n)

by the very definition of t,. On the other hand, the estimate (19) gives an upper bound
for scal’ as in (17). Thus from (18) for a = ¢y, b — T we get

_to_ 1 o
C3(n) = scal(g(tg)) <Ci(n)-(T -1y,

and this implies that ty < §(n) - T for some uniform §(n) € (0, 1).
If the solution is immortal, i.e. defined for all t € [0, 00), we take a = t,b = 2t in
(14) and obtain

I Rm(g(¢)|| < max {5, —16 - C(n)*- scal(g(1))}.

8t!

Taking a = 0,b =t in (16) yields the desired estimate.
If the solution is ancient, i.e. defined fort € (—o0,—1], wetakea — —o00, b=t <

—1in (14). This gives us

I Rm(g(®))ll < C2(n) - scal(g(?)), (20)
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since scal(g(a)) — 0 as a — —oo by (15). The upper bound now follows by taking
b= —-1,a=1t < —11in (15). To prove the lower bound, notice that from (20) we immedi-
ately get an upper bound for the evolution of scalar curvature as in (17). Thus we can

apply (18) for b = —1,a =t < —1, and this finishes the proof. |

Remark 4.2. The assumptions on the scalar curvature in Corollary 2 are not restrictive
for non-flat solutions. Indeed, for the finite extinction time case, it follows from [45],
and also from Theorem 4.1, that the scalar curvature blows up at the extinction time.
Regarding immortal solutions, it is well-known that the scalar curvature cannot be
positive, since this would imply finite extinction time. And if it vanishes, the solution is
Ricci flat and hence flat. One can argue analogously for ancient solutions. In each case

one can then scale the initial metric so that the assumptions are satisfied. O

The following example shows, that even along homogeneous Ricci flow solu-
tions with positive scalar curvature the norm of the curvature tensor can decrease

tremendously.

Lemma 4.3. On S° there exist a sequence ((g;(t)):co,ra))ien 0f homogeneous Ricci flow
solutions with || Rm(g;(0))|| = 1, scal(g;(0)) > 0 and T(l) — oo for I — oc. (I

Proof. On S® = SU(2) left-invariant metrics are in one-to-one correspondence with
scalar product on the Lie algebra su(2) = T,SU(2). Let Q(X,Y) = % tr(X - Y*) and consider

for x;,x2,x3 > 0 the left invariant metrics g = g(x;, X2, X3), given by
g=x1-Qln, L Xo-Qln, L X3 Q.

Here m; is spanned by the diagonal matrix with entries +i, m, is spanned by the real
skew-symmetric matrices and m; is spanned by the symmetric matrix having i at the
off-diagonal entries. To compute the diagonal entries ry, r,, r3 of the Ricci endomorphism
Ric(g), see (21), of the metrics g with respect to the decomposition s1(2) = m; & m, ® m3

we use the formula (22). This yields

2 2 2
"= im0 — (X2 — X3)7)
__z2 2 o 2
T2 = shom - (X2 — (X1 —X3)7)
rs = Z_ . (Xg —(x1 —Xz)z)-

X1X2X3

20z 1snBny g0 uo Jasn BingapBey g Aq G8166SY/LEYY/YL/610Z/I0IE/UWl/W0d dno olwsped.//:Sd)y Wolj papeojumoQ



Optimal Curvature Estimates for Homogeneous Ricci Flows 4453

Here we have used that b, = b, = b; = 8 (see [68], p. 583), that [123] = 4 and that of course
d, = d, = ds; = 1. As is well-known the off-diagonal entries of the Ricci endomorphism
vanish: see Chapter 1, Section 5 in [24].

The Ricci flow equation for these metrics is given by x; = —2x; -r;, i = 1,2,3 and
the volume normalized Ricci flow by x] = —2x;-7?, r) = r;— 3 (r +12+73). Recall that after
a reparametrization in space and time the Ricci flow and the volume normalized Ricci
flow are equivalent. Solutions to the normalized Ricci flow will be denoted by (Q(Z))ge[o,@.

