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Abstract We consider smooth complete solutions to Ricci flow with bounded cur-
vature on manifolds without boundary in dimension three. Assuming an open ball at
time zero of radius one has sectional curvature bounded from below by —1, then we
prove estimates which show that compactly contained subregions of this ball will be
smoothed out by the Ricci flow for a short but well-defined time interval. The esti-
mates we obtain depend only on the initial volume of the ball and the distance from
the compact region to the boundary of the initial ball. Versions of these estimates for
balls of radius r follow using scaling arguments.
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1 Introduction

In this paper, we consider smooth solutions (M, g(t))¢[o,1) to Ricci flow

0
—g = —2Ricci
a8 icci(g)
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asintroduced and first studied in R. Hamilton’s paper [7]. The solutions (M, g(¢)):<[0.T)
we consider are smooth (in space and time), connected, complete for all ¢ € [0, T),
and M has no boundary. We usually assume that the solution (M, g(¢)):c[0,1) has
bounded curvature, that is that sup,,, o ) | Riem(x, 7)| < oo. The value ko :=
Sup 0.7y | Riem(x, 7)| < oo will play no role in the estimates we obtain.

In the paper [12], G. Perelman proved a Pseudolocality Theorem for solutions of the
type described above: if a ball * B, (pg) of radius > 0 in an n-dimensional manifold
(M", g(0)) attime zero is almost Euclidean (see sect. 10in [12]), and (M", g(t)):<[0,T)
is a complete solution to the Ricci flow with bounded curvature, then for small times
t €0, (n)r2)), we have estimates on how the curvature behaves on balls * Bz ) (o).
There are a number of versions of this theorem: see the introduction in the paper [13]
for references and further remarks. In the paper [13], we generalised this result in the
two-dimensional setting. In particular, we allow regions at time zero which are not
necessarily almost Euclidean: see Theorem 1.1 in [13] and the remarks before and
after the statement of Theorem 1.1 there. The purpose of this paper is to generalise
this result to the three-dimensional setting.

Notation 1.1 In this paper, R(g) always refers to curvature operator. When we write
R(g) > c for a constant ¢ € R, then we mean that

Riem(g)* wirwji > cg" gMwirwji on M for all two forms = w;jdx' @ dx/,
w;j = —wj;, where Riem"/ k' is the full Riemannian curvature tensor. A two form
has length one, if |a)|§, = g’fgklwikwjl =1.
We show the following in this paper.

Theorem 1.2 Let r,vg > 0 and 0 < o < 1 be given. Let (M3, (g())tefo0,1) be a
smooth complete solution to Ricci flow with bounded curvature and no boundary, and
let po € M be a point such that

e vol(°B,(po)) = vor> and
o R(g(0)) = —= on "B, (po).

Then there existan N = N (vg, a) and a vg = vg(vg) > 0 such that

(@) vol(' B-(po)) = Tor?,
2
(b) R(g(t)) = =25 on'B,(1-a)(po) and

. 2
(c) |Riem | < &= on'B,(1—a)(po)

aslongast < ;,—22 andt € [0,T).

Remark 1.3 By scaling, it suffices to prove the theorem for r = 1.

Remark 1.4 The regions which are considered are not necessarily almost Euclidean
at time zero (see the introduction in the paper [13] for further remarks and comments).

Remark 1.5 This localises the global results of Theorem 1.7 of [14] and Theorem 1.9
of [15] which proved a similar result for the case that the curvature operator is bounded
from below by minus one on the whole manifold, and that the solution has bounded
curvature and vol(° B (x)) > vg > O for all x in the manifold at time zero.
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The above result (Theorem 1.2) is obtained as a corollary of the following theorem
(Theorem 1.6) combined with Theorem 3.1 (which is a modified version of Theorem
2.2 of [13]), as we explain in the last section of this paper.

Theorem 1.6 Let r,vg > 0 be given and (M?, g())ie0,7) be a smooth complete
solution to Ricci flow with bounded curvature and no boundary. Let py € M be a fixed
point and assume that

e vol("By(x)) = vos> forall s > 0 and x € M? which satisfy °Bs(x) < "B, (po)
and
o R(g(0)) = —= on "B, (po).

Then there exist a (large) K = K (vo) and a (small) oy = o¢(vo) > 0 such that

(i) R(g)(xX)(r —dy(x, po))* > —K?

for all x € tBr—(Kﬁ/JFo)(pO) andt < ’12{‘;0 andt € [0,T). Here di(x, py) =

d(g(t))(x, po) is the distance from x to py measured using g(t).

Remark 1.7 We may change the result of the theorem to the statement ‘Then there
exists a (large) N = N (vp) and a (small) o9 = o9(vg) > 0 such that

(i) R(g(1))(x)(r —d;(x, po))* > —ooN?

forall x € 'B,,N\/;(Po) which satisfy t < ;,—22 and 7 € [0, T)’, by setting N2 =
This is the statement that we shall prove.

K2
oo °

2 Comments on the Proof of Theorem 1.2 and the Use of Perelman’s
Pseudolocality Theorem Therein

The main ingredients of the proof of Theorem 1.2 are as follows: (i) Theorem 1.5
of [13], (ii) The Pseudolocality Theorem of G. Perelman (sect. 10 in [12]) and (iii)
Theorem 3.1 of this paper (which is a modified version of Theorem 2.2 of [13]).

The idea is essentially as follows: Theorem 1.2 follows from Theorem 1.6 and
the results (slightly modified) of [13]. So we have to prove Theorem 1.6. We use the
notation from Remark 1.7. We choose N(vg) > 0 large and o (vp) small: they are
specified in the proof. The first part of the proof of Theorem 1.6 is a scaling argument
which gets us into a setting where the scaled radius r is now L, and the first valid time
and point ¢ = fp and x = zo9 where R(g(?))(x)(L —d,(x, 10))? > —oyN? fails to hold
satisfies (after scaling): 7o € [0, 1], and the new radius L is very large, in particular
L>N,

(@) vol(" B(x)) = vos? for all °B(x) < *BL(po),
) R(g))(x) dist%’t(x) > —ggN2forallx € ’BL_Nﬁ(po) which satisfy t < 75 <
19

. 2
(c) distz 4, (z0) = N, R(g(10))(z0)(w, @) = —ﬁ = —oy for a two form w of
= L,IO
length one (w.r.t to g(#p)) and

) R(g(0))(x) = =75 = —= on *BL(po).
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where disty, ,(x) = (L — d,(x, po)) for x € ' By (po) and is 0 otherwise.