It is now convenient to introduce new coordinates o = ;‘—f and 8 = ’;—f Notice
that % = i—g - % = 2(r; — rp) and % = 2(r; — r3). The volume constraint x;x,x; = 1

1 . .. .
reads now (¢f)3 = Xll Therefore, the volume normalized Ricci flow, fixing volume one,

is equivalent to

o= 0-1-a)-1+a—-2p)
(ap)3

B=—5-B-1=B-1+p-a.

2
(@B)3

1IN

The sets {¢ = 1}, {8 = 1} and {@ = B} are invariant under this ordinary differential
equation and (1, 1) is the unique zero in the domain {«, 8 > 0}.

Forl € N, I > 100, we choose initial values o := £ + @ and g} := £ — <L
Clearly o, B} > 1 and 1 + o} — B} > 0, whereas 1 + B} — ol < 0. That is, for the solution
(a(t), B(t)) with initial values (a), B)) at time ¢ = 0 we have &’ < 0 and 8’ > 0 until this
solution reaches the line {1 + 8 —« = 0} at a time ¢, > 0. Notice that p(t}) > g} of course
and that the time ) is unique.

The initial values or chosen such that scal(g;(0)) = 0 and | Ric(g;(0)|? > ¢, -
I3 for ¢, > 0 independent of I. Another computation shows that at time ¢, we have
scal((g:(t1))? = || Ric(@ ()12 < ¢ -175 for a constant c,, independent of .

Next, let (g(t)):co,r) denote a solution to the unnormalized Ricci flow and set
V(t) := /X, (£)x;(t)x3(t). Notice that up to a constant this equals to the volume of (S%, g(t)).
As is well-known, but also follows from the above equations, we have V'(t) = —V(t)-s(t),
where s(¢) := scal(g(t)) and consequently V'(¢t) = —V3(¢) - 5(¢), with 5(t) = —V3(¢) - s(?).
The function (X1X2X3)% - scal(g(xy, x,, X3)) is scale invariant.

Let (gi(t))teo,rq) denote the solution to the unnormalized Ricci flow with initial
value g;(0) satisfying V(0) = 1, (0) = o and B(0) = p!. By the above we know that
| Ric(g:(O)] = /c1 - 5. Next, let us denote by ¢} € (0, T(l)) the unique time with 1 +
B(t}) — a(th) = 0. By the above we have 5(t) < 5(t)) < €(l) := /3 "3 forall t € [0,¢4],
since the scalar curvature is still increasing along the volume normalized Ricci flow.

Using V'(t) = —V3(£)-5(t) and V(0) = 1 we deduce V(t) > (1—e(l)-£)2 for t < max{th, 4.
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Suppose now T(l) < C, for all I > 100 and a constant C > 0. Clearly this implies ¢}, < C
and hence there exists [, > 0 such that V(¢}) > 0.5 for all [ > I,. Since || Ric(g;()))]| =
V%(té) - I Ric(g(th))|l < e(), we conclude on the other hand side by the doubling time
property of the Ricci flow that the extinction time of these solutions cannot be uniformly
bounded. Contradiction.

Finally notice that if (g(t)):0,r) is a Ricci flow solution then for any 2 > 0 also
0 -g(%))tg[O,A.T) is a solution. As a consequence the term || Rm(g(0))ll40) - T is invariant
under parabolic rescaling. Then choosing ¢; > 0 as close to zero as we like as our new

initial time and performing the parabolic rescaling just described shows the claim. W

The next application is a doubling time estimate for the Ricci curvature along

homogeneous Ricci flows. It shows that the Ricci curvature cannot grow too quickly.

Proposition 4.4. Let (M",g(t))iqpr be a homogeneous Ricci flow solution. If
| Ric(g(0))|| = 1, then

| Ric(g(®))|l < 2,
forall0 <t <1/C(n). O

Proof. According to the evolution equation for || Ric||? along Ricci flow [25], Lemma
2.40, together with the Gap Theorem, one has that

d _. . .
&II Ric|> < Ci(n) - || Rm || - | Ric||* < C(n) - || Ric*.

Recall that in the homogeneous case || Ric||? is a constant function. By a standard com-

since p(t) = #(n)t is the solution

to %,02 =C(n) - p%, p(0) = 1. The proposition now follows. [ |

parison argument, one obtains | Ric(g(t))| < #(mt

5 Non-Collapsed Homogeneous Ancient Solutions

In this section, we prove Theorem 5.2 which is essentially Theorem 3, and we show
in Lemma 5.4 that for any unstable homogeneous Einstein metric there exists a non-
collapsed homogeneous ancient solution emanating from it.

Since non-trivial ancient solutions (g(t))¢c—,0 to the Ricci flow have positive
scalar curvature, non-trivial ancient homogeneous solutions must develop a Type I sin-
gularity close to their extinction time by Corollary 2. By [52] and [28] the blow-up of such

a solution will subconverge to a non-flat homogeneous gradient shrinking soliton. These

20z 1snBny g0 uo Jasn BingapBey g Aq G8166SY/LEYY/YL/610Z/I0IE/UWl/W0d dno olwsped.//:Sd)y Wolj papeojumoQ



Optimal Curvature Estimates for Homogeneous Ricci Flows 4455

homogeneous limit solitons were classified in [61]. Up to finite coverings they are the
Riemannian product of a compact homogeneous Einstein space and a flat factor. Notice
that the flat factor might be absent.

Also by Corollary 2, ancient homogeneous solutions develop a Type I behavior

in the past. It is then natural to consider the corresponding blow-downs
gi(t) == - g(si - 1)

for a sequence {s;};cy With s; — oo and all ¢t € (—oo, 0]. In the non-collapsed situation, it
follows by [52] and [21] that the sequence (g;(t));cy Subconverges to a non-flat asymptotic
soliton.

A compact homogeneous space has a presentation M" = G/H, where G is a
compact Lie group acting transitively on M" with compact isotropy group H. Notice
that G and H are not necessarily connected. Since G is compact, there exists an Ad(G)-
invariant scalar product Q on the Lie algebra g of G. Let m denote the Q-orthogonal
complement of § in g. Then the set M¢ of G-homogeneous metrics on G/H can be viewed
as the set of Ad(H)-invariant scalar products on m. This set in turn can be viewed as
the Euclidean space S?(m)24® of symmetric, positive-definite, Ad(H)-equivariant linear
endomorphisms of m as follows g(x,y) = Q|.(g - x,y), where x,y € m. Recall, that a
G-homogeneous Einstein metric on G/H is a critical point of the total scalar curvature

functional
S: Mf - R; g~ scal(g)

restricted to the space M% of G-homogeneous metrics of volume one, and that the

gradient flow

g't) =—2-g(t) - Rico(g(®))

of § is nothing but the volume-normalized Ricci flow for G-homogeneous metrics. Here

we consider the Ricci-endomorphism Ric(g(t)), defined by

Ric(g(t)(x,y) = g(t)Ric(g(?)) - x,y) (21)

and then also g(t) as an endomorphism as above. Since the space of G-homogeneous
metrics is finite-dimensional, we have existence and uniqueness of homogeneous Ricci

flow solutions also backwards in time.
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Lemma 5.1. The gradient flow of S on MY¢ is analytic. O

Proof. The set MY is an algebraic subvariety of the Euclidean space M¢, and at the
same time a smooth submanifold. Moreover, when fixing a Q-orthonormal basis of m
any G-homogeneous metric can be considered an Ad(H)-equivariant matrix. Now the
Ricci endomorphism Ric(g) of g € M€ can be written down explicitly as in Proposition
1.5 in [16]. It is a rational map and consequently the same is true for its traceless part
Ricy(g). This shows the claim. [ |

Theorem 5.2. Let G/H be a compact homogeneous space. Then any non-collapsed
homogeneous ancient solution has a unique compact asymptotic soliton, which is a

homogeneous Einstein metric on G/H. O

Proof. As mentioned above, by [52] and [33] for any sequence of blow-downs
(gi(t))te(—c0,00 Of @ mon-collapsed ancient solution (g(t)):c-«,0 there exists a non-flat
asymptotic soliton to which they subconverge. Now by [61] we know, that up to a finite
covering this asymptotic soliton is a product of a compact homogeneous Einstein space
and a flat factor. We have to exclude the flat factor.