We next show that (a),(b),(c) and (d) lead to a contradiction if the constant o (vg) is
small enough, and the constant N (vg) is large enough. Here we give a rough sketch
of the proof idea. There are two cases that need to be considered, when obtaining this
contradiction:

Case (i): g is not too near to 1 (tg < 1 — 10Bo with By = 03/4 suffices).

In this case, we see (see the proof) that ' B,y (z0) tBLfN\ﬁ(pO) for all t < 19,
and hence we have the estimate (b), at any point in the space-time cylinder of radius
BoN centred at zo with base time 0 and top time 7, U (0,701 Bg,n(z0) x {t}, and hence
R(-,-) = —1 on the same space-time cylinder of half the radius, in view of (b). Note
that, the radius By N is very large by assumption (see proof). Regularity estimates of
the previous papers (in particular the paper [13]), which do not rely on Perelman’s
Pseudolocality result, show us that the norm of the full curvature tensor is bounded
by @ for some constant C(vp), at any point (x, ¢) in a space-time cylinder of a
smaller (but still large enough) radius, with the same centre point, and base resp. top
time. Then, (d) and a regularity result from [13], tells us that R (zg, 7o) > —e(N) — 0
as N — oo: this contradicts (c¢) if N = N(vg) is chosen large enough initially. That
is: the case #p < 1 — 108 follows from this scaling or ‘blow up’ argument and the
(slightly modified) results of [13], and the use of Perelman’s Pseudolocality Theorem
is not necessary in this case.

Case (ii): The case that 7 is near to one, thatis 1 > 9 > 1 — 108.

This case cannot be immediately handled in the same way as Case (i). The reason
is: it could be that we cannot find a large enough radius R > 0 such that ' Bg(z9) €
'B L—N ﬁ(po) for all + < 19, and hence we do not have the estimate (b) on some
space-time cylinder with large (enough) radius centred at zo with base time 0 and top
time #y. In the extreme case we have o = 1, and hence d;(pg, z0) = L — N (since
distz,1(z0) = N) and hence z is in the boundary of B, _ sy (po) = 'Bi_n(po)
at time #p. To get around this problem, we proceed as follows: Using the method
described in Case (i), we see that | Riem(x, 5)| < @ for all points (x, s) on some
space-time cylinder with large radius centred at zo with base time 0 and top time
t,as long as t < 1 — 108p. The (second) Pseudolocality Theorem of G. Perelman
for times ¢t € [1 — 108, tp], combined with the estimates which were obtained for

t < 1 — 1089, allows us to extend this estimate to | Riem(-, )| < @ for all
t € [0, 1] on some space-time cylinder with large radius centred at zo with base time
0 and top time 7. Now we use the regularity result of [13], as in Case (i), and get that
R(zo, o) = —e(N) — 0 as N — oo, which contradicts (¢) if N = N (vg) is chosen
large enough initially.

We write ‘rough sketch’ above, because many of the difficulties which occur in the
proof are avoided in this sketch. In particular, we actually prove estimates on cylinders
of the type explained above with arbitrary centre points yo € °B L-N+3oN (po) instead
of z0, and then we show, by proving estimates on how distances can change, that zg
is in fact a point in B L-N+3po ~(Po), and hence the estimates of the type explained
above (for zg) do hold.

Note that the use of G. Perelman’s Pseudolocality Theorem is very necessary for this
proof. The difficult case is p > 1 — 108y. As we pointed out above, this corresponds
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to zo being close to or in the boundary of By _y_z;(po). In all such blow up arguments
in geometric analysis, this is the difficult case and there is no guarantee that this case
can be dealt with. Whether this case can be dealt with or not will depend on the flow
being considered. For the Ricci flow, the Pseudolocality Theorem enables us to deal
with this case.

Note that Theorem 1.2 (respectively, Theorem 1.6) of this paper is almost a truly
local theorem: we only need assumptions at time zero along with the assumption that
the solution we are considering has bounded curvature and is complete. We say almost,
because we require an assumption on the solution itself, namely that the solution has
bounded curvature and is complete, in order to apply the Pseudolocality Theorem.
The regularity theorem, Theorem 1.5, of the paper [13] is not a truly local theorem:
one of the requirements of that theorem is that | Riem | < ¢/t for some ¢ > 0 on the
ball ' B, (po) (for all t € [0, T]) that we are considering. This is a strong assumption
on the solution.

3 Some Local Results

In this section we prove some lemmata, which follow readily from previously proved
results. These results will be required in the proof of Theorem 1.6.

First we prove a modified version of Theorem 2.2 of [13]. The result of the theorem
below and that of Theorem 2.2 of [13] differ in the following way: In Theorem 2.2 of
[13] condition (a), there was ‘[a] : vol(’ B, (po)) > vor" for all t € [0, T) . Here we
only require vol(B,( Po)) > vor” at time zero.

Theorem 3.1 Letr,V,vg > 0,1 > « > 1/2 and (M", g(t))icj0,1) be a smooth,
complete solution to Ricci flow with no boundary which satisfies

(a) vol(°B,(po)) > vor",

(b) R(x, 1) = =% forallt € [0, T),x € B, (po).
Then, there exist 0 < mog = mo(n, vo,a, V), co = co(n, vy, o, V) < 00 and
vy = Vo(n, vy, V) > 0 such that

(¢) |Riem(x, )| < ¢ forall x € 'Br(1-a)(po). t € [0, mor?) N[0, T) and

(d) vol(* Bs(po)) > tos" forallt € [0, mor?) N[0, T), foralls < r.

Remark 3.2 Note that here we do not require that (M", g(t));c[0,7) 1S a solution with
bounded curvature.

Proof Let (M, g(t)):c[0,1) be as in the statement of the theorem. Without loss of
generality, after scaling, we have r = 1. We prove the case s = 1 : the general
statement in (d) then follows from the Bishop—Gromov comparison principle.