If there were a flat factor R¥, then for large i the volume of the metrics g;(—1)
would be unbounded, whereas scal(g;(—1)) — ¢ > 0 for i — oo. As a consequence,
for the unit volume normalization g(t) of g(t) the scalar curvature would be unbounded
as t — —oo. This is a contradiction, since the scalar curvature is increasing along the
volume-normalized Ricci flow on a compact homogeneous space.

Thus, the asymptotic soliton is compact. Next, we claim, that along the backward
volume normalized homogeneous Ricci flow the scalar curvature of the solution g(r),
T = —t, cannot converge to zero. This is clear, since otherwise the asymptotic limit
soliton would be flat.

It follows, that for any sequence (1;);cy converging to +oo, we will find a subse-
quence, such that g(rij) is a Palais—Smale-sequence C for S in {S > ¢} for some ¢ > 0. Then
by Theorem A in [16] there exists a subsequence, which converges to a homogeneous limit
metric g, on G/H.

Uniqueness of the limit follows from Lemma 2.1, since it is well-known that if
the w-limit set of an analytic gradient flow solution is non-empty, then it consists of a

single point, see for instance [48]. |

Remark 5.3. If a compact homogeneous space G/H, with G,H connected, is not a

homogeneous torus bundle, that is if there exists no compact intermediate subgroup
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H < K < G such that K/H is a torus, then any ancient solution on G/H is non-collapsed.
This is seen as follows. For a collapsed solution to the backward volume-normalized
Ricci flow the scalar curvature must tend to zero. That means that on that space there

exists a zero-Palais—Smale-sequence. Now by Theorem 2.1 in [16] the claim follows. [

Next, we show that for any unstable homogeneous Einstein metric there are
always ancient solutions emanating from it. Recall that a homogeneous Einstein metric
is called unstable, if it is not a local maximum of S.

Recall that the Milnor fibre of a critical point gz is defined as follows
Fy(gr) = (g € M : 8(9) = 8(gr) + 7"} N B(gx)

where B,(gx) is a ball in MY of a very small radius r > 0 and N is large. Clearly, it is
empty if and only if g is a local maximum of S.

If an Einstein metric gz is non-degenerate and unstable, then by the unstable
manifold theorem there exists solutions to the gradient flow of S emanating from it.
Since the scalar curvature is still increasing along such flow lines, it follows that these
solutions have positive scalar curvature. Hence, by [45] they are ancient. By standard
Morse theory the Milnor fibre is homotopy equivalent to S*!, k being the dimension of
the positive eigenspace of the Hessian of S at the critical point gz. In general however,

the unstable Einstein metric gz might be degenerate and even not isolated.

Lemma 5.4. Let g be a G-homogeneous unstable Einstein metric on a compact homo-
geneous space G/H. Then there exists a G-homogeneous ancient solution emanating
from gz. Moreover, the dimension of such solutions can be estimated from the below by

the cohomological dimension of the Milnor fibre of S at gg. O

Proof. This follows from [54]. It is shown there, that if the Milnor fibre is not empty,
then there exists a solution to the negative gradient flow of S with omega limit set gz.
Moreover, the authors show that the Cech—-Alexander cohomology groups of the set of

such solutions and the Milnor fibre agree. [

We should point out that in the above lemma we do not claim that all these

ancient solutions are pairwise non-isometric.

Remark 5.5. An Einstein metric gz on a compact manifold is the Yamabe metric in its

conformal class. Moreover, by Theorem C in [16] any nearby metric with constant scalar
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curvature is a Yamabe metric as well, provided gr is not in the conformal class of the
round metric. It follows, that if a homogeneous Einstein metric is unstable, then it is not
a local maximum of the Yamabe functional. Hence, by Theorem 1.6 in [44] there exists
an ancient solution emanating from it. It may be possible to adjust the proof in [44] to
show that this ancient solution can also be chosen to be homogeneous.

Let us also mention that there are general existence results for unstable homoge-
neous Einstein metrics on compact homogeneous spaces relying on min-max principles
[13, 16, 32], to which Lemma 5.4 can be applied. For instance, if a compact homogeneous
space G/H satisfies a certain algebraic property (its graph having two non-toral compo-
nents, see [16] for details), then there exists C > 0 such that S~!([C, c0)) is disconnected.
Moreover, there is also a smooth path of metrics in {0 < § < C} joining two connected
components of S7!([C, 00)). By a standard mountain pass lemma the existence of a crit-
ical point of S follows: see Proposition 3.7 in [16]. It also follows that there must exist
a critical point which is not a local maximum of S, since by Proposition 1.5 in [16] the
set of all critical points of S is a disjoint union of finitely many compact, connected,

semialgebraic sets on each one of which § is constant. d

6 Examples of Collapsed Ancient Solutions

For collapsed homogeneous ancient solitons there will of course be no asymptotic gra-
dient shrinking soliton in the category of smooth manifolds. However, when working
with Riemannian groupoids, as introduced by Lott in [50], one might hope to prove the
existence of a locally homogeneous asymptotic gradient shrinking soliton. That means
that after considering the blow-downs of a collapsed ancient solution, we pull back
these metrics to a ball in the tangent space. Due to the curvature estimates provided
by Theorem 1 these balls can be chosen to have a uniform radius. The convergence in
the category of Riemannian groupoids then only means that these locally homogeneous
metrics converge in C*-topology to a locally homogeneous limit metric on this fixed
ball (cf. Section 2). In other words, one considers the convergence of the corresponding
geometric models, defined in Section 2. Now an asymptotic soliton, would be a locally
homogeneous product metric of an Einstein metric with positive Ricci curvature and
a flat factor. In the collapsed case the flat factor cannot be absent. Notice, that if a
collapsed ancient homogeneous solution does admit a locally homogeneous asymptotic
soliton, it must be non-flat by the curvature estimates provided in Corollary 2.

We would like to mention that by [62] there exist locally homogeneous Einstein

metrics on (S® x S%)/S! of positive scalar curvature, which by [43] cannot be extended to
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globally homogeneous compact Einstein spaces (cf. [16], p. 725). Here S} is embedded into
the maximal torus of S x S® with irrational slope r. Whether such locally homogeneous
spaces occur as compact factors in asymptotic solitons is unknown.

In order to provide an example of a collapsed ancient solution with non-compact
singularity model, we cannot work with homogeneous spaces whose isotropy represen-
tation admits only two summands: see [27] for a classification. Instead, we are looking
for homogeneous spaces G/H not admitting any G-invariant Einstein metric, to prevent
a compact singularity model, but which in addition are homogeneous S!-bundles.

We recall, how to compute the Ricci curvature of a compact homogeneous space
G/H.As mentioned above, every G-invariant metric on G/H is uniquely determined by an
Ad(H)-invariant scalar product on m. It follows that for any G-invariant metric g on G/H
there exists a decomposition m =m; & --- & m, of m into Ad(H)-irreducible summands,

such that g is diagonal with respect to Q, that is

g=x%1-Qln L--- Lx-Qln,

with xi,...,x, > 0. By [565, 69], the diagonal entries r,, of the Ricci endomorphism Ric(g)
of g are given by

m = E——Z[}k

mkl

Z [jkm (22)
X]Xk

Here, —B|w,, = bm - Qln,, and d,, = dimm,,, where B denotes the Killing form of g. The
structure constants [ijk] with respect to the above decomposition of m are defined as

follows:

[kl =) Q(les €5l €,)*

where the sum is taken over {e,}, {es}, and {e,}, Q-orthonormal bases for m;, m; and my,

respectively. Notice that [ijk] is invariant under permutation of i,j, k.
Example 6.1. On G/H = (SU1)SU(n))/(ASU(n — 1)AU(1)) there exist for n >3 a
one-parameter family of homogeneous ancient solutions with the same non-compact

asymptotic soliton (E_,g') x R, where

= (SUM)SU(n))/(A(SU(n — D)U(DHU(1)),
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and the same non-compact singularity model (E,, g,) x R*®*~D*1 where
E, =(SUn-1)SU(n—-1))/ASU(n —1).

The Einstein metric g! on E_ is the unstable homogeneous Einstein metric on E_ and
(E+,gy) is a compact symmetric space. Furthermore, there exists one further homoge-
neous ancient solution in the closure of the above family with the asymptotic soliton
(E_,g%) and the same singularity model. Here g2 is now the stable homogeneous Einstein

metric on E_. Finally, all the above ancient solutions have positive Ricci curvature. [

Proof. Weset G = G,G,, with G; = G, = SU(n) and H = ASUn—1)AU(1) forn > 3. Here
H is embedded into G as follows: Consider the subgroup SU(n—1) of SU(n), embedded as
an upper (n — 1) x (n — 1)-block. Then the semisimple part of H is embedded diagonally
in SU(n — 1)SU(n — 1) C G. The subgroup SU(n — 1) commutes with its centralizer U(1)
in SU(n). This U(1) is embedded diagonally into SU(n), the first (n — 1) diagonal entries
being equal. Now AU(1) is embedded diagonally into the product U(1)U(1).

We choose the Ad(G)-invariant scalar product Q(X,Y) = %tr(X -Y*) on g. Then
b, = 4n for all m (see [68], p. 583). Next, let m’ denote the orthogonal complement of
u(m — 1) & u(l) in u(n), considered as a subspace in the first factor su;(n) and let m” be
defined accordingly. We set m; = m’@m” and conclude d; = dimm; = 4(n—1). The space
m, is the orthogonal complement of Asu(n—1) in su; (n—1)@suy,(n—1), thus d, = n(n—2).
Finally, m; is the orthogonal complement of Au(1) in u;(1) x u;(1), hence d; = 1.

The group G = G,G, admit the involution f(g,,92) = (g2,g1). Clearly, we have
f(H) = H. We set now G =7Z,xGand H = Z, x H. Then G/H = G/H as manifolds. More-
over, the modules m,, m, and m; are now Ad(H)-irreducible and of course inequivalent,
since there dimensions are different.

We will consider the three-parameter family of homogeneous metrics
g=x1-Qln, L X3 Qln, L X3 Qln,

and compute their Ricci curvatures for x;, x5, x3 > 0.

The only non vanishing structure constants are [112] and [113]. To this end notice
that U(n)/(U(n — 1)U(1)) is a symmetric space, hence [111] = 0. Next, m, @ m; ® b is a
subalgebra, and therefore [122] = [123] = [133] = 0. Since (SU(n—1)SU(n—1))/A(SU(n—
1) is also a symmetric pair, we have [222] = 0. Moreover, [333] = 0, since m; is an abelian

subalgebra. Finally [m,, m3] = 0.
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We have that 4n = [311] by the identity dsb; = Z§j=1[3ij] from Lemma 1.5 in
[69], since d; = 1. Next, we claim that [211] = 4d,. To this end we choose a standard
orthonormal basis of m; consisting of 2(n — 1) skew-symmetric elements with only two
non-vanishing entries +1 and 2(n — 1) symmetric elements with two non-vanishing
entries i. For each of these basis vectors e there exist precisely 1 4+ 2(n — 2) other basis
elements not commuting with e. The first special basis element e* has its non-vanishing
entries at the same spot as e does. The Lie-bracket [e, e*] is diagonal and has two non-
vanishing entries £2i. When computing the projection of [e, e*] onto su(n—1) one deduces

n—2

that ||[e, €*loun_1 |I* = 27=. The computation of the other 2(n —2) non-vanishing brackets

is standard and we obtain
2111 =4(n—1)- (222 +2(n—2)) - ; =4(n — 2)n = 4d,,

noticing that all the brackets in question had to be projected to the diagonally embedded
Asu(n — 1) in su(n — 1) ® su(n — 1).
Since the three modules m;, m, and m; are inequivalent, it follows from Schur’s