We know that vol(YB; /800(P0)) = Vo(vo, V,n) > 0 due to the Bishop-Gromov
volume comparison principle. From the Appendix, Theorem 1.1, we see that the
following is true: there exists an g9 = &9(Vo, n) = &o(vo, V,n) > 0 such that if
dau (' B1so0(po), °B1/s00(po)) < &g for some ¢ € [0, T), then vol(' B1/s00(po)) >
£0. Assume there is a first time S € (0, T) where Vol(’Bl/goo(po)) > g is violated:
vol(’Bl/goo(po)) > goforall0 <t < Sand vol(SBl/goo(po)) = g9. From Theorem

2.2 0f[13], we have | Riem | < N72 on’B_y(po) forallt < min(f"(so, n,a,V),S) =
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min(f"(vo, V,n,a),S) for some N = N(gy,n,a, V) = N(vg, V,n,a) and T =
f‘(so, n,a, V)= f‘(vo, V,n,a) > 0.But then, this estimate, (b) and [9] (Lemma 17.3
combined with Theorem 17.4) imply (for such ¢) that ¢’*™Vdy(x, y) > d;(x,y) >
do(x,y) —a(n)N+/tforallx, y € !B1/200(po) (see sect. 4 of [8]), since any geodesic
at time ¢ between such x and y must lie in ' B} /2(po), due to the triangle inequality.
This means that ' B1,700(po) € °B1,400(po) S "B1/200(po) and

(14 &d)do(x, y) > di(x, y) > do(x, y) — &} on " By 700(po) (3.1)

for all such ¢ which also satisfy ¢ < f‘(vo, V,a, n), where 7~”(v0, V,a,n) > 0is
small enough. Assume § < min(f(vo, V,a,n), f(vo, V,n,a), T). Then we have
den (OB /800(P0), 0B, /800(P0)) < &o (a Gromov—Hausdorff approximation

f = SBisoo(po) — Bisoo(po) is given by f(x) = x for x € SBig00(po) N
B1/800(po) and f(x) = % for x € 5By800(p0)\"B1/800(po) where ¥ € "By 800 (x0)
is an arbitrary point with dp (x, X) < 105(2): such a point exists in view of the inequalities
(3.1)). This is a contradiction to the definition of &q. O

The next lemma is an integrated version of Lemma 8.3 (b) of Perelman, [12], in the
case that the curvature behaves like a constant divided by time.

Lemma 3.3 For any jo,¢ > 0,n € N, there exists a constant a(n, jo, £) such that
the following is true. Let (M", g(t)):c[0,T] be a complete smooth solution to Ricci
Sflow with bounded curvature, and no boundary, and let so < min(1, T'). Assume that
Y0, X0 € M and that | Ricci(-, t)| < % onboth'B j,(x0) and' B j, (yo) forallt € [0, so].
Then ds(yo, x0) > do(yo, X0) — a(n, jo, £) for all 0 < s < so.

Proof For t < jg, we have |Ricci(x, t)| < % for any x € ‘Bﬁ(xo) and for any
y € ’Bﬁ(yo), since /1 < Jjo. Hence we may apply Lemma 8.3 (b) of [12] to this
with #9, K, ro of Lemma 8.3 (b) of [12] given by 1o = ¢, K = %, ro = /1 to obtain

%dz(xoyyo) 2—2(n—1)<2KV0+V0 )
E«f
— 2 _1)( . ﬁ>
1 Am—1e
= ﬁ( —3 +1>, 3.2)

fort < j02, where the time derivative is to be understood in the sense of forward
difference quotients. For ¢ € [ jg, so], we have that |Ricci(-, 1)] < f—z and hence
Jo

applying Lemma 8.3 (b) of [12] withtg = ¢, K = J.Lz, ro = jo, we get
0

B] 2
Ed:(m,yo) Z—Z(n—1)< Kro+ry )

— -1 (2’“ 4 1) (3.3)

J() Jo
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fort €[ jg, s0], where the time derivative is to be understood in the sense of forward
difference quotients. Integrating first Equation (3.2) from 0 to jg and then Equation
(3.3) from j02 to s gives us the result (if s < jg then we merely integrate Equation
(3.2) from O to s). O

The last lemma of this section is a technical lemma, which uses some facts from
differential geometry.

Lemma 3.4 For every vg, £ > 0and § € (0, 1), the following is true. Let (M", g) be
a smooth Riemannian manifold, xy € M, with no boundary such that the closure of
B1(x¢) is compactly contained in M and

(i) |Riem | < £ on Bi(xo) and
(ii) vol(B1(xp)) > o.

Then there exists an Ro(n, £, vy, 8) > 0 such that

, 1
|Riem |(-) < — on Bg,(xo0)
RO
vol(BR,(x0)) = w, (1 — 8) Ry,

where wy, is the volume of an n-dimensional Euclidean ball of radius one.

Proof The inequalities (i) and (ii) imply that inj(g)(xo) > io(n, vg, £) > 0 for some
ig(n, Vo, £) > 0 in view of the estimate of J. Cheeger/M. Gromov/M. Taylor, (4.22) in
Theorem 4.3 of [5]. Hence, using Riemannian normal coordinates (see Theorem 1.53
and the proof thereof in [2]), we see that

vol(B, (x0)) = w, (1 — &)r"

for all r < Ry(n, ¢, ig(n, vg, £),8) = Ro(n, £, vy, d), if Ro(n, £, v, §) > 0 is small
enough, where w,, is the volume of the unit ball in n-dimensional Euclidean space.
Without loss of generality, we also have

1
| Riem(y)| < —
RO

] .
————— > (: if not, decrease
R3(n.0.50.8) — ’

Ro(n, £, vg, 8) until it is. |

on Bpg,(xp), since without loss of generality

4 Proof of Theorem 1.6

In order to obtain local estimates, we introduce the following distance function for balls
which are evolving in time under the Ricci flow. Let (M, g(#));<[0,1) be a solution to
Ricci flow. Let ! B, (po) be the open ball of radius r at time ¢ centred at py € M. Notice
that x € ' B, (po) does not necessarily guarantee that x € S B, (po) for a different time
s.For x € "B, (pg), we define
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distr’[(x) = (r - dt(PO, -x))

where d; (po, x) is the distance from x to pg measured using the evolving metric g(¢).
Cut-off functions of this type were used in the papers [6,16] and [17] in combination
with Ricci flow to prove that local estimates hold, if one a priori assumes that the
curvature satisfies a bound of the type | Riem(-, t)| < c/t.

Notice that 0 < dist,,(x) < r for all x € "B, (po). dist,;(x) is a measure of how
far the point x at time 7 is from the boundary of ’ B,-(po). In the case that g(r) = § the
Euclidean metric on R”, then we see thatdist, ;(x) := (r —d;(po, x)) = (r —|x — pol)
is the distance from x to the boundary of B, (po). Due to scaling, it will be sufficient
to consider the case r = 1. Let B ( po) be a ball at time zero with curvature bounded
from below by minus one. The following theorem implies a lower bound on the
curvature at x € ' Bj(po) depending on dist; ;(x) at later times for a well-defined time
interval, as long as disti (x) >N 2t where N2= N2(vp) is sufficiently large, and vg
is a lower bound (at time zero) on the volume quotient of balls contained in the ball
we are considering, and the curvature of 0B ( po) at time zero is bounded from below
by —1. Combining this theorem with the results of sect. 3 will imply the result of
Theorem 1.2 stated in the introduction (see sect. 5 for the proof of Theorem 1.2). Here
we restate Theorem 1.6 for the case r = 1 using the notation that we just introduced,
and Remark 1.7.

Theorem 4.1 Ler (M?, (g(®))tef0,1) be a smooth complete solution to Ricci flow with
bounded curvature and no boundary and vo > 0. Let po € M be a point such that

° vol(OBr(x)) > v0r3f0r all x € M3, and r > 0 which satisfy OB,(x) - 0Bl(po)
and
e R(g(0)) > —10n B (po)

Then there exists an N = N (vq), oo = og(vg) > 0, such that
(i) R(g()(x)dist] ,(x) > —ooN*
forall x € tBlfN\ﬁ(PO) which satisfy t < # andt € [0, T).

Proof vg is fixed throughout the proof and oy = og(vg) > 0 is a small constant
determined in the proof.

Assuming the theorem is false for some given N = N (vg, o (vg)) = N (vg) large
and op = op(vg) > 0 small (to be determined in the proof), then there must be a first
time fy < # < T where the theorem fails. That is (i) is violated at 7. We show that
if o (vp) > 0 is chosen small enough, and N = N(vp) > 0 is chosen large enough,
that this leads to a contradiction. Let Sy = o(} /4 throughout the proof. At the end of
the theorem, see Remark 4.2, we give a precise explanation of how N and o can be
chosen at this point of the theorem.

(i) is violated at some first time #) means that we can find a zg € ©B{(pg) and 0 <

o < # < T with dist] , (z0) > N7ty such that R(g(t))(z0) (¥, ¥) dist] , (z0) =

—ooN? for some two form v of length one (measured with respect to g(#p)), and
NZ
disty 1 (z0)> "
Remembering that disty (zo)? < 1, we see that L > N. We scale our solution

the conclusions of the theorem are correct for 0 < ¢ < fy. Let L? =
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by an appropriate constant, so that the new solution has dfstiy;o (zo) = N? at the
new time #) which corresponds to the old time fy in the original solution: define
g(-, 1) = L%g(, LLZ). This solution is defined for 7 € [0, T = L?T > N2T). Then
define for x € fBL(po)

dist; ;(x) = (L —d:(x, po))? @.1)
= L*(1 = di(x, po))*

= L dist] ,(x) 4.2)
where t = LLZ and c?,-(x, po) is the distance measured with respect to g(7).

This value is posi}ive since x € fBL(po) if and only if d}(x, po) < L. Using the
definition of 7 and dist; ;, we see that

dist], (x) > N%t = dist; ;(x) > N2, 4.3)
Also,
~ 2 9 v 2 2 . 5
dist; 7 (zo) = L*disty ; (z0) = W dist} , (zo) = N “4.4)
and
- N2 N?
fo =toL* =t Gstr 1 (20)2 <to N = 1.
Notice that
RED)(0)disty ;(x) = R(g0))(x) dist], (x), 4.5)

in view of the definition of dist 1.7 and the way curvature changes under scaling.
For ease of reading, we \jvill denote the solution g(x, 7) by g(x, t). Also fy will be
denoted by g, 7 by ¢, and dist 1.7 by dist; (L is now fixed). Then we now have

(@) vol(°By(x)) > vos? for all By (x) < °Br(po),

(b) R(g(1))(x)dist?(x) = —ooN?forallx € "B, _y ;(po) whichsatisfys < 1o < I,

(©) R(g(10))(z0)(@, w) = — di;%ONéO) — oy for the two form @ = L2y which has
length one with respect to (the new) g(#p) and

(d) R(g(0)(x) = =75 = —57 on "B (po).

The first two inequalities are scale invariant (if they hold for some solution, then
they hold for a scaling of the Ricci flow after adjusting the delimiters, assuming
that we have defined the new dist, for the scaled solution as in (4.1): cf. (4.3) and
(4.5)). In the third equality, we used the fact that (after scaling) disttz0 (zo) = N?
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3060 M. Simon

(see (4.4)): after scaling, we also have R(g(0))(z0)(w, w) dlSt (z()) = —ooN? and

hence R(g(ty))(z0)(w, w) = — di:tOZAZO) = —oy. The last inequality, (d), follows since
[O -

we are scaling by L? and we showed L > N.Forall0 <t < to, we have

{x € "BL(po) | dist; (x) = N*1} ="B,_y (o).

Let xo € 9B1_n4np,(Po) be an arbitrary point. Clearly Bg,y (x0) € BL(po), in
view of the triangle inequality (we are using that Sy < 1/2, which we always assume).

The rest of the proof is broken up into three steps.

Step 1 For an arbitrary xo € OB _n1—gy)(po) = °Br_n+np,(P0), We show that
'Bg,n (x0) ‘BL_Nﬁ(po)forallt <1-10Bpaslongast < fg,and N = N(vg) > 0
is sufficiently large. Using the estimates of Theorem 3.1, we will then see that this
guarantees that | Riem(-, )| < C"(UO) on'B i (x0), and that vol(* B1(xg)) > 0o (vo) >

0 for all + < min(1 — 108y, o) , for some constants co(vo), vg(vg) > 0.

Now we present the details of Step 1.

Letxg € OBL_N+N,30 (po) be arbitrary. We know that xo € ’BL_Nﬁ(po) is valid,
if and only if

d; (xo, po) < L — N+/1. (4.6)

In the following we only consider ¢ such that 0 < ¢ < fy, where fy < 1 was defined
at the beginning of the proof. Hence, starting at time zero and going forward to time
t,aslongasxp € 'B; _y ﬁ( po) remains valid, any length minimising geodesic (with

respect to the metric at time ¢) from pg to xo must also completely liein’ B, _ ﬁ( Po)-
At all points y on such a geodesic, we have

R(g(1)(y) dist? (y) > —o9N?,

in view of (b). Using dist;(y) = L — d;(y, po), we see that this means

ogN?
dist?(y)
O‘()N2

(L —di(y, po))?