Lemma that the Ricci tensor of the metric g = g(x;, x», x3) is diagonal as well and by (22)

we deduce
2 nn-2) x x
Sl s TR Al e (23)
ry = —z(gl) + )’:—% (24)
1
rs=n-3 (25)
X1
Recall that the Ricci flow on the homogeneous space G/H is given by x = —2x; - 13, i =

1,2, 3. Furthermore, we can reduce dimension by one considering the volume normalized
Ricci flow x; = —2x; - r), where r) = r; — + - scal denotes the entries of the traceless
part of the Ricci endomorphism, N = dim G/H. To understand this normalized Ricci

flow it is convenient to introduce new coordinates o = ’;—f and 8 = ’;—f We have that

!

/ / L. / . dy _d
== i—z - ji—i = 2(r; — rp) and similarly % = 2(r; — r3). The volume constraint x, 'x,%x; = 1

reads in these new coordinates (¢ - ﬂ)ﬁ = Xll We deduce that the volume normalized

Ricci flow is equivalent to

o =p@, ) (an—1) - 2. g 21t L p) (26)

B =qp) - 4n—-1)—n-2)-a—2n-1)-p), (27)

20z 1snBny g0 uo Jasn BingapBey g Aq G8166SY/LEYY/YL/610Z/I0IE/UWl/W0d dno olwsped.//:Sd)y Wolj papeojumoQ



4462 C.Bohm et al.

T, @,

Fig. 2. Volume normalized Ricci flow on @/I:I forn = 4.

(7] ()
where p(a,f) = a - ;%5 -a ¥ -ﬁﬁ and g(a,B) = B - ;75 -a N ~ﬂﬁ. Now, notice that if we
dy
divide the right hand side of the system (26) and (27) by the positive function =5 -a ¥ ~,8%
only the time-parametrization of solutions does change, but the integral curves do not.
Consequently, the volume normalized Ricci flow of G/H is a up to time reparametrization

equivalent to

) 4(n —1)? n?—2

o= +an-1) @’ —a-B (28)

B=B-(4n-1)—(n—-2)-a—@2n—-1)f), (29)

restricted to the domain {«, 8 > 0}.

We turn to the qualitative behavior of this system, however on the slightly larger
domain D := {a¢ > 0} U {B > 0} (cf. Figure 2). First notice, that the positive ¢-axis in
invariant under this system. In fact this restriction is up to reparametrization nothing
but the volume normalized Ricci flow on E_. Moreover, the above system admits precisely

two constant solutions (a;, 0) and (az, 0) with

x, = 2D

2(n—1)
1= 252

and @, = 7.

To this end, for ¢ > 0 the condition «’ = 0 implies

_ _4am-12% 1 2_2
p=—2D" 14 qm—1) -2 ¢,
Plugging this into (29) yields a quadratic equation for «, which does not have real solu-
tions. This shows in particular that the space G/H does not admit a G-invariant Einstein

metric.
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Next, we consider the right hand side of the above system as a smooth vector

field X. Its differential (DX)@,,0), I = 1,2, is upper triangular, with eigenvalues
A= (-1 A2 gnd 3 =4(n-1) - (n—2)-& > O.

This shows, that (@;,0) is a node, while (a,, 0) is a saddle point, whose unstable manifold
intersects the «-axis transversally.