R)(y) = —

for such y.
Using this inequality in the evolution equation for the distance (Lemma 17.3 of
[8]), we see (as long as xp € tBL_N\/;(po) remains valid)

9 d(x0, o)
—dt(xo po) < sup/ —2Ricci(y (s), t)ds
yeX; J0

/dr x0.70) 420N2
0

o T N

vEX:
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_ 2000N2 |s:d,(x0,p0)
L —s s=0
200y N2 20009 N2
L — dl ()C(), pO) L
2009 N?
- L — dl(.x(), pO)
2009 N2
<
N/t
2000 N
Jt
_ 20B)N

NG

where X; is the set of distance minimising geodesics from pg to xo at time # (that is,
measured with respect to the metric g(¢) at time ¢) parameterised by arc length, and
we have used inequality (4.6). Here, % is to be understood in the sense of forward
difference quotients: see chapter 17 of [8] for more details. Integrating in time from 0
to t, we see that this means

d;(x0, po) < do(x0, po) +40B3Nt!/?
< do(x0, po) + BN
< (L — N+ NBo) + BiN
<L—-(1-=2Bg)N “4.7)

for all t < #tp(< 1) as long as xq € ’BLfN«/;(po) remains true, where we have used

thatxo € OB _n Ngo(po) (and ,Bg < % which we will always assume). Restrict now
onlytot < 1—108 in the above argument. Using the fact that —(1—280) < —+/1—Bo
for such times !, and inequality (4.7) , we see that

di(x0, po) <L—(1—-=2By)N
<L —N+vt— BN (4.8)

for all + < min(#y, 1 — 108p) as long as xg € fBLfN«/;(po) remains true, and hence

X0 € ’BLfN«/;(po) will not be violated as long as t < min(#y, 1 —1080). Furthermore,
the triangle inequality combined with (4.8) implies

tBﬁON (x0) C tBL_N\/?(pO)
will not be violated as long as r < min(1 — 1080, 19): y € " Bg,n (x0) implies

di(y, po) < d:(y,x0) +di(x0, po) < BoN + L — N/t — BoN
=L — Nt

! Notethat —(1—-29) < —v/f—foifandonlyif /7 < 1-3fifandonlyifr < (1-380)> = 1-689+983
and hence r < 1 — 108 impliest < 1 — 68y + 9,33 implies —(1 — 280) < —+/f — fp as claimed.
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for such ¢, in view of the inequality (4.8)
The lower bound on the curvature, (b), is therefore valid on ’ Bg,n (x0) as long as
t <1—-10Bpandt < ty, and hence, for x in the ball of half the radius, x € ’BM (x0),
2

we have

ooN 2
dist? (x)
ogN 2
(NI + 240)?
40()
Ao
= —4f5 (= —1) 4.9)

Rg)(x) = —

(09 > 0 was chosen to be oy = ,86‘) forallt <1 — 108, t < tg, in view of the fact
that

dist, (1) = (L — dy(x. po))
> (L — dy(x. x0) — ds 0. p0)
BoN
> (L - - d;(x0, po))
== PN L N o)
SILLSENG

forx €’ B gy~ (x0), which follows from the definition of dist, (x), the triangle inequality
=

and inequality (4.8). Choosing V = 16,0 = 1/2,r = % in Theorem 3.1 (this gives

us — =5 —4(,33)) we see that

|Riem(-, )| < @ onfBﬂL(xo), and
0

1
vol(' By(x0)) > To(vo)s>, forall s < —,

0
m(v
for all + < min(1 — 108y, 1o, (—20)),
0
since N is large enough: we are assuming that Nﬂo > ﬂ , and so ’B (xo) -

!B syn (x0) and so the conditions of Theorem 3.1 are satisfied in view of (4 9) and
2

(a). Note that the dependency of the constants cg, mq, U9 from Theorem 3.1 is ¢y =
co(n, vo, o, V) = co(3, vo, 1/2, 16) = co(vo), mo = mo(n, vo, &, V) = mo(vg) > 0,
and vg = vo(n, vo, V) = v9(vg) > 0 and cg, mg, U9 do not depend on N or oy:
decreasing o or increasing N will not affect co(vg), mo(vg) or vg(vg). We assume
that ,Bg = o(}/z < mo(vg), so that
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co(vo)
t

| Riem(-, t)| < on’BﬂL(xo) and
0

1
vol(* By (x0)) > to(vo)s>, forall s < B
0

for all ¢ < min(1 — 1080, to) (4.10)

in view of the fact that tp < 1. Let (3), §(3) be the constants appearing in the second
Pseudolocality Theorem of G. Perelman, Theorem 10.3 in [12], in the case thatn = 3
(as it is here). From Lemma 3.4 with n = 3, £ = 2¢o(vg), V9 = vo(vg), § = 8(3),
and Tp = min(1 — 108y, tp), we see that there exists an Ry = Ro(3, ¢, vg, §) =
Ry (3, 2¢o(vg), vo(vg), 6(3)) = Ro(vg) > 0 such that

1

|Riem |(-, 1) < = on ' B g, (x0) 4.11)
0

vol(" B, (x0)) = w3(1 — 8) R} (4.12)

forall 1 <t < min(1 — 10, fo).

It is helpful to notice the following at this stage: at the moment we have the freedom
to choose By = 001 5 0 as small as we like. Decreasing og (and hence Sp) or
increasing N will not change the constant co(vg) we obtained above, and hence will
not change Ry(vg) = Ro(3, co(vg), vo, §(3)) we obtained above. This finishes Step 1.

Step 2

In Step 2 we use the estimates from Step 1 and the (second) Pseudolocality result
of G. Perelman to show that | Riem(-, 7)| < 5(+0) on ’Bro (xg) forall 0 <t < 19, for
some small ro = ro(vg) > 0 and some large c(vg), if op(vg) is chosen sufficiently
small, and x is an arbitrary point in OB _ N(1—go)(po). That is, the estimate of Step
1 for 0 <t < min(1 — 108y, 1) can be extended to 0 < ¢ < ty (after changing
co(vp) to a larger constant ¢(vp)) on a small time-dependent neighbourhood of x¢ if
necessary: it is only necessary to do this if 7p > 1 — 108¢. Using these estimates, we

then show that | Riem(-, 1)| < 5(1&) on the very large ball ’ B gyn (yo) for 0 < 7 < 1,
o4

for all yg € OBLiN(F%ﬁO)(pQ), and hence, using Theorem 5.1 of [13] combined

with (a) and (d), we see that R > —% on tB@(yo) forall 0 < ¢ < 1ty for all

Yo € OBL—N(l—%ﬂo) (po)-
Now we present the details of Step 2.

Let £(3), 6(3) be the constants introduced in Step 1: €(3), §(3) are the constants
which appear in the second Pseudolocality Theorem of G. Perelman, Theorem 10.3
in [12], in the case that n = 3 (as it is here). Assume fy > 1 — 108p. We know 15 < 1.
Using Theorem 10.3 of [12], combined with the estimates (4.12), and (4.11), we get

1
Ri 1) < ————forall x €'B ,
|Riem(x, )| < ©G)Roy? orall x 2(3)Ro (*0)
forall 1 € [1 — 10Bo. f0) N [1 — 10Bo. 1 — 1080 + R2(v0)e(3)).
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If we choose By = Bo(vo) = cro/ (vo) > 0smallenough, so that R3 (v9)e*(3) > 100,
then we have 1 — 108y + Rz(v0)82(3) > 1 und hence [1 — 108g, tp) N [1 — 108y, 1 —
1080 + R3(v0)e(3)) = [1 — 108y, ty), since fo < 1. This means that

) 1
|Riem(x, 1)| < m forall x € ".Bs3)r,(x0), t € [1 — 1080, t0)

Combining this with (4.10), we see that

|Riem(x, 1)] < C(:O) forall x € 'Byy(x0), 0 <1 <10 (4.13)

for some small ro(vo) = &(3)Ro(vg) > O for all xy € OBL_N+NﬁO(po), where

c(vg) = max(m co(vp)). That is, we have extended the estimates (4.10) up

to time fp on a small time-dependent ball of fixed radius with middle point xg, for
arbitrary xo € B _n4ng, (P0)-

This is the point where we determine So(vo) = aol / 4(v()): it is now fixed for the
rest of the argument. We stress the following point. The constants ¢(vg) from (4.13)
and the constant og(vg), and hence By(vg) = (00 (vo))/*) are now fixed. They only
depend on vg > 0. They do not depend on N: we still have the freedom to choose
N as large as we like without changing ¢(vg), Ro(vo), co(vo), Bo(vo), or op(vo). In
fact decreasing o (vo) (and hence By(vy) = (00(v9))/*) and increasing N would not
change ¢(vg), Ro(vo) or co(vg) from above, in view of the definitions of co(vg), Ro(vg)
and ¢(vp).

In order to get estimates on a large time-dependent ball, we restrict to points yg

in OBL—N(l—%ﬂO)(pO) C 9B _N+ng(po) and use the estimates that we have just

obtained. Let yo in 9B, _, (1= o) (po) be arbitrary.
Letz € 8(OBM (¥0)). Then, using the estimate (4.13), we see that | Riem(, #)| <
32

E(z‘&) on ’Bro (z) for all 0 <t < ty for some small fixed ro(vg) > 0, and the same is

true on Bro (y0), since z, yo € °B; _n+ Ngo (po) due to the triangle inequality. Hence,
using Lemma 3.3, we see that d; (yo, z) > do(yo, z) — ao(vo) = —N —ap(vg) > ﬁg—4N
for all + € [0, tp], where ag(vg) = a(3, ro(vg), ¢(vg)) is the constant coming from
Lemma 3.3 (with n = 3, £ = ¢(vg) and jo = ro(vp) there), and we assume without

loss of generality that N6—‘?f’ > ap(vp). Hence, since z € ("B soN (¥0)) was arbitrary, it
32

must be that m cYB g~ (yo) remains true for all 0 < ¢ < #¢: if there exists
afirst t € [0, t0]64where m c Op ﬂoN (yo) is violated, then there must exist
apoint z € 3B BN (yo)) N ’B,soTyo) for this ¢, which contradicts the inequality
d: (y0,2) > ﬁo that we just showed

This imphes that

| Riem(x, 1)| < 20

(4.14)
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for all x € "B gyn (yo) for all yg € OBL—N(I—%,SO)(PO) in view of (4.13) and the fact
Ny

that * B gon (y0) € OB son (y0) € OB r—N4np, (po) remains true for all 0 < ¢ < 1. Let
64 32
r = +/N. Then we have

v
|
|

at time zero on °B, (yo) since, without loss of generality, ¢(v9)400 < N and VN <
B which tells us that B, (yo) = °B 5(y0) € OB%N(yO) C OB, ningo(po)

0BL(pO). Now using Theorem 5.1 of the paper [13], we see that

1 1

for all x € IB%(yo) = tB@(yo), for all yg € OBL_N(I_%ﬂO)(po), forall0 <t <

min(éz(vo)rz, to) = to, where S(Uo) = 8(vg, ¢(vg), %) is the constant coming from
Theorem 5.1 of [13], since without loss of generality (§2(v0)r2 = Sz(vo)N > 1,
and |Riem(:, t)| < 5(1&) on ’Bﬁ(yo) in view of equation (4.14), since le(yo) C
"B syn (o), where here we are using again the fact that ﬁg—ZN > +/N.To apply Theorem
5.1 gf [13] here, scale so that r = 1 and then scale the conclusion of Theorem 5.1 of
[13] back to the case » = /N, to obtain the estimate claimed here (the N appearing in
Theorem 5.1 of [13] is N := ¢, where ¢ is the ¢ appearing in the current proof: the N
of the theorem we are proving has nothing to do with the N of Theorem 5.1 of [13]).

This finishes Step 2

Step 3

In Step 3 we use the estimates from above to show that the contradiction point

zo from the beginning of this argument must in fact be in OBL—N(I—%,SO)(pO)' This

along with the fact that R(z¢)(tp) > —% for such points (Step 2) and (c) leads to a
contradiction if N = N (vp) > 0 is large enough.
Now we present the details of Step 3.

Consider once again elements yy € OBL_N(I_%ﬁO) (po) € 9Br_n+nNpy(po), where
Bo = Bo(vg) is as defined in the Steps 1,2 above.