The set {8’ > 0} U {8 > 0} is a right triangle A, depicted in Figure 2. Actually
the hypotenuse belongs to A, but the two other sides do not. A computation shows now,
that X intersects its hypotenuse transversally pointing into its interior. It follows that
a maximal solution in D, starting in A, cannot leave A. Moreover, since in A we have
r, > ry and since ry, 3 > 0, we conclude that any metric in A has positive Ricci curvature.

As we saw above, (¢;,0) is a node. Therefore, there exist a one-parameter family
of solutions in D, which emanate from it. Since these solutions cannot leave A, they
have positive Ricci curvature, hence they are ancient by [45]. Clearly, the compact fac-
tor of the asymptotic soliton of these ancient solutions is the unstable Einstein metric
gl of E_.

The second ancient solution is given by the unstable manifold of the stable
Einstein metric (@,,0) of the compact factor E_. It lies in the closure of the above
one-parameter family of solutions, but has an ancient soliton, whose compact factor
is isometric to g2. It is not hard to show, using the Ricci curvature formulas (23), (24)
and (25), that these solutions cannot be isometric.

For all these ancient solutions («(t), 8(t))tc(—0or € D it remains to compute their
singularity model. Let us mention at this point, that they reach the g-axis. However this
point does not correspond to a Riemannian metric on G/H.1Itis clear thatlim, . = a(t) =
& = 0, while lim,_, B(t) = B > 0. We rescale now these metrics such that x,(t) = 1. Since
a@ =0, we deduce lim,_, 7 x; (t) = oo and since 8 > 0 it follows that also lim,_, x3(t) = oo.
As a consequence these metrics converge to a limit product metric on the singularity

model E, xR*®~D+! Since E, is isotropy irreducible, the limit metric on E, is Einstein. W

7 Bounds on the Gap

According to the decomposition of the space of curvature operators into irreducible

O(n)-modules in dimensions n > 4, the operator Rm decomposes as

Rm = Rm; + Rmg;e, + W,
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where Rm; = —*@L id Aid, Rmpye, = -%; Rico Aid, Ricy = Ric —*2 id is the traceless Ricci

n(n—1) n

tensor and W is the Weyl tensor. A standard computation shows that

scal® Rig ||?
IRmyf2 = =20 and R | = el (30)
2n(n—1) n—2
The aim of this section is to prove the following
Lemma 7.1. For n > 4 there exist homogeneous spaces (M", g) such that
IW@)llg = /=5 - | Rm(g)ll,- 0

Proof. An n-dimensional real Lie algebra g is called almost abelian if it admits a
codimension-one abelian ideal n. In other words, there exist a basis {e;}! ) for g and

an endomorphism A € gl,,_,(R) such that the Lie bracket is given by
[eo, el = —[ei, ep] = Ae;, lei, el =0, i,j #0.

Let us consider an inner product (-, -) on g that makes {e;} orthonormal, and denote by
(Sa, G) the corresponding simply-connected Lie group with left-invariant Riemannian
metric. We denote by D = 1 (A+A) and Q = 1 (A — A") the symmetric and skew-
symmetric parts of A, respectively. It follows from [51] that the curvature operator

Rm : A%g — A?gis given by

Rm (ey A &) = —eg A (D* +[D, Q) e;, i#0,

Rm (e; A €;) = De; A De;, i,j#0,
the Ricci endomorphism Ric: g — g by
Ric(ep) = — (trD?) e;, Ric(e;) = ([Q,D] — (trD)D)e;, i #0

and the scalar curvature by scal = — tr D? — (tr D)%. If in particular one takes Q = 0 and
D such that trD = 0, then

. n-—1
scal® = [D|*, | Rico|? = — [D|* and |Rm|®> =1 (|D|*+ |D*I?).
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For getting a concrete estimate we choose D diagonal, with eigenvalues A; = n—2

and A, = ... = XA,_; = —1. After using (30) and a straightforward computation we obtain

IRmy || + | R, |* = 3(n — H(n — 2)(2n — 3)

Y
(n—3) n-3

which shows the claim. [ |
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