The estimate (4.14) above combined with Lemma 3.3 shows that for y in
B(OBLiN(li%ﬁO)(po)), that is for y with do(y, po) = L — N + 3 foN, we have
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3
di(y, po) = do(y, po) —ai(vgp) =L—N + Z,BON —ai(vo)

N
zL—N+%

for all t < tg, since without loss of generality, BOTN > a1 (vg) + 1, where we used that

Po is also contained in OBL—N(I—%ﬂo)(pO)’ and a; (vg) = a(3, 1, ¢(vp)) is the constant
from Lemma 3.3 (with n = 3, £ = ¢(vp) and jo = 1 there). This implies that

1
di(y, po) = L—N + EﬂoN

for all y € ( OBL—N(l—%ﬁO)(pO) )¢, for all 0 < r < 1o (every length min-
imising geodesic with respect to g(#) which joins py to y, where y is outside of
OBL_N(I_%ﬂO)(po),mustintersect8(OBL_N(1_%ﬂO)(p0))), and hence L —d; (y, pg) <
N — %,BON, which means dist; (y) = max(0, L —d;(y, po)) < max(0, N — %,BON) =
N — %ﬁoN, for all t+ < #y for such points y € ( OBLfN(lf%ﬁo)(po) )¢. In particu-

lar zg is not in ( 03L-N(1-§ﬁ0)(1’0) )¢ since dist,(z0) = N (we scaled so that this

is true), and hence zp € OBL_N(I_%ﬁO)(po). Now using the fact (inequality (4.15))

that R(-,t) > —% on ’B@ (zo) for all t € [0, #9], we obtain a contradiction to (c),

R(zo, ty)(w, w) = —oy, if N is chosen large enough, for example N > %
This finishes Step 3 and the proof of the Theorem. O

Remark 4.2 The following important constants appeared, in this order, in the proof
of the theorem: co(vg) = co(3, vo, 1/2, 16), mg(vg) = mo(3, vo, 1/2, 16), where
co(3,vg, 1/2,16), mo(3, vo, 1/2, 16) are the constants coming from Theorem 3.1,
Ro(vg) = Ro(3,2co(vo), vo(vo), §(3)), where Ry (3, 2co(vp), vg(vg), 8(3)) is the
constant coming from Theorem 3.4 and §(3) and &(3) are the constants coming
from G. Perelman’s Pseudolocality Theorem 10.3 in [12], ro(vg) = &(3)Ro(vp),
&) = max (g c0(0)s ao(vo) = a3, ro(vo), &vo)), where a(:,-, ) is

the constant coming from Lemma 3.3, S(UO) = 8 (vo, ¢(vg), %), where §(-, -, -) is the
constant coming from Theorem 5.1 of [13], a;(vg) = a(3, 1, ¢(vg)), where a(-, -, )
is the constant coming from Lemma 3.3. The following assumptions on the largeness
of N (vp) and smallness of o((vp) and Bo(vg) were used in the proof: ,38 < mo(vp),

NTﬂO > % ﬂ(’TN > ap(vp), 1 — 10,80+8(3)R§(v0) > 0. This fixes the constants Sy and

0. We further require N > ao(vo)g—ﬁ, N > 400&(vo), v/NBy = 64, N6*(vg) = 1,

PoN > 4a;(vg)+1, N > % This determines N. Hence it is possible to determine o

(and hence By = 001 / 4) and N in the first line of the above given proof.
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5 Proof of Theorem 1.2

Proof of Theorem 1.2 Scale so that r = 1. Then we have due to the Bishop—Gromov
volume comparison theorem,

(i) vol(*B,(x)) > v(a, vo)r> forall B, (x) € °B1_q(x0),

o R(g(0) = — =55 on " Bi_a(x0).

See the Appendix in Version 1 of ‘Local Smoothing Results for the Ricci flow in
dimensions two and three’, M. Simon, arXiv:1209.4274v1 for a reference: since the
points x are not at the centre of the ball OB 4 (x0), v(e, vo) can depend on «. Hence,
Theorem 1.6 is valid for r = 1 — «, and we find that there exist K = K (v(«, vg)) =
K (o, vg) and o = og(v(, vo)) = og(e, vg) > 0 such that

R(g))(x)(1 — & — dy (x, x0))* > —K?

for all x € 'Bj_q(xo) which satisfy (1 — a — d;(x, x0))*> > 1;—021‘ and ¢ < %}O‘)z

and ¢t € [0,T). In particular, R(g(#))(x) > —5—;(*) for all x € "Bj_sy(xg) for
apa®
K2
r = 1—2a to further conclude that | Riem(x, )| < CO("?—’“")(**) forall x € ' By_4q(x0),
t < S(«, vg). Choosing ¢ = 1/10 in the above argument, we see that we also get
vol(* B (xg)) > ﬁo(vo)(4/5)3(>x< x %) for all ¥ < S(«, vg), for some vy(vg) > 0. The
estimates (*),(**) and (***) are the desired estimates. O

all + < min( 00(;{—_2“)2) with 7 € [0, T). Now we may use Theorem 3.1, with

Appendix: Dimension of Gromov-Hausdorff Limits of Collapsing and
Non-collapsing Spaces

We explain why some certain well-known properties of collapsing, respectively, non-
collapsing manifolds, with curvature bounded from below hold. These properties
follow from the results contained in [3] (see also [4]). Note that the definition of
Alexandrov space with curvature bounded from below in [3] (Definition 2.3) and [4]
(Proposition 10.1.1) agree.

Theorem 1.1 Let (B1(p;i), gi), (B1(qi), hi), i € N be balls whose closure is com-
pactly contained in smooth Riemannian manifolds without boundary of dimension n €
Nfixed. Assume that sec > —V onthese balls andthatdgy ((B1(pi), &), (B1(gi), hi))
— 0asi — oo, and vol((B1(pi), g&)) = vo > 0 foralli € N. Then it cannot be that
vol(B1(gi), hi) = 0asi — oo.

Proof Assume the theorem is false. We know that (B1(p;), gi, pi) and (B1(qi), hi, qi)
Gromov—Hausdorff converge, after taking a subsequence, to the same space (X =
Bi1(p),d, p) by the theorem of M. Gromov, and that (X, d, p) is an Alexandrov
space (see Notes on Alexandrov Spaces below). Without loss of generality, we may
assume that sec > —k2 on the balls we are considering, where k2 > 0 is as
small as we like. This can be seen as follows. Without loss of generality (renumber
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the indices i), we have vol(By,i(g;), hi) < vol(B1(gi),h;) < l,,% The Bishop—
Gromov Comparison principle implies that vol(By1,;(pi), &) = c¢(vo, n)ii,,. Scaling
both Riemannian metrics by i 2, we have (we also call the rescaled metrics g; and
h;) vol(B1(pi), gi) > c(vg, n) > 0 and vol(B1(g;), hi) < ll and sec > _iKZ' So we
assume sec > —k? with k > 0 arbitrarily small.

Let B,(y) € Bi—104(p) and let {Bg/3(sj)}je(1,..,n) be any maximally pair-
wise disjoint collection of balls with R << a < 1/(10) and centres s; in B,(y).
By maximally pairwise disjoint we mean that if we try and add a ball Bg,3(z) to
the collection, where z € B,(y), then the new collection is not pairwise disjoint.
Then clearly {Bgr(s;j)}je(1,..ny must cover B,(y). Let §;, respectively, p = p;, y
be the corresponding points in (B1(p;), g, pi) which one obtains by mapping s;,
respectively, p,y back to (B1(p;), gi, pi) using the Gromov—Hausdorff approximation
fi : (B1(p),d, p) — (B1(pi), gi, pi): we write p; = p, and so on, suppressing the
dependence of the points on i sometimes, in order to make this explanation more read-
able. For i large enough, { Bor(5;)} je(1,...n) mustcover B, (y) and {Br4(5)}je(1,....n)
must be pairwise disjoint and contained in By, (¥) € Bi(p). The Bishop—Gromov
volume comparison principle implies that ‘2(”1‘%—,{‘") <N< C‘(Ug#, for some fixed
0 < co(vo, V,a,n),ci(vo,a, V,n) < oo and hence the rough dimension of B,(y)
(see Definition 6.2 in [3]) must be 7.

This means that the Hausdorff dimension and burst index of Bg(p) is also n for
all s < 1 (see Lemma 6.4 and Definition 6.1 in [3]). Assume & < g, in all
that follows. Now let z € By/4(p) be a point for which there is an (n, &) explosion
(Definition 5.21in[3]: an (n, ¢) explosionis called an (n, ¢) strainer in [4], see Definition
10.8.9 there). Note that for any m > ¢ > 0 such a point exists (see Corollary
6.7 in [3]). Let (ax, bx)kei1,..ny be such an (n, &) explosion at z and assume that
ai,by € Bg(z) forallk = 1,...,n with s << 1: as pointed out in [3] (just after
Definition 5.2), we can always make this assumption, see also Proposition 10.8.12
in [4]. Then there exists a small ball B,(z) such that (ax, bi)kef1,..n) 1S an (n, &)
explosion at x for all x € B(z) and (ax, bx)ke1,...n) 18 in By (p)\ Byr(z) where s >>
7 >> r > 0: distance is continuous in X and comparison angles (which are measured
in M?(—V) := hyperbolic space with curvature equal —V) change continuously as
distances change continuously and stay away from zero (see [11], equation (44)). With
s >>7 >>r,wemean ; << land = << 1. Going back to (B1(g;), hi, g;) with our
Gromov—Hausdorff approximation, we see (once again dropping dependence on i for
readability) that there exists a ball B, (z) € B1,2(g;) and an explosion (ay, l;k)ke{l,“_,, }
in By (2)\ B; (2) (if i is large enough) such that (ay, I;k)ke{l,.‘.n} is an (n, 4¢) explosion
at x for all x € B,(Z): once again, this follows from the fact that angle comparisons
change continuously as distances change continuously and stay away from zero, and
distance changes at most by §(i), with (i) — 0 as i — oo, under our Gromov—
Hausdorff approximation. There are no ((n + 1), €) explosions in (B1(g;), hi, qi),
as the Hausdorff dimension of the manifold (and hence the burst index) is n (see
Theorem 5.4 in [3] or Proposition 10.8.15 in [4]). Fix 0 < e(n) << m But
then, using Theorem 5.4 in [3], see also Theorem 10.8.18 in [4], (more explicitly,
using the proofs thereof) we see that there is a ¥ = 7(n,r) > 0 and a bi-Lipschitz
homeomorphism from f : B;(Z) — f(B;(Z)) € R", where the bi-Lipschitz constant
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may be estimated by ﬁdl‘ x,y) <|fXxX)—fO)]| < cn)d(x,y) for some c(n) > 0,
and hence vol(B1(q;), hi, gi) = ¢(n,r) > 0 for i large enough, as r, n do not depend
on i. This shows, that after taking a subsequence, we must have vol(B1(g;), h;, gi) >

e(n,r)> 0. O

Notes on Alexandrov Spaces

The fact that (B1(p;), gi, pi) and (B1(g;), hi, gi) Gromov—Hausdorff converge to
some metric space (X = Bj(p), d) after taking a subsequence follows from Gromov’s
Convergence Theorem (we apply the theorem to the closed balls B, _ 1 (p) € Bi(p)

with i € N, and then take a diagonal subsequence). See 10.7.2 in [4]. The limit space
has the property that B (p) is complete for all 0 < s < 1 (by construction), and B (p)
is compact for all 0 < s < 1, since it is also totally bounded (due to the Bishop-
Gromov comparison principle: see the argument on the rough dimension of B, (y) at
the beginning of the proof above).

In order to guarantee that (X = B1(p), d, p) is an Alexandrov space, alocal version
of the Globalisation Theorem of Alexandrov—Toponogov—Burago—Gromov—Perelman
(Theorem 3.2 in [3]) is necessary, as the spaces we are considering are not complete.
Such a local version of the theorem exists, as pointed out in Remark 3.5 in [3]. Proofs
of the Globalisation Theorem can be found in the book [ 1] and a similar proof, obtained
independently, is given in the paper [10]. Examining the proofs of the Globalisation
Theorem (in the case sec > —1) in any of the proofs mentioned above, we see that
the proofs are local. Examining any of the proofs mentioned above, we see that the
following is true: if (Bj(xp), g) is compactly contained in a smooth manifold, and
sec > —1 on (By(xp), g) and z € Bj(xp) has d(xo,z) = 1 — r, then the quadruple
condition (or the hinge condition , or any of the other equivalent conditions, see sect. 2
in [3] or 8.2.1 in [1], or the discussion on page 3 of [10] to see why these conditions
are equivalent) hold on the ball B,.(z) € Bj(xp) for some fixed constant 0 < ¢ << 1
independent of z or r. Note that the space (X = Bj(p),d) we obtain this way is
locally intrinsic: for all x € X, for all z,q € Bg(x) for all Bs.(x) € Bj_,(p) for
all 1 > a, ¢ > 0 there exists a length minimising geodesic between z and ¢ which is
contained in Bs.(x): see the proof of Theorem 2.4.16 in [4].
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